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1. Introduction

Dimension reduction is a powerful tool to model physical phenomena that occur in slender domains, and as more com-
plex problems are considered, it is useful to have a mathematically sound technique to do so. Variational arguments yield
just that, and our goal in this paper is to derive a simple model for piezoelectric plates. Our work was particularly motivated
by the investigation developed by Séne [1], and Raoult and Séne [2], latter partially extended in [3].

In this paper we use variational principles to develop two-dimensional models for static piezoelectric plates. For the
importance and applications of such problem, the reader can check [4,5].

The first assumption is that a piezoelectric material is occupying a plate domain given by P = Q x (—¢, €), where Q ¢ R? is
a bounded domain with Lipschitz boundary Q. The union of the plate’s top and bottom surfaces are given by
OP. = Q x {—¢, ¢}, and OP, = 0Q x (—¢, ¢) denotes the lateral surface of the plate. We denote a typical point in P by
X = (X,x3), where x € Q and x; € (—¢,¢).

The problem is to find the displacement u¥, the electrical potential ¢, the stress tensor ¢¥, and the electrical displacement
D? of the plate subject to prescribed internal force density f : P — R?, surface force density g : 9P. — R?, and electric poten-
tial ¢, : 9P — R. The constitutive relations are - B

g =Ce)+Ve¢Q D'=Qe)—dV¢ (1)
or componentwise,

3 3 3 3
a5 = Cieu’) + > ¢’ Qg Df = Quen(w’) — Y dudie®,
e

kl=1 k=1 kl=1
fori, j=1, 2, 3. The equilibrium equations are
—divg’=f, divD°=0 inP,
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with the boundary conditions

u"=0, D°n=0 onoaP,
a'n=g, ¢°=¢, onoP,.

The rigidity tensor and the infinitesimal strain tensor are given by

ey

e(u’) =2pe(u’) + idivu® 5, e(u’) = % (z + Z)uﬂ

where ¢ is the identity matrix, and the Lamé coefficients y, 4 are such that C is coercive. For simplicity, we follow [6] and
assume that the dielectric tensor is of the form =

d o o
d=[0 d o
0 0 dy

where d and ds3 are positive constants. We also assume that the piezoelectric tensor is such that the only nonzero constants
are [6]

Q3337 Q]13 = Q2237 and Q311 = Q322’

and that the symmetry relations
Qi = Qy; forik,j=1,2,3,

hold.

As stated above, our goal is to develop, in a consistent mathematical framework, two-dimensional models for the problem
just described. There is an extensive literature dealing with the simpler problem of linearly elastic plates. Regarding the
modeling of piezoelectric plates, there are derivations based on geometric and mechanical a priori assumptions, see for in-
stance [7,8], or [5] and references therein.

On the mathematical side, some authors generalized the asymptotic arguments that Ciarlet and collaborators used for the
linearly elastic plate problem [9]. In particular, Séne [1] showed that as the plate thickness goes to zero, the solution con-
verges in a proper sense to the solution to a biharmonic (20) and a membrane (19) problems. See also Maugin and Attou
[6], Weller and Licht [10], Canon and Lenczner [11], and Figueiredo and Leal [3] for further developments using such
approach.

The way we proceed is different since it is not “asymptotic” in principle, and we find our models using mixed variational
formulations. The approach is based on firm mathematical grounds, and the equations form a sequence of hierarchical models
that become more accurate as the order of the model grow. See [12], and also [13-17] and references therein, for linearly
elastic plates. See [18,5] for a review of the engineering literature that resorts to variational arguments.

Before proceeding, we need to introduce some notation. The 3 x 3 symmetric tensors are denoted in Greek letters with
double underbars, as in g, . The symbol § denote the identity tensor. For 2 x 2 symmetric tensors, we use Greek letters with
double under-tildes. Similarly, we write vectors in italic letters. If they belong to R?, they have an under bar and if they be-
long to R?, they have an under-tilde. We can then decompose each tensor and vector as in

g o u
o=~ ~ |, u=|~)
- X 033 us

We use four under bars (four under tildes) for fourth order tensors acting on 3 x 3 (2 x 2) symmetric tensors. Similar nota-
tion holds for third order tensors, and the operators divergence and gradient obey similar notation rules.

