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ABSTRACT. Inspired by the seminal paper A Three-Field Domain Decomposition Method
by F. Brezzi and L. D. Marini, we propose the Multiscale-Hybrid-Hybrid Method (MH2M)
for the Darcy problem. After a sequence of formal manipulations, the resulting multiscale
finite element method leads to a symmetric positive definite formulation posed solely in
terms of the trace variable. We establish stability and convergence results for a family of

finite element spaces and highlight connections with other multiscale finite element methods.

1. INTRODUCTION

Simulation of fluid flow in heterogeneous domains, as found in oil reservoirs, transport of
contaminants and water resources issues, is a big challenge since fine meshes are needed to
capture the multiscale solution. The Darcy equation is the most representative model in the
field of porous media, which in its primary formulation is composed of a Poisson equation
with a multiscale coefficient. Precisely, the Poisson problem consists of finding the weak

solution u : €2 — R of
—divAVu=/f inQQ,

1
S u=0 on 0,

where Q@ C RY for d = 2 or 3 is an open bounded domain with a polyhedral Lipschitz
boundary 99, and f € L%(Q). The symmetric tensor A € [L°(Q)]4*¢ is uniformly positive

sym

definite and let the positive constants ay;, and an. be such that
(2) Unnin|V)* < A(x) v - v < apax|v]? forall v € R?

for almost all € €. The tensor A may include multiple scales.

The flow velocity, represented by the pressure gradient, is usually the quantity of interest.
To approximate it, the mixed version of Darcy’s equation is preferable to its elliptic ([1)
version, for which the classical inf-sup stable pairs of finite elements are the Raviart-Thomas

element (RTy) [43] or the element Brezzi-Douglas-Marini (BDMy,) [14, [11], which prescribes
1
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the continuity of the normal velocity component combined with discontinuous pressure inter-
polations. In addition to being stable, these finite elements preserve local mass, a fundamen-
tal property in practical engineering applications. However, since such choices produce linear
systems that represent saddle point problems, efficient solver are harder to come by [I5]. A
way to circumvent this problem is by using hybridization [11] techniques, which start with
a discontinuous version of a stable element (RT; or BDMy), forcing the weak continuity
of the normal components through Lagrange multipliers. Velocity and pressure are now
fully discontinuous and can be eliminated at the element level, leading to a positive definite
symmetrical system where the only unknowns are the Lagrange multipliers [4].

The publication of the seminal work by Brezzi and Marini [17] was followed by a series of
papers investigating, in particular, preconditioning and stabilization techniques that allow for
different combinations of space [17, [5, [1l 42, O, 16, 18, 19, 10, [7, 8]. Although these concepts
are related, they are not the same, specially when the estimates depend on the number of
subdomains [7, B, @]. Note that stabilization is crucial in those papers, an ingredient that
we avoid. Indeed, in principle, stabilization allows for more flexible interpolation, but often
imposes restrictions on the meshes and interpolation spaces, e.g. [5], or involves the inclusion
of terms and stabilization parameters of nontrivial computation [10].

Hybridization has also been used to construct and analyze multiscale methods, which
have become an attractive option for dealing with primal or mixed weak forms of when
the standard Galerkin method based on continuous polynomial interpolation becomes com-
putationally expensive. The multiscale methods share the commonality of having global
problems built on the solution of local problems that scale up submesh structures. An at-
tractive feature is that the global problem dimension is multiscale independent, and the basis
functions are independent of each other and can be computed in parallel. An hybridization
of the primal form of (T]), following [44] yields the Multiscale Hybrid-Mized (MHM for short)
family of methods [33] 2], where the local problems are of Neumann type. On the contrary,
the hybridization of the dual version of leads to the multiscale mortar method [3] and
the multiscale version of the HDG method in [27]. Local problems are of the Dirichlet type
in these cases. Other alternative multiscale methods in the context of the Darcy model (or
Poisson equation) are the VMS method [36], the MSFEM and GMsFEM [26], the PGEM
and GEM [30], the HMM [24], the LOD and LSD method [38, 37] and other variants of the
MHM method like [23], to name a few.

In this work, we follow the strategy used to build the MHM method, which starts at
the continuous level placed on a coarse partition. It consists of decomposing the exact

solution into local and global contributions that, when discretized, dissociate local and global
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problems: the global formulation is defined on the skeleton of the coarse partition, yielding
the degrees of freedom; the local problems provide the multiscale basis functions and their
computation is embarrassingly parallel as the local problems are independent of each other.
However, the MHM method for has a saddle point structure similar to Galerkin’s method
for the mixed form of . Notably, its lower order version generalizes the Galerkin’s method
with the element RT in simplexes for the case of discretized multiscale coefficient problems

with polytopal meshes [6].

This work revisits the three field method of F. Brezzi and D. Marini [I7] in the context
of the MHM method. Specifically, we relax the continuity of the flow variable A and weakly
enforce it through the action of a second Lagrange multiplier p. Then, we decompose the
broken infinite dimensional spaces where u and A belong in such a way that the discretization

results in a new multiscale finite element method that

e induces a definite positive symmetric global linear system to compute the degrees of
freedom. It differs from the original MHM method, which induces a linear saddle
point system;

e approximates the flux variable A using a multiscale flux basis obtained from a Dirichlet-
to-Neumann operator defined from new local Neumann problems driven by the basis
functions of p. This feature is new when compared to the MHM method strategy
where the basis for A is chosen in an ad-hoc fashion and “ignores” underlying physical
properties;

e imposes weak continuity of discrete primal (pressure) and dual (flow) variables on
the skeleton of the coarse partition, with a discrete flow that is in local equilibrium

with external forces.

In addition to the construction of the new multiscale method, called the Multiscale Hybrid-
Hybrid Method (MH?M for short), the main contributions of this work are:

(i) demonstrate the well-posedness and the best approximation results for the MH*M
under abstract compatibility conditions between interpolation spaces;

(74) propose families of interpolation spaces that fulfill the conditions in (7) and for which
the optimal convergence of MH2M is demonstrated showing the influence of the dif-
ferent mesh parameters;

(4i7) bridge the MH?M with other multiscale finite elements, notably the MHM method
and MsFEM [25], 26];



4 FRANKLIN DE BARROS, ALEXANDRE L. MADUREIRA, FREDERIC VALENTIN

(7v) numerical validation and comparison between MsFEM, MHM, and the proposed
method, with particular emphasis on the number of global degrees of freedom required

to achieve a given error level.

This work is organized as follows: Section [2| introduces the functional framework associated
with domain partitioning. In Section [3, we characterize the exact solution as the combina-
tion of local and global problems. Section 4 presents the MH?M method and discusses its
connection to MsFEM. The mathematical formulation used to establish well-posedness and
best-approximation properties is developed in Section [5] In Section [6] we introduce families
of interpolation spaces that meet the requirements set in Section 5, and we prove optimal
convergence rates under local regularity assumptions. The algorithmic implementation of
the method is detailed in Section[7}] Numerical validations and comparisons are presented in
Section 8 Finally, conclusions are summarized in Section [0, and additional technical results

are provided in the Appendix.

2. SETTINGS

2.1. Partition, broken spaces and norms. Let 7y be a regular mesh, which can be based
on different element geometries, and 07y be the skeleton of Tg. Without loss of generality,
we adopt above and in the remainder of the text, the terminology of three-dimensional
domains, denoting for instance the boundaries of the elements by faces. For a given element
T € Ty, with diameter H,, let 07 denote its boundary and n” the unit size normal vector
that points outward 7. We define the mesh size by H = max,c7, H;, and denote by n the

outward normal vector on 0f2. Consider now the following spaces:

H'(Ty) ={ve L’(Q): v, e H'(r), 7€ Ty}, A= [] H*07),
(3) TETH
HY*(0Ty) = {vlor, : v € HY(Q)}.

For w, v € L*() and p € HY*(0T4), i € A define

(w,v)p = Y [ wvodz and (p,p)or, == Y (e, Plors

€Ty 7 T€ETH

where (-, -), is the dual product involving H~/?(97) and H'Y?(97), defined by

(1, pYor ::/divavdaz—l—/a-VUdaz

for all ¢ € H(div,7) such that o - n™ = u, and all v € H'(7) such that v|s, = p. Note
that the null space of the operator (i, -)a7;, is HS/ 2(8Ty), if p is skeleton trace of the normal
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component of some function in H(div,). We use the same notation for a function in
Hé/ *(8Ty) and its restriction to an element boundary d7.

Consider also the following (semi-) norms:

|U’H014(7.) = ||A1/2 VUHLz(T), |U’§{}4(Q) = Z |,U|?—I}4(T)7
(4) TETH
|§|H1/2(87—) = ¢>ei1¥111f(r) |¢|H;(T)a ||p||H1/2(6TH) = ¢€gl&f(m |¢|H}4(Q)7
dlor=¢€ BloTy=r

where v € H'(Ty), £ € HY?(07) and p € Hé/Z(aTH). Also, for u € A let

75 T
9 lioon = s 220 S e

ged /(o) |91z (ar) €T
where
(6) HY?(07) = {f e HY*(or) : / Edx = 0}.

or
2.2. Hybridization. Let u € H(Ty), p € Hy*(0T), and A € A be such that
(AVu,Vo)n, — (N v)or, = (f,v)y, forallve H (Ty),

(7) - <:ua U>3TH + <,LL, :0>8'TH =0 for all p € A,

A Eor, =0 for all £ € HY?(0Tw).