Accordingly, if 0 c RY, d = 1,2,3, is an open set, then L%(0) is the set of 3 x 3 symmetric matrices which components are
square integrable functions in 0, and L?(0) and L*(0) are the set of vector and scalar square integrable functions defined in O.
Similar definitions hold for H¥(0), H*(0O) and H’(0), the Sobolev space of order s, for a real number s. We denote the norms of
those spaces by || - [|;> o, and || - lls(0)» and the semi-norms by |- |45 q)-

We denote by c an arbitrary positive constant that might depend on €, f, g, ¢»., and on the material parameters, but does
not depend on ¢, u, ¢, etc.

We now briefly describe the contents of the present paper. In Section 2 we rewrite the piezoelectric problem in a vari-
ational form, and define a two-dimensional model. After that, in Section 3, we discuss the asymptotic consistency of the
model. Section 4 presents a final discussion, and in the Appendix we perform the computations that led to our model.

2. Variational formulations and hierarchical modeling

Our first step is to rewrite the piezoelectric problem in a variational form. Let

V(P)={veH'(P):z=00n 0P}, ¥y, (P)={wecH (P):y = onoP.},
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and we endow these spaces with the H'(P) norm. We search for (u?, ¢°) € V(P) x P, (P) such that
a((u, ¢, (z.y)) =z y) forall (z,y) € V(P) x ¥o(P), 2)

where

al(w, ¢, () = [ [Cetw) + VoQ] ewdx - [ [Q ew) - d Vo] - vy

3)
lw,y) = /f vdx+/ g- vdx.
Existence and uniqueness of solution follows immediately from Lax-Milgram Theorem since
a((v,y), (v,4)) = / (Ce(r)+VyQ) : g(v)dx — /(g e(v)—d Vy) Vydx = / Ce(v):e(v)dx+ /QYV/-EM&
P = - P = P= Jp

¢l ) + ¥ ) )
W) e x Wo(P). Above, we used that
1)-v= ( g) 4

for all (

A
o =
)

3x3 3
forall T e Ry, veR.

We now develop a mixed formulation for the same problem. Note that g¢ € L*(P), D € L*(P), u* € V(P), ¢° € ¥, (P)
satisfy

Pé o’ :gdg—/Pg(g”) czdx — I;Z(ﬁgg:égd_ =0 forallze IZ,Z(P), (51)
D Hax~ [ Qetw)-Hax+ [d Ve Hix—0 forall He L(P), (5il)
/Pg* g(y)dg:/Pj_“ ydg—k/dp g-vdx forall v eV(P), (5iii)
A D -Vydx=0 forall y € ¥y(P), (5iv)
where A = C!
[fwi setE

(6)

for all (z,H) € QZ(P) x L2(P) and (v,}) € V(P) x Wq(P).
To show existence and uniqueness of solution of the above mixed formulation, it is enough to follow [19-21], and show
that b(-,-) is coercive (it is!), and that for all (v,y) € V(P) x ¥o(P),

- b.((z. H), (2.))

T = @)y for o =1,2.
(TH)eL2 (P)xL2(P) Il (L H) ||L2(P)><L2 P) By ¥o(P)

The above inf-sup condition is trivial for o = 2 since g(V(P)) C Iz_z(P) and V(¥o(P)) c L*(P). For « = 1, it is sufficient to notice
that

c(I2li @, + W1 m). ()

by((-C )T 0)) = [ Cew):ewrde+ [ TvQewidx— [ Qev) Tuds+ [d vy Tuay

where we again apply (4).
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Solving the mixed problem (6) within subspaces of functions that are polynomials in the transverse direction we derive
piezoelectric plate models. For instance, let

V(P.p) = {2e V(P) s degs v < p. degsvs < p-+ 1},

V4, (P,p) = {¢ € V4, (P) : degsyy < p+1},

L*(P.p) = {T € *(P) : deg; T < p, deg; T < p+ 1, degys3 < p,
L*(P.p) = {H € [*(P) : degs H < p + 1, degsHs < p}.

Forv e LZ(P) we write deg; v < p meaning that the components of v are polynomials of degree at most p with coefficients in
Q. Similar interpretation holds for the other tensors. The representation below indicates the degrees of v, 1/, T, Hin the spaces

(8):

p
deg v — degy = 1
egv <p+1)’ egy =(p+1),
p p+1> <p+l>
de;:( , degH = .
gL p+1 p & p

We now search for g € L*(P,p), D € L*(P,p), u € V(P,p), ¢ € ¥, (P,p) such that

b((a. D), (@.H)) +bi (. H), (. 9)) =0,
ba((e.D). (.9)) = l(z.w),

—

for all (z,H) € L(P,p) x L*(P,p) and (v,y) € V(P,p) x ¥o(P,p).

The degrees in (8) are one possibility, the simplest we could find. Other combinations of polynomial degrees yield differ-
ent models, but not all combinations yield well-posed problems. Moreover, even if the final equations are well-posed, the
model might not be “asymptotically consistent”, in a sense that we make clear further ahead.

As in the original formulation (6), it follows for the spaces in (8) that e(V(P,p)) c L*(P,p), and Y(¥(P),p) C L*(P,p). Also,
(7) holds for (v,iy) € V(P,p) x ¥o(P,p). Thus, the inf-sup conditions hold and the model problem (9) is well-posed for all p.

Also note that since

e(V(P,p)) - V¥, (P,p)Q C L*(P,p), Q e(V(P.p)) +d V¥, (P.p) € L*(P,p), (10)

ey

the constitutive Eq. (1) are enforced exactly.

Remark. From (10), our model (9) could be defined simply by solving (2) restricted to V(P,p), ¥, (P,p). Since that leads to a
well-posed problem, then so is (9).
Before presenting the simplest of such models we define

g =5 lsxa e -a]. g =3 [sxe -gix-a].

P = [ foda fw=e’ [ fwnda fo =o' [ LRk b,

where L,(z) = (3z2° — £%)/2. Similar definitions hold for ¢J. and ¢;.. Let A be the two-dimensional version of the compliance
tensor with the inverse
-1 _
g Zfzu{ +2M+;‘tr(£)2}. (11)

Here, tr(-) indicates the trace operator.

As in the linearly elastic plate modeling, the solution decouples in bending and stretching components, so we consider
each part separately. We show next the resulting equations for p = 1, but postpone the details to the Appendix. Assume
the approximate displacement u, and electrical potential ¢ are given by

(] -0t s
1= | e, |+ | o)+ antiat |1 900 = e+ 8 00000+ @ ~ L) (12)
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where 7, p, 0, ®, ®,, ¢, are unknown. Also, the approximate stress tensor g, and electrical displacement D are as

(60()() O'l(X)X3) a'(X)xs a°(x) + 0*(x)L2(x3)
(x) = )

c'®% oh® )| [0+ rb)] ol

D' (x)x3 D°(x) + D?(x)L(x3) N
D(x) = ( Ds 0 ) + ( D! o )

where ¢°, ¢!, 6%, o', ¢° 62, g, D', Dy, D°, D?, D} need to be determined.

For the stretching part, we find that # and p satisfy the equations

2

L

2U+ 4

—divA~e(n) - Vdivy—iVp=1 in@,

2
—%,uAp—s—idivn—&-(Z,u—&-i)p:Ig in Q,
n=0, p=0 onoQ,

1 1 i
= (30 420+ Qun Tl ). b= gfl 48— Quntle + S Qs
After finding # and p, the stress tensor and the electrical displacement are computable from

2

. P
o’ :g 12(,1) +md1v1z d+ipd+e ]Q311¢;c£7
gl =uVp+Qse Vo,

o'gg =Adivy+Q2u+ i)p + 87]Q333¢)l}rc7

131 =Qz3Vp-—- 871‘1? (bzlw Dg = Q311divy +Qs33p — 871d33¢;}w~
For the bending part, 6, w, w,, ¢, solve

e . 2 i .
-3 dlvgfl e(0) +eu(0 -V ) + 83§ v <—m d1vQ+3w2> ~&(Qus +Qn) Ve =F,

eudiv(0 —V o) — £Qu3A¢, = F,

A

. &
2u+ zd‘VQ +3602> +5 QusAd, — 36°Qs33¢; = Fa,

5
—%quz +£3(2,u+2)<

. . & 6¢?
Qu3div(= 0+ Vo) — Qs divo - ngsz +3Q33302 — ?dA% +3d33¢p, = Fs,

where
i £
Ij = *E(fl +2g") + &Qq13 % d>2¢, F3 = jfz? +8+ 3Q113A¢2c7
3
Fy= §f32 +e%g3, Fs =dAgy.
with the boundary conditions

3]
0=0, w=w,=0, Qnaa—n{w—

2 0
& } - §d£2 092 _ dad)bf on 99Q.