This is the formulation proposed in [I7, 18], and yields a hybrid formulation for (). Indeed,
u, the weak solution of , p = ulor, and A = AV u-n"|sr, solve . Classical results
on Sobolev spaces [11], 1] yield the converse statement. If the triplet (u,p, \) solves (),
then, from the third equation, A\ = o - n” for some o € H(div,Q). We gather from the
first equation that —div.AV u = f weakly in each element, and that A = AV u - n"|sr,.
Finally, it follows from the second equation that p = u|s7,. Then, u € H}(2) and (1)) holds
in the weak sense. It follows from the above arguments that existence and uniqueness for
solutions of is immediate.

3. EXACT SOLUTION DECOMPOSITION
Consider the decomposition
H'(Ty) = Po(Ta) & H' (Tw),

where Py(T) is the space of piecewise constants, and H'(7y) is the space of functions with
zero average within each element border 07, for 7 € Ty. Note that this decomposition differs
from that of [2] 29] 22| 32] 33].
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Taking a further step, we decompose A into a space of “constants” plus “zero-average”
functionals over the border of the elements of 7. For each 7; € Ty, let A € A be such that

(8) A 0 o7, = / vdx for allv € H' (Ty).
oT;
Let N be the number of elements of 7Ty and

A :=span{\0:i=1,....N}Y,  H Y*87):={ne HY*O7): (1), = 0},
A= ] HV?0r)={ie A: (1,0")o7, = 0 for all v° € Po(Ti)}.

TE€ETH

We can now decompose A = A° @ A as follows [I3]. Given p € A, let 0 € A

<:uoavo>37'H = <M7U0>6‘TH7

for all v° € Py(Tg). Observe that u° is well-defined and p°|s, = 8L|<'u’ L)o, for all 7 € Ty.

Next, we define uniquely z := p — u°,
<ﬁ7 U)aTH = </~L7 U)aTH - <M07U>67—H7

and note that 7 € A since (1, v") a7, = (1, 0" o7, — (10, ") o7, = 0.

We then write u = u® + %, where u® € Py(75) and & € H(Ty), and also A = A° + X, for
A0 € A% and X € A. Owing to such decomposition, we can characterize each component of
u and A from data and Lagrange multipliers using . To see that, we first test with

(0%, u%,0), and gather that \° € A? and u® € Py(Ty) solve
<)‘07 UO>BTH = _<f> U0>TH for all v* € ]ID()(TH)?
(1, uor, = (1, por, for all u° € A°.

(9)

Then, the first equation of @ defines A\°. The piecewise constant u’ is obtained from the

second equation of @D, after the computation of p. Both can be computed locally as follow

1

pdx forall 7 € Ty.
|a7—| or

(10) Nlor =~ 15 |/fdaz and 1), =

Next, testing (7)) with (7, 7,€), we gather that @ € HYTy), X € A and p € H&ﬂ(a’ﬁq)

solve
AV T V)7, — (N Dar, = ([, oy,  foralld e H'(Ty),
(11) — {1, Way + (s plory, =0 for all i € A,
(X, &t = —(\ 8oy, forall € € Hy*(9Tn).
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The first equation of allows the introduction of local mappings. Let T : A— H YTw)
and T : L%(Q) — H'(Ty) be such that, given p € A, ¢ € L2() and 7 € Ty,
(12) /AV(T@) -Vudx = (u,v)s, and /AV(Tvq) -Voude = /qﬁdm,
for all 0 € H Y(T#). The mappings T and T are locally well defined as the bilinear forms in
are coercive on H (7). They are locally bounded as follows

~ - ~ Cp
(13) Tal oy = 1Bl -12(0m)  and [Tq|g ) < CLI—/2H7||Q||L2(T),
for all € A and q € L*(Q2), where Cp is the positive local Poincaré constant independent of
H.. The boundedness of T in is a consequence of Lemma [24] (see the Appendix). The
second estimate in follows from the definition of T in , the Cauchy-Schwartz and
local Poincaré inequalities.

Then i =TA+T f, and the remaining equations in yield
—(Ti, TN ors, + (i, Yoy = (. Tf)or,  forall i€ A
(14> 3 0 1/2
(A &) oty =—(\"or, forall § € Hy' (9Tn).

It follows from that the bilinear form (-, 7-)s7,, is coercive on A locally. Then, the first
equation also induces a local mapping. We denote it by

G:{vel*0Ty): ve H*0r), 7€ Ty} = A

and is such that, given ¢ € H'/2(97), we set X¢ .= G € H'/2(7) as the (unique) solution
of

(15) /AV(T’A}) YV Thde = (i, TAs)or = (i, o)o, for all i € A.
The operator G is bounded locally as follow (see Lemma [24]in the Appendix):
(16) |G£|H—1/2(37) = |£’H1/2(8T) for all f € H1/2(a7').

Next, the first equation in implies that A= G(p— T f), and then, the last equation
of reads

(17) (Gp, &) oy = — (N, o, + (GTf,E)or, for all € € HY*(OTy).

Define the bilinear forms g, : HY/2(87) x HY/2(97) — R for 7 € Ty, and g : Hy*(0Tx) x
HY*(0Ty) — R by

(18)  g:(60) = (GE Bor,  9(€,0) 1= D g:(€,0) for €, ¢ € HY*(9Ty).

T€TH
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Remark 1 (TG local mapping). Note that both T and G are local operators. Furthermore,
we find \° and u° locally and trivially from , as there are a finite number of unknowns.
Thus, is the only global, infinite-dimensional equation depending on A through the op-
erator G. For future reference it follows from that

(19) (TGE)|gr = E+ce,  where ce = ¢dx

|8 | or
for all ¢ € HY?(O1) and 7 € Ty.

Remark 2 (TG equivalent formulation). Note that G is symmetric since, from (15)),

(20) > [ AV TGy Y TGE = (Gp. TGE)m, = (G E)omy
T€ETH
for all p, € € HS/Q(GTH) Also, from (15) and (12),
(GTf,&)omy = (GE Ty = 3 [ AVT-VTGE= Y [ f7GE

TETH TETH

Thus, using and it holds that

~ 00, + (GT8m, == 3 [ e+ 3 [ r7ce

TETH TETH

Z/BTAOCwZ/fTGS— Z/ngJrZ/fTGg— Z/fTGg—cg

T€ETH TETH TETH T€ETH TETH
and formulation 18 equivalent to
(21) > / AVTGp-VTGE =) / F(TGE — ) for all € € HY*(0T).

TETH TE€ETH

In the next theorem, we show that g, (-,-) is coercive and continuous, so ([17)) is well-posed.
Furthermore, we collect the results of the constructive approach described above and provide
an explicit characterization of u and A\ as the solutions to local problems that are brought

together via p, the solution of the global skeletal problem ([17)).

Theorem 3. Let g,, g be defined by . The following coercivity and continuity results
hold: - N o
9:(6,6) = 1Elnsaon  for all € € HY?(07),

9,8 =€l 2or,, for all € € Hy*(0Tx),
9(&, ) < |Elmror|plmrer,) for all€, p € Hy*(0Tx).
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Hence, there exists a unique p € Hé/z(aTH) such that

(22) 9(p.€) = —(\°, E)ory, + 9(Tf.€) for all € € Hy*(9Ty)
and
ol/zomyy < IA°a + |Tf|H1/2(8TH)'

Moreover, the exact solution u and \ of the hybrid formulation writes
(23) u=u+TGp+ (I —TG)Tf and A=\ +Gp—GT},
where u° and \° are the piecewise constant functions defined through .

Proof. For E e HY 2(071) let Xg = Gg. The local coercivity holds since, from and
Lemma 24} (i) (see the Appendix),

€17 1/20m) = |T)‘§|§{}4(T) = Az §)or = 9-(£,6).

Next, assume that & € Hy/2(0Ty). Then & = € + &9, where &y, € HY2(07) and £, is
constant for each 7 € T. Then, from the definition of mapping G in (15]), and from the fact

| |#1/2(57) I8 @ semi-norm, we get

9(575) = Z gT(§7€> = Z gT(g’ g) = Z |g|?-[1/2(a7-) = Z |€|12L]1/2(a7.) = |¢f|§{i‘(’7’H)

TETH TETH TETH TETH

where we used Lemma [23| (see the Appendix) in the last step.
To show continuity, let &, p € Hé/Q(aTH) and set X¢ = G¢, Xp := Gp. Then

g&p) = / AV(TXe)  VTA,dz <Y Tl )| T Aol )

T€Ty” 7 TETH

= Z ‘T)\£|H1/2(8T)|T)\P|H1/2(67) = Z ’§|H1/2(8‘r)|p|H1/2(87)7

TETH TE€ETH

where we used Lemma [23| (see the Appendix), identity and that | - |y1/2(9,) is a semi-
norm. Existence and uniqueness of solution for follows from Lax-Milgram’s Lemma. The
stability result for p follows from the coercivity and continuity of ¢(-, ) and the definition of
the A-norm in . Finally, the characterization is a straightforward consequence of the

decomposition u = u® + @ and A = \° + \, using

(24) X=G(p—Tf) and G=TA+Tf=TG(p—-Tf)+Tf.
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The structure of exact solutions u and A in Theorem (3| guides the discretization choices
and gives rise to the MH?M as a result of the discrete version of the skeletal variational
problem . This is addressed next.