3559

(13)

(14)

(15i)
(15ii)
(15iii)

(15iv)

(16i)

(16ii)

(16iii)

(16iv)
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Given 0, w, w; and ¢, the stress tensor and the electrical displacement are easily calculated as below:
22

g = A e(0) 5 V0 637233y & (17
0° = (= 0+ Y 0) + Qui3(Y ¢y + & V ), (17ii)
g =pY o —Qu3V ¢y, (17iii)
033 = —2dive — 3Q333¢, + 3214 + 2) s, (17iv)
D = Quis(— 0+ V@) — dV(9f + E2,), (17v)
D= Q3 Var +dV ¢y, (17vi)
Ds = ~Q311div0+3Qs33002 + 3ds3h,. (17vii)

3. Asymptotic consistency

Considering the sequence of plate problem parametrized by the thickness ¢, it is possible to show that the three-dimen-
sional solution converges in a proper sense to a solution of two-dimensional problems. This was done by Séne [1] for the
piezoelectric problem, as we point out in the Introduction. We present here the limit equations.

After a proper scaling (22), the asymptotic limits of u® and ¢ are uy; and ¢y, where

SC( X) = X3V (5(X)
HKL()_() = P )

~ J e —x% . Q
bra(X) = e + & X3y, + <Q311 R Q333> 2p333 AL, pp= ( f;,)“ +ds3
The function { solves
—8div/§ E(E) 1—8 A+2,UQ333 Vép inQ, E: 0 on 9L, (19)
and {3 solves the biharmonic equation
&BA* (s = ediv f! + &f? + edivg' + g3 inQ, (= % =0 ondQ, (20)
where
_8uG+p 2 ’
_3(/L+2,Ll) 3p Q31] )+2HQ333 . (21)

An important issue in dimensional reduction modeling is the asymptotic consistency, i.e., the relative modeling error, say in
the L?(P) norm, should go to zero with ¢. That means that the solution of the model should have the same asymptotic behav-
ior as the original three-dimensional solution. Not all assumptions on the subspaces of V(P) etc., lead to consistent models.
For an instance of this phenomenon see [22].

Theorems 1, 2 below state that the present models are consistent, i.e., as ¢ goes to zero, they converge to the same limit as
the exact three-dimensional equations. A drawback of the arguments used in our proofs is that there are no convergence
rates; see [23,9,7] where similar arguments are used.

To investigate the consistency, we make the following scaling assumptions on the loads [24]:

£ = (s}j(g, £ 1), 625 (x, s%)), g0 = (sZg(g,s*xg)ﬁga(g, s*xa)),
Phe(X) = & Poe(X,67'x3),

where f: @ x (-1,1) = R®, §: @ x {~1,1} — R®, and $jc : @ x {~1,1} — R are all e-independent functions. Based on such
assumptions, we gather that

f07£7 13 ~& F51f17f’£7g07g17¢257¢11)c ~ 827 57F37f3}7gg7g;1’, ~ 837

2 4 5
fi~et, Fy~e,

(22)

(23)

Above, for a given function g : Q2 — R, we write g ~ ¢ if ¢ g is independent of .
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Theorem 1. Assume that the plate is under a nontrivial pure stretching regime, that is, ux, = e( ,0) # 0. Then, under the scaling
assumptions (22), the following relative errors converge to zero:

17—l U — U
lim—= 2 o iy e Slee o (24)

&0 HS‘: 11 o) a0 [l zp)

where us = (1,X3p).

Proof. From (19), (23) we gather that ( is e-independent. Next, multiplying the first equation in (14) by 2u + 1) 11, the sec-
ond by (2u + 4)p, and integrating by parts we obtain the weak formulation

B (1.0:(0.9)) = LG p)for all i < HY(@). p < Hy(@) (25)

where

B (0100 01.9)) = @) [ A7 etn)

ce(f)dx

2
+%u(2,u+/1)/ Ypypdx+/ [2divy +2pu + 2)p][Adiv i) +(2p + 2)p]d X,
Q ~ Q ~ ~ ~

2
B (n,p);(n,p)> = (Z/HA)/QQ‘1 e(n) :g(g)d§+%u(2u+2)/ \Yp|2d>5+/ adiv i +2u+2)p) dx

/(2u+))l /l3[Ale1’]+(2,LL+/L )pldx — /l;Aleﬂ dx,

and the stability estimate
7l + llAdivy +(2p + APllizg < C<H 1 1) + Hl3HL2(Q)>

holds. It also follows that

1ol < B (0101 00.0)) < <Ly + sl

12+ 2Pl < 12divn +2u+ )Pz g + 12diva (|2 g < €l Ly + ll20):

and thus, from (23)
[l <c& 1Pl <6 lpllzg < ce (26)