4. DISCRETIZATION
4.1. The method. Consider the finite dimensional spaces
FHF C Hé/Q(GTH), AHA C A and Vi, C Hl(TH),

and
/A\/HA = AHAHK and ‘711 = Vhﬂﬁl(TH)a

and denote by Ty, (97), Ay, (07), Ay, (O7), Vi(7) and V(1) their restriction to 7 € Ty
For i€ A and g € L*(92), the discrete versions of mapping 7' and T, namely T}, : A — V,
and T, : L2(Q) — Vj, are

(25) /AV(T}LZ}:) . V”l\jh dx = </7, 5h>87' and /AV(T}Z(]) : Vfl\)/h dx = /qﬁh d:l’,',

for all v, € \N/h. Also, let G}, : Hé/2(87’H) — /N\HA be the discrete operator related to G
(cf. (15)). For ¢ € Hé/Z((?’TH), define X¢ = G} such that

(26) /AV(ThX(zQ -V Thfin, de = (i, Tado)or = (finy, @)or  for all fig, € Mg, .
Note that the same arguments used for G yield that GG}, is also symmetric.

Remark 4 (Discrete local mappings). The operators Tj, and fh are well defined and bounded.
Also, Th is bounded as T given in , and

(27) Thttlm, vy < il 12090y for all i€ A and T € Ty,
from and the norm definitions. On the other hand, note from that Gy, s a well-

defined mapping only if Ty, is injective, which does not necessarily hold unless there is some
kind of compatibility between spaces KHA and Vh. The details of such compatibility condition

is discussed in Section [5.1
Based on Theorem [3| we define the MH?M such that pg, € ['g,. solves

(28) (Ghpi, E)ory = — (N, oy + (GhTwf,E)or, for all € € Ty,

where \° is given in . Then, the exact solution u and A are approximate by their discrete

counterparts u, € Vi, and Ay, € Ay, , where

(29) Up, = ug + ThthHr‘ + ([ — ThGh)Thf and )\HA =\ + Gh(pHp — Thf),



A THREE-FIELD MULTISCALE METHOD 11

where u9 € Py(7z) is the approximate counterpart of ug in , ie.,

1
(30) up |, = = pu dx for all T € Ty.

Remark 5 (Conformity of uy). Note that, in general, the MH*M is a nonconforming method
in HY (). It becomes conforming if, for instance, we choose the (impractical) space KHA =A

since, in this case,
uplor = ub|or + ThGpwylor + (I — ThG)ThﬂaT = pn forall T € Ty,
from with Ty, replacing T', and .

Remark 6 (7,G), equivalent formulation). From , the relationship s valid only in
a weaker sense when Gy, replaces G. However, following the arguments in Remark [ and

using (25)) and , we note that the MH?M 15 equivalent to

(31) / AVT,Grp - VTiGré = Y / F(TWGRE — ce)  for all € € HY*(0Tw),

TE€ETH TETH

where c¢ is the constant given in .

Before heading to the error analysis, we establish a relationship between the MH?M
and the MsFEM [35].

4.2. Bridging the MH?>M and MsFEM. Note that equation that defines our method
has some sort of relation with the definition of the MSFEM. In fact, we show below that
yields the same trace as the MsSFEM in some particular cases. We first consider a “continuous
version” of the MSFEM, seeking p € Hé/ ?(8Ty) such that

(32) /AVE SV E(E /fE for all £ € Hy*(0Tw),

where we denote the A-harmonic extension £ : HS/ 2(8Ty) — HL(Q) is such that, for £ €
H)*(0Ty), the extension £(£) = ¢ on 8Ty and weakly solves div. AV E(E) = 0 in each
element 7 € Tg.

Note now that, for all 7 € T;; and & € H'Y?(9r7),

(33) E(€) =TGE — ¢,

where ¢ is as in (19). That the identity above holds on 97 follows immediately from (19).

Next, since G¢ € A then TGE — c¢ is A-harmonic, and from uniqueness of the harmonic
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extension, the identity holds. As a result, we get that solutions p of formulations (21

and ( coincide since from (| and .
/.AVTGp VTG = /AVE -VEE /fS

Ej/fTCS—%

TETH T€TH

for all p, ¢ € HS/Z(ﬁTH), and that is the same as (21)).
Discretizing using 'y, C Hé/ ?(8Ty) yields the MSFEM (c.f [35]) whose solution is
UmsFEM = & (,OHF)
where pg,. € 'y, is the solution of restricted to I'y,.. Note that if T, =T and G), = G
then the corresponding solution u; of MH?M relates to uysprwm as follows
up, = UnsreMm + (I — TG)ff = UMsFEM T ff — 5(ff)

where we used , and . It follows in particular that up|g, = unsrrm|or = pay for
all 7 € Ty.

Remark 7 (Polynomial solutions). If T = P1(8Ty) N Hy*(0Ty) and A= oI, with o €
R*, then

up, — Tf + E(Tf) = untsron € Pi(Th),
where Pr(D) is the space of piecewise polynomial functions of degree up to k > 0 on the set
D = Ty or D = 8Ty. In addition, if f € Po(Ty) then Tf € Py(Ty) such that VTf €
RTy(Ty) where RTy(Ty) stands for the lowest-order Raviart-Thomas space in each 7 € Ty

In practice, the discrete mapping G, is used instead of G and the relation does not
hold. So, the solutions of MsFEM and MH2M do not coincide on element boundaries in

general.

5. NUMERICAL ANALYSIS

This section contains the proof of the well-posedness and best approximation properties

of the MH2M given in (see also (22)), or (31).
5.1. Well-posedness. Define the bilinear forms gy, : H/2(97) x HY/2(d7) — R for T € T,
and g;, : Hy*(0Tw) x Hy*(0Ty) — R by

(34) I (€,0) = (Gh&, Bor,  gn(&0) = gnr(€,9)

T€ETH

for &, ¢ € H§/2(8TH). Using those notations, the MH?M reads: Find pg,. € Iy, such that

(35) gn (P, &) = =\, &)omy + gn(Thf, &) for all € € Ty,
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We first address the existence and uniqueness of solution for (35)). This result is established

under the following conditions:

Assumption A: there exists a positive constant 3., independent of H., such that
\ulg-17207) < Br [Thptls () for all p € Ay, and 7 € Ty;
Assumption B: there exists a positive constant «,, independent of H,, such that
€l i/2om) < @r |Grély-12gr)  for all € € Ty N HY2(97) and 7 € Ty
Let amay := max{a, : 7 € Ty} and Pyax := max{fs, : 7 € Ty}.

Remark 8 (Boundeness of Gj). A first consequence of Assumption A is that the mapping
G}, is bounded. Indeed, let £ € HS/2(8TH) and select p = Gp€ € /N\HA in Assumption A.
Then, from Lemma item (7i)

57_2|Gh£|§{—1/2(37) < |ThGh€|?ﬂ1}4(T) = (Gp&, ThGr&)or
= (th>€)37 < |Gh£|H*1/2(8T)|£|H1/2(87')‘
Then,
(36) |th|H71/2(aT) < 53\5’1{1/2(87) and |Gp€|a < ﬁiqax'ﬂHl/?(@TH)'
The MH?M is well-posed under Assumptions A and B. This follows next.

Theorem 9. Let gy, -, gn be defined by and assume that Assumptions A and B hold.

Then, we have the following coercivity results:
Gnr Etes Eae) = (0 B2) € L3 agory for all &y € Ty 0 HY?(07),
9n(Eaps Emy) > (Oémaxﬁmax)ﬂ\&{r\ip/z(am) for all &y, € Ty,
Moreover, the following continuity results hold:
Inr (Etis prr) < B 172 0m) | P L0720
9nErrs pre) < Boacl€rel e pre ey,

for all {qy, pry € Uy Then, the method 15 well-posed and

pite 07 < (s B (N1 + Bl T Loy )

Proof. Fix & i € D N HY2(97). The local coercivity holds since, from Assumptions A and
B, and the definition of mapping G (-) in

(€ l51/207) < EBTRGRE T, () = 2B Gr& e, ThGaeyor = 0757 gnr (€ Saar)-
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Next, take {g. € I'gp.. Then €. = '{Hr+§?{r, where &1, |o- € HY2(07) and 4, |or is constant
for each 7 € Ty. So, since G,(+) is symmetric and its image has zero mean value on J7, it
holds that

(e Si) = Y G (Sars &) = Y Gnr (e )

TE€ETH T€ETH
> Y (@B) Pl linssry = (CmaxBina) €7 :
= rlg/2(r) = max /' max Hr H/2(8Ty)

TETH

To show continuity, we use Lemma [24] item (iii) and to get

9hr (& pri) < ’thHF|H*1/2(6T)’pHF’Hl/Q(aT) < BszHr’Hl/Z(aTﬂpHr|H1/2(8T)-

Finally,

gh(é-HprHp) < Z 572"€HI"H1/2(67’)|pHF‘H1/2(67') < ﬂl?naxlnglHl/2(TH)‘pHF‘H1/2(TH)
TE€ETH

from the Cauchy-Schwartz inequality and Lemma Existence and uniqueness of solution
of follow from the Lax-Milgram lemma, and

|pleill/2(a7‘H) S (amaxﬁmax)Qgh(pHpa PHF) - (amaxﬁmax)2< - <A07 ,OHF>8TH + gh(Thfa pHF)GTH>

< (OmaxBmae) (N1 + Bl T L2 ) Pttc 20
and the result follows. O

Given the spaces A Hy, 'y and ‘N/h, it may be difficult to verify directly whether Assump-
tions A and B are valid, and we adapt the standard approach based on Fortin operators
acting on these finite-dimensional spaces to our setting in order to ease the proof. The up-
shot is that it clarifies in what sense the spaces Ay, and Vj,, and the spaces Ay, and 'y,
must be compatible to satisfy Assumptions A and B. We detail this alternative below for

both assumptions.