Then, denoting by — the weak limit as & — 0, there exist #j € Hy(2), p € L*(2), and subsequences of 7, p (that we still denote
by 1, p), such that &' — # in Hy(Q), and &'p — p in"L*(Q). So, taking the limit ¢ — 0 in (25), wie gather that
Qu+i) | Ae®®) :e(®) dx+/ [Adivﬁ +2u+ )v)p} {Adivﬁ+(2u + A)p} dx
Q. = R Q ~ ~ ~

:(2u+£)/7-ﬁ+73ﬁdx for all 77 € HY(Q), p € H\(Q), 27)
| Loitbpdx eH

where, from (22),

-1 / s+ [0 1)+ 20 -] +5Qan ¥ [l ) = el 1)

L= —§Q333 F’bc(i‘v 1) - ‘bbc(’fv _])]

are independent of . From (27), taking i1 =0, note that Adivﬁ +(2u+ 2)p =1, and thus

/A‘le(ﬁ):e(ﬁ)dx:/fﬁ # l3d1v11dx forallneHl(Q)
0~ = ez

So, from (19) we conclude that 77 = {, and then &1y — (.
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Now, from standard arguments, since {, p are uniquely defined, it follows that not only a subsequence, but the whole
sequence #, p converge to {, p. Indeed, if that was not the case, then it would be possible to find a subsequence not
converging to {, p, and again extract a subsequence from the latter converging to {, p, reaching a contradiction.

We next show that the weak convergences are actually strong. First, let ¢ be a fixed positive number, and y € H})(Q) be a
smooth cut-off function such that y(x) =1 for dist(x,0Q) > o, where dist(x,0Q) stands for the distance from x to the
boundary 9. We also impose that lim, o1 — X2 = 0. ”

Observe that

., & - _
@u+4) /A ~0see - DdxTuCu+ ) [ V- )l dx

2
+/ {Adiv(e”nffr)+<2u+i)(£”pfxp>} dx:Bs<8*nf«:,r’pfxp;r’nfé,e*‘pfx@
Q ~ ~ ~ ~ ~ ~ ~

=&'L(n—Ce7'p—yp) —Bs(g,xi) ! n—g,s*p—xi)). (28)
Note now that
‘LS< Cs p— Xp) T2u+2) /l Tp- E+l3(8*1p—xi))di<—>(2,u+i)/973(1—X)pdi( (29)

as ¢ - 0. Next,

Bs(c et —Cep - /cp>=(2u+ﬂ~)/gé*g(§):g(s”n—g)dw u2u+A/V/cp V(E'p—yp)dx

+ /Q {Adivg +2p+ A);{p} {),div(,s*’ n=0+@u+ N(ETp - Xp)} dx
R (2/,¢+;v)/g [zdiv£+(2,u+i)xp](l ~ 7)pdx (30)
as ¢ — 0. Finally,
le™ 1= Cllingy + 170 = Pllzey < Ne7" 1 =Ll + e 0 = 1Pl () + 11XP = Pllizg)
From (28)-(30),
i (1= C R, + 79— plie ) < i) [ [idives@ns g 411 = mpdxselz - Dplig
Note that the left hand side of the above expression does not depend on 4, and taking the limit as 6 — 0, we have that
im (11 C oo+ 167 = Pl ) =0

and the strong convergences ¢! 7 — ¢ in Hy(2) and p — p in L*(£2) hold.
Finally, to check the relative convérgence rates, it is enough to use that { does not depend on ¢, and that

&
lwal = [ [ le¢Pdudx > e
QJ-e ~ ~

Also,
2 ¢ 2 2 2 P 2 3 3 .2 P 2 3 3 2
U = usllizp) = , %Isg—v]l +x3p dxsdx = QZEISE—{/I e ptdx=281el Nz +5 1Pl
<28 (=& |[fyg + 8

where we used (26). Since || { —&7' 17[| 2o, — O, the result follows. O

Remark. Although not stated in Theorem 1, the consistency of the electric potential is obvious since, in the pure stretching
regime, the model approximation for ¢ and its asymptotic limit ¢; coincide, cf. (12), (18).