Remark 10 (Assumption A from a Fortin operator). Assumption A is closely related to a
compatibility condition between the finite-dimensional spaces Vi, and Ay, . Specifically, let

Vie CVhCH 1(7’H) be a finite dimensional space such that:

— there exists a mapping 7wy : H'(Ty) — Vi, such that, for allv € HY (Ty) and T € Ty,
v (v) satisfies
(37) / pmy(v) de = / pudx  for all p € Ay, v ()| a7y < Br [0l (),
or or

where B, is a positive constant independent of mesh parameters.
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To see that implies Assumption A, take p € KHA and note that my(v) € ‘7h0 =
Vi N HY(Ti1) for all € HY(Ty). Then, from the definition of | - | -12(90) @ (B), BT), the

definition of Ty, operator, and Cauchy—-Schwartz inequality, we get

y ¢ or K, V)or
seir2om [0lmon  vemin Plase
AT AVT,u - Vo, de
< B, sup M = [, sup fT nt "

ety () | OnlHi ) gt () [Unl )

< B sup </’L77TV(%/)>8T
T edi(n) ’”V(“)’H},(T)

= fr |ThN|H}4(7)'

Note that Assumption A holds with the same constant 3, if Vi, replaces Vi, in .

The existence of a mapping 7y(-) satisfying (37), in the case when dim Az, (97)
dim Vi, (7)|9+, is sufficient to fulfill Assumption B provided that Ty, (87) N HY2(d7) C
Voo (T)|9+ for all 7 € Ty7. This is the subject of the next lemma.

Lemma 11. Assume dim Ay, (07) = dim Vi, (7)|g,. If there exists a mapping wy (-) satisfy-
ing (37) and
L. (07) N HY2(07) € Vi (1)o7 for all 7 € T,

then Assumption B holds with o, = (.

Proof. First note that 7 is uniquely defined since dim Ay, (87) = dim Vi, (7)|9,. Let € €
Ty (1) N HY2(07) and v € Vj, (1) be such that £|sr = v|s, for all 7 € T7. Note that from
the definition of my(-) in (37) and (with 7" instead of T},), for all i € Ay, , it holds that

/ ufda::/ ;wda::/ ,uTGhvdw:/ pmy (TGrv) de .

or or or or

Then, the above equality is also valid for all 4 € Ay, and yields

(38) / 1 (€ = T (TGpv)) dz =0 = v|gr = 1y (TGRv)|or € Vi (1) for all 7 € Ty.
or

Consequently, we get from , the stability of 7y (+) in , Lemma —(z) and the stability
of T"in ([13)

‘€|H1/2(87) = |7TV(TGhU)|H1/2(BT) < 5‘1' ’GhU’H*UZ(a‘r) = ﬁ‘r |Gh£|H*1/2(87—)7
which corresponds to Assumption B with o, = ;. 0

More generally, the validity of Assumption B is closely connected to the existence of a

Fortin operator satisfying the appropriate stability and commuting properties.
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Remark 12 (Assumption B from a Fortin operator). Assumption B is related to a com-
patibility condition between the spaces Ay, and Upy.. Specifically, let Ay, C Ap, C A be a

finite-dimensional space such that

— there exists a mapping T : A KHAO and a positive constant o, independent of

mesh parameters, such that for all i € A and T € Ty, it follows that

(39) /8 () Edae = (1, €)a-  for all £ € Ty,

’WA(IE)‘H*U?((')T) < a; ’/7|H71/2(87.).

Assumption B follows from (39). Indeed, take € € Ty (1) N HY*(d7) for all T € Ty and
note that o (p) € AHA ; AHA N A for all fi € A. Neat, use the characterization | - | r1/2(0m)
mn ., . the definition of T and its stability ., Cauchy-Schwartz inequality, and

Lemma [24(i), to obtain

</L7 é) <. sup <7T/E/<u)7 §>8T < a, sup ~<MH1“ ) f)aT
neH-1/2(07) ‘TFA(ILL)|H71/2(8T) ’EHFGKHAO (97) |/LHF‘H*1/2(67)

€| 12090 = sup
fren GeH-1/2(a7) 1] - 1/2(97)

= Or sup

'EHI‘EKHAO (07) |MHF|H*1/2(87')

< a7 TGl (r) = ar [Gr€la-12(r)

In addition, Assumptions B holds with the same constant o, if Ay, replaces AHAO in .

5.2. Best approximation. We start by estimating the consistency error G — G}, based on
the first Strang Lemma [28]. In what follows, we denote by C positive constants independent

of the mesh parameters, which can change at each occurrence.

Lemma 13. Under the assumptions of Theorem@ for all p € HY?(0Ty), it holds that
|Go — Gré|a < E(G),

where

(40) BE(Go) == (1+ Bha)  nf |G — fimy|a + Braxl (T = T0) G| 12 o7, -

Bry€EAm,

Proof. Given ¢ € H'Y?(0Ty), let X := G¢ and XHA := G,¢. Then, by definition of mapping
G and Gy, for iy, € KHA,

(41) </7HA7TX>8TH = <ﬁHA7ThS\/HA>6TH = <ﬁHA7¢>3TH'
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Hence, from Assumption A and
5r;z2xx|)‘HA - ﬁHAB\ < <>\HA - ﬁH/UTh()\HA - ﬁHA)>aTH

- <XHA - ﬁHAu Th(}\/ - /jHA>>87—H + <XHA - ﬁHA7Th(XHA - )\)>6TH
= <XHA - ﬁHA7 Th(X - /jHA>>8TH + (XHA - /me (T - Th>x>a7~H
< Ny = B (X = il + 1T = )Moy )

where we also used Lemma 24 (iii, iv) (with T replaced by T},) and (27). From the triangle

inequality and inequality above we get
X Amala < X =iyl + Py = Bingla < (14 B2 ) X = By a + B2l (T = Ta) Xl ooy
and the result follows. O

Owing to the previous results, the next theorem shows that the method yields best ap-

proximation results.

Theorem 14. Assume that the conditions A and B are valid, and let (u,p,\) € H*(Ty) x
H3/2(7'H) x A solve (7) and py. € A, solves (28), and (up, A\g,) € Vi X Ay, be given
m . Then,

(42) | = prclmren) <C ( inf |p— bulgeony) + (T = Th) flaren,) + E()\)),

¢Hp €T HL

and

A= Am, A <C <|f0 - :OHF|H1/2(6TH) + \(f - Th)f’Hm(aTH) + E()\)>,

(43) o
u—unly () < IA = Ay [a + (T = T)A+ (T = To) fl e, (730)-

Moreover, the following weak continuity holds:

(44) <,UHA7uh - pHr>aTH =0 fOT’ all HHy € AHA7

and the discrete flur Ap, respects the local equilibrium constraint
(45) / A, dx = /fda: for all T € Ty.
Proof. We gather from the triangle inequality that, for an arbitrary ¢g. € I'p,.,

(46) lp = prrlmren) < 10— burlmren + |6 — puclmzen),
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and from Theorem |§|, , Lemma and ,

(CmawBmaz) | — pry |?{1/2(aTH)
< 9w(Pmy — PHps PHy — PHY)
= 91(bmr — P, Oy — pur) — 9n(Pre, P — pac) + 9n(0s Gre — poy)
+9(p. Gup — pae) — 9(p; S — py)
= (Gn(Pm. — p), brr — pr)omy + ((Gh — G)p, Or — prr)oTy
+(GT = GuTi) . bt — pie o
= (Gn(Pur — p)s O — pup)ory + ((Gr — G)p, b — pry) oty
+{((G = GWTf. b — pr)ory + (Gu(T — Th) f, buy — pre)ora
< (8 (10 = Sr1clvrzomy + /T = T Fliziom ) + E(Glo = T1) 161 = pie i 2om

and the result follows from and the above inequality recalling that A=G (p— T f).

Also, from Lemma 13| and
(47) _ N N _ N
((Gp = Grpy, — (GT = GhTh) fla < (G = Gr)(p = Tf)|a + |Ga(Thf — T f)la +|Gulp — pry)la

< BO) + B (1T = To)fliniaomn) + 0 = pita oy )
and the first estimate in follows since
(48) A=A, = A=Ay, = Gp— Gupu, — (GT — GrT)) /.
Next, using
(49) u—up = u’ —u) + U — U,
the second estimate in follows from
i—ip=TA— T g, + Tf —Thf = ThO) = X))+ (T = T)h + (T = Tp) f
and using the stability of T}, in to get
T = M) (i) = [Ta O = M) i) < X = Xarela = 1A = Az -

To show , for iy, € KHA and using the definition of the mapping G}, in (26)), we get

(g, un)ory = (Lrys Wn)ory = (fys ThGrpme + (1 — ThGh)Thf>37—H = (lHy s PHy)oT3 -
Next, for pg, € A° it follows from (30)),

<1uHA7uh>8TH = <H’HA7U?1>8'TH = <NHA7PHF>8THa
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and then holds. Finally, the equilibrium condition follows from since

/)\HAda:—/ Aodw—/fdw for all T € Ty.
or or T

6. COMPATIBLE FINITE ELEMENT SPACES

This section provides examples of compatible two dimensional finite element spaces satis-
fying Assumptions A and B. To this end, we introduce partitions of the elements and faces,

which could be different for different elements.