Theorem 2. Assume that the plate is under a nontrivial pure bending regime, that is, ux = (—x3V{(3,{3)# 0. Let
b (%) = 9. + c1(&2 — x3)ALs, where we define the constant ¢; = [Q31; — AQs333/(/. + 21)]/(2p33). Then, under the scaling assump-
tions (22), the relative error converges to zero:



A.L Madureira/Applied Mathematical Modelling 36 (2012) 3555-3569 3563

. 0—V &3l

W — (3| ) HN Y &3llH1 Q)

M:Q lim——— =0, (31)
e=0 |33y g =0 [Vl

Uk — Us||;2 .o — dxell 2

I ll2p) _0. lim 65 — brellizp) o (32)
a0 Uk ll2py =0 |l dgellizp)

where up(x) = (= 0(X)%s, @) + @2 (X)L2(Xs) ). and ¢y(xX) = $e(x) + > (X) (&% — Lo (x3)).

Proof. The weak formulation of the bending problem (16) is given by
By (0, 0,2, 62); (0,0, 022, 9)) = Lo(0,, @02, 6), (33)

where the bilinear form
B ((0.0.02,02): (0.0, 600, ) = [ {QA e(0) s e(0) + & 2u(0- Vo) (- Vo)

+ 3207 (—2div 0 +3(2p + i)wz) <—Ad1v0 +32u+ )v)wz)

—(Q113+Q311)Y¢2'Q+Q113Y¢2'Yd’+82usz V @,
&2 . . . L

—§Q113Y¢2'Y602—3Q333¢2602—Qm(—g'*'yw)'yil’z—Q311dlvg¢2
& A . 6g? 5 .

+§Q113Y602'Y¢2 +3Q333w2¢2+7dy¢2'Y¢2+3d33¢2¢72}dx

and the linear form
Lb(é,(j\),d)z,&)z):/{ 73F 0+8 3F3(U+8 F4(l)2 +F5¢2 dx+/ d d)”‘d)zdx
~ Q

Note that
By ((0 ; — [ arewp e 2 !
b (N7w7w2,¢2)7(g,w,w27¢2)>f ) §é le(O)" + & u0-V ol +T)< Ad1V0+3(2.“+/1)w2>

+32%|Y602|2+6%2d\y¢2|2+3d33¢§}d?f- (34)

Thus,

10111y + I = Adiv O +3 21 + 2)@2l20) + e@2ly1 ) + 16V 2lli2(g) + 1P2]l12(0) < €
Also,

167 (0= ¥ @) 2, < Lo(0, 0,02, 65) < €

IV 0l < e (0 Y )2+ 110]0 <.

021l g < €[l = 2div0+32p + Hallzg, + 110l )| < €
Then there exist Q, @, ¥, and subsequences of g, w, &1 (Q —V w) such that the following weak convergences hold:

0 — 0 in Hy(Q), “w—ain Hy(Q), & '(0-V)—7inl*Q),

Wy — @y in [*(Q), ¢, — ¢ in [*(Q),

andthen 6 = V@, and @ € HZ(Q). Note also that since & V w, and ¢V ¢, are bounded in [*(Q), then &2 V @, and £? V ¢, both
converge to zero.
It follows from (33) that

/{(fzdive+3(2u+z)w2)d>z+82“sz szf—Qde)Z Vw273Q333¢2w2} 3/F4d)2dx
Q ~ Q ~

for all @, € H). Thus, taking & — 0, we gather that
dydivé + 32U+ 2@y —3Q333¢2 = 0. (35)
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Similarly, from (33),
. o8 . . 6g? N .
/ {*Q113(* 0+V )V ¢2 —Q311div0 ¢ +§Q113 V@3-V $2 +3Q3330202 +?dy¢2 Vo + 3d33¢2¢2}dx
o M M
N 092 .
= [ Fsdadx+ | d—2¢,dx,
Q 52 ~ Joo On ¢ ~
for all ¢, € Hy. Thus, taking & — 0,
—Q311diV§ +3Q33302 + 3ds3h = 0. (36)

Then, from (35), (36),

- 1
=5 divo,
b= 55 (@ - Qg )