6.1. Element and face partitions. Consider the following family of regular partitions:

e 71, (1) (baseline partition): conforming triangulation of 7 € Ty;

e 7,(7): conforming triangulation of 7 € Ty, with diameter h, obtained by refining
Tno(T);

e T, union of all 75, (7) yielding a triangulation of © (not globally conforming in
general)

77L0 = UTETH,]?IO (T)7

e 7,: union of all T,(7) yielding a triangulation of 2 (not globally conforming in
general)

T = Urer, Tn(T) with diameter h;
e £(07): set of faces associated with 7 € Ty

E(0r) :={F COr: F is a face of 7};
e &: set of faces associated with the partition Tg

E = U,er, £(07);

o &y (07): conforming partition of d7, which is assumed locally quasi-uniform, namely
neighboring boundary edges have comparable diameters;

e &, (07) (baseline partition): conforming partition of 97. Moreover, if two elements
share a face, then the corresponding face triangulation is identical;

® &, (07): conforming partition of O7, obtained by refining €, (97);

e &, (baseline partition): union of all baseline face partitions

Emy, = Urer €y, (O7);
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e &y, union of all £y, (07) yielding a partition of £
Eny = Urer, €1, (07)  with diameter Hp;
e Ep.: union of all E4.(07) yielding a partition of £

Enp = Urer, €. (07)  with diameter Hr.

We assume that the triangulations of faces and elements are general, but related to each
other. Specifically, given 7 € Ty, the baseline element and edge partitions 7y, (7) and
Emy, (07), respectively, are such that they satisfy:

(M1) Given 7 € Ty and F € Eg, (07), there exist two elements k1, ko € Tp,(7) such that
(0k1 NOT)U (OKe N OT) = I
(M2) Given F' € &g, (97), there exist two elements i, fi € Eg, (07) such that f; Uf, = F,

f1 N §2 has zero measure, and |f;| >~ |F|, j =1, 2.

Given 7 € Ty, a practical way to construct these meshes is:

(1) Set Epp.(07);
(2) Define &g, (07) such condition (M?2) is valid, and g, (O7) as a refinement of €y, (7);

(3) Define Ty, (7) such that condition (M1) is valid, and T5,(7) as a refinement of Ty, (7).

We next present some stable finite dimensional spaces.

6.2. The Py 1(F)xPy(F)xPy1(7) element. Let k£ > 0 and 'y, be the space of continuous

piecewise polynomial functions on faces of degree up to k + 1, i.e.,
(50) Ty = {g € HY*(0Tw) : €lr € Pe(F), F e eHF} ,

and Ay, , Ap,, and A Hys A Hy, De the following spaces of discontinuous piecewise polynomial

functions on faces of degree up to k

AHA = {M eA: :ulF € Pk(F)a Fe 5HA}7 KHA = AHA QK,

(51) ~ -
Amy, = {peA: ulpePy(F), F€5HAO}, Apy, == Ap,, NA.
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In addition, we chose the following functional spaces of degree up to k + 1 inside the

elements i.e.,

Vi :={vn € H(T) : vnlr € Peya (1), 7 € Ty } Vig = Vi N H' (Ta1),

(52) N N
Vi :={vn € H'(Ta) : vl € Poga(7), 7 € Tn}, Vi o= Va NV H (Th).

We are ready to present the main result of this section.

Theorem 15 (Well-posedness and best approximation). Assume that (M1) and (M2) hold.
Let Uy, be given in (0), and Au, and Vi, be such that Ap, C Am, and Vi, C Vi, where

Ay, is gen in and Vi, in (52)). Then, the MH*M is well-posed and satisfies
the estimates in Theorem [1]]

Proof. First, note that from assumption (M1) and the definition of the finite-dimensional
spaces and (52), there exists a Fortin operator Iy : H*(Ty) — Vi, (see [6, Lemma 2])
satisfying

/ ully (v) de = / pvdx  forall pe Agy,,

Ty (V)| () < Cr ||0]| iy forallv e Voand 7 € Ty,

(53)

where the positive constant C. is H,-independent. Then, we define my(-) as the operator
Ty () and the first equation in is valid. Also, for all v € H'(Ty) and 7 € Ty, from (53)
and the Poincaré inequality it holds that

[y ()] = v () i) < @l [T () [0
< Cr g [V
< Cr g, (14 CoH) ol
_ Cranas(1+ CpH,)

= 1/2 |,U‘H}4(T)7

min

1/2
and then |7y (v)| 1 o) < Br|v|my or) With 8; = CromarU4CrHr) - Assumption A follows from

Remark [L0| by taking the mapping my(-) := ILy(-) deﬁ;gélnabove. To establish Assumption B,
we apply Remark[12] and make use of the Fortin operator 74 (-) satisfying (see Lemma 25|
in the Appendix). Since Assumptions A and B are satisfied, the result follows immediately
from Theorems [Q and [14l O
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Remark 16 (Relaxing Assumptions (M1) and (M2) ). The mesh conditions (M1) and
(M2) are sufficient to establish the well-posedness of MH*M , but are mot necessary in

general. For example, let k > 0 be even and consider the finite element
Pk+1(F) X Pk(F> X Pk+1(T)

supported on partitions

Enp (07) = Epy, (07)
consisting of one element per face, and with Ty, (T) consisting of the single simplex T, for each
T € Tu (see Figure for an illustration). Hence, adapting the arguments of [43, Lemma 10]
to our setting, there exists a positive constant C, independent of mesh parameters, such that

for all ji € Ay,

(54) sup om0 B Uhor

vemi(ry [[0]l ) eV (1) N0l ()
Moreover, observe that
Cpe(07) = Vi (7) o7

Since the moment matriz corresponding to the pairing

</j7 fﬁh>87’7 ﬁ € KHA (87—>7 5h € ‘7h0<7—)|37'7

1s square and nonsingular according to , Lemma guarantees Assumption B. Therefore,
all the statements of Theorem[17] hold for this family of elements as well.

In the case where k is odd, condition fails because the local kernel contains a Legendre
polynomial of degree k + 1. Nevertheless, when homogeneous Dirichlet boundary conditions
are imposed on OS2, the interelement continuity constraints and the prescribed boundary val-
ues prevent these local kernel functions from giving rise to a nontrivial global function. Hence,
the global kernel is trivial and a global inf-sup condition still holds. As a result, the discrete
problem remains well posed despite the failure of the local condition. However, we have not
been able to establish the independence of the corresponding inf-sup constant with respect to

H., although the numerical experiments suggest that this property holds.

Remark 17 (Comparison with the Marini-Brezzi three-field method). The element P, (F') x
Po(F) x P1(7), consisting of piecewise linear continuous functions for the trace variable and
piecewise constant functions for the flux variable, was first introduced in the three-field finite
element method [177], where it was shown to be well posed and optimally convergent [18]. These

properties were achieved by adding stabilization terms to the standard Galerkin discretization
of the continuous three-field weak formulation . Interestingly, the MH? M method f
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is also stable and optimally convergent when using the same element Py(F') x Po(F) x Py (7).
Howewver, in contrast to the three-field method, no additional stabilization terms are required.

Instead, stability is obtained by assuming conditions (M1) and (M2) on the submeshes.

FIGURE 1. A piecewise constant function representative of the space Ay, and
a continuous piecewise linear function of the space I'y. with faces and element

discretized with one element.

6.3. The Py (F) X Pry1(F) xPri1(7) element. Here we use a richer space to approximate
the flux variable A than in the previous case. Nonetheless, the strategy of proving well-
posedness and approximation properties for the MH2M with the element Py 1 (F') x Py, 1 (F) x
Pry1(7) also follows from the existence of bounded mappings that satisfy and ([39).To

do so, we must consider two scenarios regarding (37)):

e First, if £ > 2 then it is sufficient to assume (M1) to guarantee the existence of a
mapping Ty (-) that satisfies (c.f. [6, Section 3.2]) and then Assumption A is
satisfied using the same argument used for the element Py (F) X Pp(F) X Pry1(7);

e On the other hand, when k& = 0 and k = 1, the condition (M1) must be replaced by:

Given F' € &g, (071), there are three elements k1, ko, k3 € Tp,(7) such that
(0k1 NOT)U (OKke NOT) U (O3 N OT) = F.
This condition guarantees the existence of Iy (-) that satisfies (c.f. [6, Section
3.2]).
Note that Lemma[25{remains valid under the same Assumption (M2), since the space A Hy,
is richer than the one considered in the previous section. Consequently, the well-posedness
and best approximation results established in Theorem are also valid using again the

proof strategy used for the element Py (F) X Pp(F) X Pgiq(7).

Remark 18 (Avoiding condition (M2)). Interestingly, if Assumption (M2) is replaced by

the simpler choice
EHAO (87—) = The (T)|<9T7
then Lemma [25] remains valid, and hence so does Theorem [15
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6.4. The one-level Py (F) x Px(F) and Py (F) X Pry1(F). The method nomenclature
indicates that we replace Vi, by HY(Ty) (i.c., T, = T and T), = T), which corresponds to
assuming that the multiscale basis functions driven by the operators T and T have a close
formula (see algorithm in Section [7| for details). Notably, the one-level MH*M corresponds
to find p3r¢ € gy such that

(55) (Grpe, Eory = —(\°, &)y + (GAT f,€)om, for all € € Ty,

where A is given in (10). The approximate solution u™ and Ay"® are
(56)  up" =y + TGupfie + (I = TGR)Tf and A = \° + Gy(pfe — Tf),

where uzne’o satisfies using pgr¢ in place. The function u3"® is finite dimensional although
the space spam by the image of mappings T and T are not expected to be polynomial.
Y g g y

Recalling that in the one-level case T), = T', note that

|M’H*1/2(8T) - sup -~ —

GeH/2(0r) |¢|H1/2(af) veH(7) |5|H1/2(af)

’U\ar:¢>

= ’TN\H;‘(T):

for all u € KHA, and then the Assumption A is valid without the need for Condition (M1).
Since the pair of local spaces Ay, (07) x I'y.(07) coincides with that considered in the
previous sections for the one-level MH2M method, Assumption B also holds. Therefore,
by Theorem , the one-level MH2M formulation is well posed, admitting the unique
solution . Moreover, the best-approximation estimates of Theorem [14{ simplify to
lp = pE e, < C ( inf  [p— Gupl iz, + E(X)>7

¢up €l HY

A= Afa <O (\P — Prslmrzen) + EO\)) and  |u — UZ”€|H;\<TH> < A= AEC A,

where EQ\) = (1+ 82,,) infy, cx, (A= T, la-

6.5. Convergence. We establish error estimates for the two-level MH?M using the
Piy1(F) X Pp(F) x Pyy1(7) element of Section[6.2] First, we recall some interpolation opera-
tors with optimal properties. Let w € H*"(Ty) and AVw € H*(Ty) N H(div, Q). Then,

we have:

There exist ¢p,. € I'y,, and g, € /N\HA such that

(57) 1€ = buplmraomy < CHE wlgeraiyy  and | — iy |2 < C HY ™ AVW] sy
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where & 1= w |y, and u s, := AVw - n7 |, for all 7 € Ty. For example, we may choose ¢ g,
as the standard Lagrange interpolator on Py(7y) [28] and fiy, given in [6l Lemma 3]. In
fact, from [0, Lemma 3|, there exists uy, € Ay, and a positive constant C', independent of

mesh parameters, such that

sup <M — HH, >U>

i < O HE YAV s o)
vert(ty) NVl

Then, using the definition of the norm |- |5, Poincaré inequality and estimate above, it holds
that

|,E . ﬁH |A _ sup </7 - ﬁHA’ ¢>6TH = sup </7 — ﬁHA7/5>BTH
A ~ - ~
semrory  |blmeen,)  vemmy  Plmow
o1y =0
~ s (p —~MHAJ7>6TH <C s (p —~/LHA,5>BTH
seii Ty |0l T ey N0lmm

<C sup bt =ty V) o < C HYP AV s (7).
veH (Tx) HUHHl(TH)

Also, we recall the approximation error associated with the Galerkin approximation at the

second level
(58) (T = T0)fil (i) < C M Tl vy and |(T = Th)al gy oy < C W Tql ey

where ¢ € L?(Q) and p € A, under the assumption that 77, Tq € H¥2(Ty). Therefore,
using and setting hy lor = AVu - n" |5, it holds that

E(X) = (1 + 612nax) ~ 1n£ |X - ﬁHA|A + /BIQIIaX’(T - Th)X|H1/2(8TH)

Bry €A,

(59) S O <HK+1‘AVU|HI€+1(TH) + hk+1|TX|Hk+2(TH)>
<C [HK+I|AVU|H’“+1(TH) + R (|U|Hk+2(TH) + |ff|H’“+2(TH)>]7

where E(-) was defined in (40)).

Owing to the interpolation estimates with u replacing w and with g = X and
q = f, we estimate MH?M error using the Py (F) X Py(F) x P, 1(7) element as follows.

Theorem 19. Let (p, A\, u) be the exact solution of and (pry, Amy,un) be the MH*M
solution where py,. € Ag, solves , and (up, Am,) € Vi, X A, is given in . Under the
assumptions of Theorem and assuming v € H**(Ty), AVu € H*(Ty) N H(div, )
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and Tf € H*2(Ty), with k > 0, it holds that
|0 = prclmrzer,) + 1A = Amyla + [u = unl gy < C [(HFH + th) |ul e o7y
+ B AVl ) + BT flisacry |
Proof. The result is a direct consequence of Theorem |14] and estimates —. U

Remark 20 (The Pyi1(F) X Pyy1 (F) X Pyyr (1) case). Under the assumptions of Theorem|[19
with the additional reqularity ANVu € H**2(Ty) and following the arguments in the proof of
Theorem [19, the MH*M solution with the element Pyi1(F) X Py (F) x Ppy1(7) satisfies

Ip — pHr|H1/2(8TH) + |)\ — AHA|A + |U/ — uh|H}4(7—H)
<C [(H’E“ + th) [ul iz sy + HY 2| AV iz () + hHlﬁf'Hk*Q(TH)] '

Note that, since Hy < Hy the leading error is O( HE™ 4+h**1) showing the element Py, (F) x
Pri1(F) X Pyyq(7) provides no gain over the cheaper element Py 1(F) X Pr(F) X Py (7).

Remark 21 (The one-level MH?M case). Under the assumptions of Theorem that Vj, =
f[l(’TH), T, =T and T}, = f, the error estimate in Theorem |19 becomes

0= Py |72 o) + 1A= Ay [a + lu =g |y 7y < C[H5+1|U|H'€+2(TH)+H§+I|AVU!HH1(TH)]
when we use the MH?M with the element Py, (F) x Py(F), and
0= P | 2 om) HIA = AT A+ u—ud™ g oy < C<H€+1|U|H’“+2(TH)+H1I§+2|AVU|H’“+2(TH)>a

with the element Pyyq(F) X Ppiq(F).

7. MULTISCALE BASIS, DEGREES OF FREEDOM AND ALGORITHM

Let be {p1,...,pn} be a basis for 'y, and {Xl, . ,XN/} for /N\HA, where N, N’ € NT, and
{1, ..., ¥un} a base for Vy(7), with 7 € Ty and M € N*. Let 'y, := 'y N HY2(8Ty) be
the space of functions in I'y, with zero average in each element boundary.

The MH?M computational algorithm writes:

i) Compute \° from ([10));

ii) Compute T\, =: e, for k=1,...,N', and fhf =: 7y from , ie.,

M
ZU]’?/Av(@)-v@dm:@k,@m foralli=1,...,M
=1 77
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and
M o~ o~ o~
qu/AV(wi) VY da = /flpida: for alli=1,..., M.
]:1 T T
Set
Mo Mo
=) iy and = g
j=1 j=1
iii) Compute Gpp =: XZ”, for k=1,..., N, and Gpny*”* =: X?"”s, using 77" from , ie.,
N N
Zc?()\i, n;"or = (N, pr)or foralli=1,..., N’
j=1
and
N B
Zdﬁ(AWT%T = (X, nf)o, foralli=1,... N
j=1
Set
A=k and A= dph withj=1,... N
k=1 k=1

iv) Solve (7)), i.e., compute a = {Oéj};-vzl
N ~ ~
(60) > (N piory = — (N, pidory + (AP, pi)om, withi=1,... N
j=1
v) Compute ppy., XHA and uy,
N N N N N _ _
PHp ‘= Z&ipi, >\HA = Z Oéi/\;ns - ;ns’ a:L/h = ZOQ'Th)\ZmS - Th)\?ls + 77?8
i=1 i=1 i=1

vi) Compute u from
vii) Compute u;, and Ay,
N N
Up, = ug + Z oziThXQnS — ThX?S + 77?8 and Ay, = A+ Z oziX;-m — X}”S
i=1 i=1
or equivalently,
M N’ M M
up 1= U?L—FZ% Cézviik—zdjzviizk-i‘zqm%
=1 j=1 k=1 j=1 k=1 k=1

and
N N’ N N _
Ay =AY i Y AN =Y dh
i=1  j=1 j=1

Remark 22. Some points are worth mentioning:
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o Although the solutions uy, and Mg, belong to the space Vi, and Ay, initially, they belong
to the much smaller subspaces of dimension N := dim(I'y, ). In fact, by construction,
up € span {n?s,...,n}{}s,n?s} - ‘7h and XHA € span {XTS, . ,X%S,N}”S} C KHA ,
respectively. Such a basis accounts for the multiscale characteristics of the problem,
and are numerically approximated at the local level through steps (i) — (iii) as the
approzimate formula for the base functions are not generally available. The MH?*M
may be seen then as a member of reduced basis methods [12].

e Steps (i) — (4i1) can be done in an offline stage. Furthermore, they are “embarrass-
ingly” parallel in the sense that the problems are local and entirely independent of each
other. The global formulation (iv) is the only global formulation because its degrees
of freedom are nodal and associated with the coarse mesh skeleton;,

o All linear systems in steps (ii)-(iv) are symmetric and positive definite. A closer look
shows that two types of local linear systems must be assembled to solve the problems in
(13)-(iv). The associated matrices can then be factored once and for all in an offline
stage and then applied to the various right sides. This is particularly attractive when
it comes to troubleshooting multiple queries as found in time marching process or in

varying the source data f in stochastic problems.

8. NUMERICAL RESULTS

The following numerical experiments aim to access analytical predictions and compare the
numerical performance of the MH2M, MHM, MsFEM and FEM methods for two-dimensional
problems. In what follows, we consider with homogeneous Dirichlet boundary condition
and  :=]0,1[x]0,1[. In the first set of tests the exact solution is known, and several
convergence results are presented. We consider next a more demanding problem, that is,

when the coefficients are oscillatory.

8.1. Problem with explicit solution. For A =1 and f(z,y) := —2z(z — 1) — 2y(y — 1),
the exact solution of is
u(z,y) = z(z —y(y — 1).

We start by considering polynomial approximation spaces for the unknown triple (p, A, u) =
(ulory, AV u - n7|g7;,,u) belonging to spaces Hé/Q(ﬁTH) X A x H'(Ty) using elements
Pei1(F) X Pe(F) X Prya(7) and Pyyy (F) X Pryy (F) X Py (7), with & > 0, as described
in Sections and [6.3] respectively. The approximations for traces of u are polynomials of
degree k + 1 over the macro-edges and are continuous on the macro-skeleton. The discrete

fluxes are piecewise discontinuous polynomials of order k or k 4+ 1 over macro-edges. The
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approximations for u that are piecewise continuous polynomials of order k£ 4 1 within each
macro-element, but might be discontinuous globally.

We consider first a mesh refinement Hp = Hy = H := /2/277, j = 1,2, 3,4, 5 for
elements of the form Py (F) X Pi(F) X Pry1(7), with h = H for k=0, 2 and h = H/2 for
k = 1. We present in Figure [2| the convergent results in the H'(7z) semi-norm, displaying
a O(H*1) rate of convergence. Note that the element choices do not fulfill condition (M?2)
for all k and condition (M1) for k = 0, 2, but are covered by Remark [16] Numerical tests
using the Py 1(F) X Pryq(F) X Pryq(7) approximation showed no noticeable improvements

in the results, as anticipated in Section [6.3], and are not displayed.

P1-Pp-Py ===
P2-P1-Pp ==

1.000000 §

0.100000

0.010000

log Ju-ugly/july

0.001000

0.000100 F E

0.000010 F E

0.1
log H
FIGURE 2. Convergence results in the H'(7y) relative semi-norm, with the
Pii1(F) X Pi(F) X Pgyq(7) approximations. Here k = 0, 1, 2. The meshes are
Hp = Hy = H :=+/2/279, j=1,...,5, with h = H for even k and h = H/2
for k = 1.

The theory (see Theorem [19] and Remark predicts that the coarse mesh can remain
fixed while optimal convergence is achieved by refining the face meshes associated with the
trace and flow variables, as well as the local submeshes, provided that Assumption (M1)
and (M2) are satisfied, for instance. In this setting, we observe superconvergence with an

additional convergence rate of O(HIE/ 2), assuming the flux mesh and the local submeshes are
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“sufficiently refined” relative to the trace mesh. Notably, unlike in the MHM method, the
fluxes here are computed using local meshes, making them computationally affordable.

To illustrate this, consider the configuration Py (F') x Po(F') x P (1), where the trace mesh is
refined as Hr = /2 /237 for j = 0,1, 2,3, while the flux and local meshes remain sufficiently
refined. As shown in Figure [3) the results clearly exhibit the additional convergence rate
of O(HL?) in the (semi-)norms H'(7) and L2(Q). This behavior of the MH2M method
extends beyond the scope of the current theoretical analysis. Nevertheless, it reflects a
similar phenomenon observed in the MHM method, for which a superconvergence result has

been rigorously proven [20].

1.000000 .
HY e

R
O(H*?) e
O(H?) —-—-

0.100000

0.010000
9

0.001000

Approximation relative emror

0.000100
b

0.000010 L
0.1

log Hr
FIGURE 3. Py(F) x Po(F) x Py(7) case: Approximation errors in relative
H'(Ty) semi-norm and L?*(Tz) norm, for h, Hy < Hp = /2/23% j =

0,1,2,3. We note an additional O(H%/ ®) convergence rates.

Next, we compare the performance of the FEM/MsFEM, MHM, and MH?M finite element
methods, noting that for the Laplace equation, FEM and MsFEM yield identical results. The
mesh size H is kept fixed throughout, and we consider the approximation spaces P;(F') x
Po(F) x Py(7) for the MH?M and Py(F) x Py(7) for the MHM. The notations MHM-i and
MH?M-i, with ¢ = 1,2, indicate the number of subdivisions per macro-edge, where i = 1

corresponds to no subdivision.
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In Figure 4| (left), we display the relative H'(7z) semi-norm error as a function of the size
of the global matrix. We observe that the MH2M method achieves a comparable error with
significantly fewer degrees of freedom. In Figure || (right), we compare the MHM and MH*M
methods using P (F) x Py(F) x P1(7) and Py(F) x P1(7) polynomial approximations. The
relative H'(7f) semi-norm error is plotted against the interface partition size Hy = Hp =
H/2', for i = 0,1,2,3. The numbers above each curve denote the size of the final system for
the MH2M method, while those below correspond to the MHM method. We note that both

methods exhibit similar performance and display superconvergent behavior.

FEM/MSFEM =t " MHM ——
MHM e
1.00000 | OH?) —-—-

0.10000 |

log Ju-uply/July

0.01000 [

log [u-uply/luly
-
g

0.00100 f-

0.00010 |,

0.01 1 1 0.01 0.1
100 1000
log DoF

log Hp

FIGURE 4. Error curves with respect to the size of the final system (left) and
to the interface partition (right). Here, MHM-i and MH?M-i, with i = 1, 2,
indicate mesh partitions where Hr = Hy = H/2"7 1,

8.2. Oscillatory coefficient problem. Consider now a non homogeneous coefficient of the

form

24 ysin(2rx/e) 2 +sin(2my/e)
2+ qcos(2my/e) 2+ ysin(2nx/e)’

(61) Alz,y)

where ¢ > 0 is associated with the periodicity of A. In all cases, we set ¢ = 1/14. We
investigate the numerical performance of various multiscale methods, using a refined FEM
solution as the reference with H = /2 /128. The surface plot of this reference solution is
shown in Figure [5| (left) and a surface of the MH?M solution in Figure 5| (right). In this
section, we used the elements P;(F) x Po(F) x Py(7) for the MH2M, and Py(F) x P;(7) for
the MHM.
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F1GURE 5. Plot of the referential solution with H = \/5/ 128, on the left, and
the numerical solution given by the MH?M-2, where H = +/2/31, Hr = Hy =
H/2 and h = H/4.

We again consider the MHM-i and MH?M-i schemes, where i = 1, 4 indicates mesh
partitions defined by Hyr = H, = H/2!"'. The results are shown in Figure [f| and the
label MH?M* refers to configurations where Hy = H/8. The value of H varies across test
cases to allow for a fair comparison based on the size of the final global system. The plots
display cross-sections of the computed solutions at y = 1/2. We observe that the MH*M
and MH?M* method provide more accurate results than the MHM method when using an
equivalent number of degrees of freedom.

Figures El and [§] display the numerical solutions obtained with the MHM-1 and MH2M-1*
methods, respectively, as the size of the final global system increases. A noticeable resonance
effect appears in the MHM results when H ~ /¢, in agreement with the findings of [41],
whereas this phenomenon is not observed in the MH?M-1* results. This discrepancy may be
attributed to the refinement of the face mesh for the flux, a strategy that was both observed
and theoretically justified in [41] for the MHM method. The key distinction is that, within
the MH2M framework, such refinement is performed locally and does not lead to an increase
in the size of the global system. This contrast is noteworthy and motivates further theoretical

investigation.

9. CONCLUSION

Brezzi and Marini’s three-field method [I7] provided the background for new families
of multiscale finite elements for the Poisson (Darcy) problem. The MH?M incorporates a

multiscale basis for the Lagrange multiplier associated with the flow variable, obtained from
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FIGURE 6. Cross-section plots of the solutions at y = 1/2, with ¢ = 1/14.
On the top row, the fine-scale mesh size is h = H/4; on the bottom row,
h = H/8. The MHM-i and MH?*M-i use Hr = Hy = H/2""!, and MH*M-i*
uses Hr = H/2""! and Hy, = H/8. In all cases, DoF denotes the size of the

global matrix.
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the multiscale basis of the original MHM (multiscale hybrid-mixed) method [2]. Thanks

to a new spatial decomposition, these multiscale bases are computed locally from positive

definite algebraic systems and are ready to leverage parallel computational architectures.

Unlike the MHM method, the global problem associated with MH?M is coercive and the
degrees of freedom are associated with the trace of the primal variable. Such similarity led

us to establish a connection with MsFEM [26].
We proved that the MH2M converges optimally with respect to the characteristic mesh

lengths under reasonable conditions of compatibility between approximation spaces and un-

der assumptions of local regularity (as usual in hybrid methods). Furthermore, we high-

lighted the interaction between the face mesh diameters (Hr and Hy) and the second-level

mesh parameter (h) on convergence.
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FIGURE 7. Cross-section plots (at y = 1/2) of the solutions obtained with

the MHM method for ¢ = 1/14. Resonance effects are clearly observed when
H ~ /e ~ 0.26.

As verified by the numerical experiments, the MH?M method requires fewer degrees of
freedom than the MsFEM and MHM methods to achieve a given error level when using
low-degree polynomial approximations. Superconvergence behavior was also observed when
refining the face meshes associated with the trace variables, while keeping the coarse mesh
fixed. Furthermore, we have observed that MH?M is less sensitive to resonance effects when
approximating oscillatory solutions, in contrast to the MHM method. A rigorous analysis of
the method’s sensitivity to resonance phenomena lies beyond the scope of the present work

and may be pursued by adopting the strategy proposed in [40, [41].

10. APPENDIX

Lemma 23. Let 7 € Ty and §& € H?(O7). Then €l 2on = |¢elu (), where dg weakly

solves
(62) —divAV ¢ =0 inr, pe =& onOr.

Moreover, if ¢ € HY*(0Ty) and holds for all T, then ¢¢ € Hg(Q2) and

|§|§‘11/2(8TH) = |¢5|12LI}4(Q) = Z |5|§11/2(8T)‘

T€ETH
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FIGURE 8. Cross-section plots (at y = 1/2) of the solutions obtained with the

MH?2M-1* method for € = 1/14. No resonance effects are observed.

Proof. Given & € HY2(97), it is immediate that |¢| w1, () minimizes | - [z () over the space
of H'(7) functions with trace £ on d7. Similarly, if £ € H} (), then holds in each
element. But then ¢¢ € H'(Ty) and ¢¢lar;, € H01/2(8’TH) implies that ¢ € Hj (). Then

€Ty T€TH

In the following lemma, we collect some useful technical results.

Lemma 24. For a fized 7 € Ty the following results hold:

(1) |TmH1/2(aT) = ‘Tﬁ|H}4(T) = WHfl/z(aT) Jor all p € /K;
(i) |GE|i-112(0m) = 1€l 1207y for all € € H'?(O7);
(iii) (71, €)or < |Filg-1200m) €l 17200 for all i € A and &€ € HY*(97). Also, for all € €
HY2(07),

(63) sup i &or Sor

i = €l g17200);
pEH-1/2(d7) |M|H—1/2(37) (07)

(iv) (i, TR o7, < |filalfils for all fi, 7 € A.
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Proof. The first identity in (i) follows from the definition of 7" and Lemma . To the second
identity of (i) , we have:

<ﬁ7w>87' <ﬁ7 U)ar fTAVT/j Voudx

\ilg-120n = sup ——— = sup ;—— = sup = | Tl r)-

veinzon | Clmeeny e Ve vemin 0], ()
Next, follows from (i) with z = G¢ and (19). Item (iii) follows from the definition of
the semi-norms | - | y1/2(5,) and | - [g-1/2(5,). To show (63), first denote by ¢¢ the A-harmonic
extension of &, i.e., the solution of . From , we gather that
(.80 [ AVTi- Ve da
Pl ir-12(0m) T, ()

< el u vy = 1€l m1r207)

where we used Lemma [23| at the last step. The identity with the supremum follows immedi-
ately. Finally, identity follows from (iii) with £ = T and ({i), and the definition of the

semi-norm | - |5 in (). O
We provide below the details of the proof of the following Lemma.

Lemma 25. Under Assumption (M2), there exists a mapping 7y : A KHAO such that for
all i € A and 7 € Ty, it follows that
/ () Edz = (i, E)pr  for all € € Ty,
(64) or
[T () Hr-172007) < @ |1 r-172(07),

where o, 18 positive constant independent of mesh parameters.

Proof. Let T be an element of Ty, F' an edge in Er(07), and from Assumption (M2), let f;
and fy denote the two edges in £4(97) such that

F=fUf.

Moreover, let ug, 1=1,...,k+1, be a basis for the restriction of AHAO (O7) to the edge f;,
j=1,2,and let {, 1 =1,...,k+2, be alocal basis for I'y.(07)| ¢ the restriction of I'g,.(07)
to F'. Note that, given £ € I'g.(07)|r, we get

(65) /M&M:Ofmﬂﬁ =£=0.
fi

To see this, first note that, since £ is L?(f;)-orthogonal to all polynomials of degree at most
k, it can be represented on each f; by a Legendre polynomial of degree k 4 1. Therefore, if
€ # 0, then ¢ would have 2(k 4 1) distinct zeros on F' (namely, k 4 1 zeros on each edge f;).
This contradicts the fact that £ is a polynomial of degree k + 1 on F', and follows.
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The rectangular moment matrix with entries
/ugglda:, i=1,...,k+1, 1=1,....k+2, j=1,2,
F

represents the operator

B : A, (07)|r — (D (07)F) -

By , its adjoint
B" : Ty (07)|p — (Am,, 07)|r)’

k+2

is injective, and thus, B is surjective. As a result, there exists a set of functions {p;}:";

spanning a subspace of Ay, (97)|r such that the restriction of B to this subspace is bijective.
Inspired by the dual-basis construction of [46], we choose the local dual functions p; such
that

F

Next, based on the local averaging construction underlying the Scott—Zhang interpolation
operator [45], we define the following operators: Given & € HY?(97) and p € H~'/?(07),

consider the moments

<M7 52‘)87’ and </‘L’L7 §>87')

to define the Fortin operator m} : H™/2(87) — A, (97) as follows

(67) TR = D piis Eidor,

and the mappings Zr : H/2(07) — [y, (07) by

N

(68) Io(§) =) (i )orks

i=1
for £ € HY?(07). Hereafter, N := dim 'y, (07). Using the definition of %(-) in and
, we get

N N
| g da - > | e gdor =3° 3 [ s e &0r = (.65

i=1 FCOr

As a result, decomposing & € I'y,.(07) as

N
&= Z c;& where ¢; € R,
i=1
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we get, for all u € H-1/2(971),

N
/8 A= 0 / R d = (€,

which implies the first condition in (64]) replacing p by iz above. Note that the image of
7 (+) given in is a subset of KHAO when it acts on space A.

Now, we turn to prove the stability of 75 (-) in the H~Y/2(d7) seminorm. First, observe
that Zr(-) is a projection operator onto spaces I'y,.(07) by , and Zr(-) corresponds to
the adjoint of 7} (-). Indeed,

N

(69) (I (€))or = Y (1, &)or (s ) or = (ma(11), o

i=1

Hence, assuming the existence of a positive constant ., independent of H., such that

(70) Zo(O) | m120m) < 0 [€lmingeny  VE € HY?(07),

then, we obtain

T (7 7TT Z’Z 7567’
5@ ooony = sup  AU:L)or
EcHY/2(T) ’f\HW(af)

oy BT

geim2or) €l om

_ IZe (&) 1720
< |M|H—1/2(aT) _ sup ~—()
£eH/2(07) |§|H1/2(ar)

< ar il g-12(9m),
where we used the definition of the seminorm | - |5-1/2(5,, and (70). The result
follows defining 74 (+) such that mwa ()|, := 73 (+) for all 7 € Ty restricted to space A.
We observe that is a consequence of the standard Scott-Zhang patchwise argument
(see [45, 21]), together with interpolation theory (see [39][Chapter 3] and [34]). For com-
pleteness, we detail the proof in the present setting. For each edge F C 07, define

I(F) == {i:supp(&) N F # 0} and  wp = Uerr) 1,

and note that wg consists of at most the edge F' and its two neighboring edges. Moreover,

the cardinality of I(F") is uniformly bounded since the polynomial degree k + 1 is fixed.
Next, for a fixed node 7, select an edge F; such that supp&; N F; # 0, and let fi; be the

associated local dual basis function, that is, the function satisfying with replaced F' by
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F;. Then, define y; € Ag,, (OT) by setting u; := fi; on F; and p; := 0 on 07 \ F;. Observe
that {&|r, }jer(r,) forms a basis for Py, (F;) and that

/ﬂifjdw:/ﬂiﬁdew
T F,L'

From a standard scaling argument together with the condition , and the fact that the

lengths of the sub-edges f; and f, are uniformly comparable to that of F;, we obtain

:51']" Z,]:l,,N

(71) |Gillzagry < CHY? - and |l ey < C Hy",

where Hp and Hp, are the diameters of F' and Fj, respectively. Assumption (M2) ensures
that these diameters are uniformly comparable, and constants C' are independent of the

mesh parameters. Using , it follows that, for every edge F' C 0T,

Lo@lr= Y (s &orbilr = Y (1) &ilr,

i€l(F) i€l (F)

since supp p; C F;. Then, applying the Cauchy—Schwarz inequality together with and

the uniform equivalence between the diameters Hr and Hp,, we obtain

IZe ey < Y Nillzeem [ (ps, )

1€I(F)
< > Mzl iz
1€I(F)

S OH&”LQ(wF)

Squaring the previous inequality and summing over the edges gives

IZeOl720n = Y 1Zo@lF2my < C D NellZ2u)-

FCor Fcor

Since the patches wr have uniformly bounded overlap, there exists a constant C', independent
of H, and N, such that

(72) 1 Zr ()l z20m) < CliEllz200m)-



40 FRANKLIN DE BARROS, ALEXANDRE L. MADUREIRA, FREDERIC VALENTIN

In addition, since Zr(-) is a projection, we have Zr(ép)|r = &r, where {p = ‘w—lﬂ wa Edex.
Consequently, Zr(§)|r = &r + Zr (€ — £r)|p. Then, for every edge F' C wp, it follows that

1Zr ()| (r) = 1Z0(§ = &F) | (r)

C
< o, | Zr (& — &r) |l 2(r

C
< o 1€ = &rll 2 wr)

< C €l a1 wp)s

where we used an inverse inequality, the L*-stability of Zr(-) established above, and the
Poincaré inequality on each edge contained in wg. Squaring the above inequality and sum-

ming over all edges yields

(73) \Zr (&)1 o7y < ClE| 11 (07)-

As a result, the operator Zp(-) is stable in both L?(97) and H'(97), with constants inde-
pendent of the mesh parameters. By the interpolation identity

HY(9r) = [L2(07), H'(07)]12,

and the equivalence between the interpolation norm and the trace norm on H2(97), esti-

mate follows from and O
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