D) = 1 Q333
@2 = m { D33 <Q311 Q333 20 ﬂ dive,

where p33 is defined in (18).
Now, from (33),

37)

A

e (7;.d1vg+3(zﬂ + ;.)wz)dwg

—(Q113+Q311) V¢, 0+ Qi3 V- Y@}dx = / 8_3{Fé+F3Cb}dX7
Y AR R b z
for all 0 € Hy(Q), & € Hy(Q). Taking 0 = V &, where & € H(€2), we gather that

/9{14 Te(0) : e(V &) - ﬁ( iV 032 + )02 ) Ad> + Qari - Aw}d /98’3{—divf+F3}d)d)~<,

for all @ € H2(Q). Making ¢ — 0, we gather that

1,0 o p . o SN N
/Q{§g 1S(Yw) .S(Yw)—m(—AAw+3(2u+x)wz)Aw+qu&zAw}d)N(/QFde,

f(x) + div(x )xg} dxs + div {g(& 1)-ax, —1)} + B ) + & -0)] }

Tl

I
N —
—N
—=

Using (37),

/1A*‘ Vo) : eV + Qo — Qo) Ad2AG dx - /Fwdx
, 132 V):eV 3p3 i~ Gy =

The above equation is simply the weak form of

)

1. . _ 1 AN\,
§d1vdlv4’1 g(Yw)+E(Q3H — Q333 m) A® =F, (38)

and it follows from the identity

R L Au(puA2) o
dlvdlvA S(Yw)_—2u+/1 A

QR

that @ = (5. Again, as in the stretching case, since @, ¢ are uniquely defined, the whole sequences w, ¢ converge weakly to
, ¢.

We next prove that the strong convergence. As in the proof of Theorem 1, for 6 >0 let y € H}(2) be a smooth cut-off
function where y(x) =1 for dist(x, 9Q) > §. Observe that

B(((j*@w — @,y — (D3, $ — h2); (Q*@(U — @, — (W2, P, — J’z))

= L(0-0,0 — @, 02 — {02, b, — $2) — B((0, @, 102, $2); (00,0 — @, — 2,8 — §2)).
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Now we note that

1
32U+ )

-1

e(0) : e(0-0) +

20

(0~

Z':b\

B((0, . 42, 62): (00,0 — 0,02 = Y22, = $2)) = /g {;

QA

3 ( 2divl + 3 (2 + A)sz)
<f},div(g ~0) +3(2u+ ) (wz — ;@2))

+(Q113 + Qan)ﬁ?’zdiv(g —9) + Qi3 Y&z V(o -0)+ 52% V(ys) - (Y W2 — Y(X@2)>

2

- %Q]B Ya)z : (Y Wy — Y(X@2)> —3Qa33¢2(wy — 1 2) — Q113diV§((/’2 —$2) - Q3 V@- Vo, - YJ)Z)
2

— Qa1 divl(; — ¢2) +Z Q113 V(x@2) - (V dy = V $2) + 3Qs33 D2 (¢, — ¢2) +6T8dY<7)z (Vo = V)

+ 3d33¢2(py — ¢2)} d’N‘ - /Q { (*idivé +32p+ i)}5(1)2)(1 = 0)®2 —3Q3332(1 — X)CDZ}d?N‘ (39)

as ¢ — 0. To check the above convergence, it is necessary to use the weak convergences shown before, and also the fact that
eV w, and ¢V ¢, are uniformly bounded, and thus &2 V w; and € V ¢, converge to zero. It is also necessary to see that, inte-
grating by parts,

/Vco (Vs — Va)dx = /Aa) ~ $2)dx 0,

where we also used that @ ¢ Hé(Q).
Now, from (34), Korn’s inequality and (39),

lim (100150, + 0~ 0l o)) < [ {(~200+ 31+ 2)7202) (1 = )2 = 3Qusdall = 1)} dx.
Taking the limit as § — 0 in the above inequality, we obtain that the convergences 0— @ and w — @ are strong. Since

0=V @ and @ = {5, we obtain (31).
~ We now proceed to prove (32). Using that {3 does not depend on ¢, then

. 2
2 .2 2 2 2
HHKLHLZ(P) :/Q /8 |X3YQ3‘ + 18] dx3d§ :§83H YC3||L2(Q) +28||C3HL2(9) = Ce.
Also,
&
l|uxe —EBHfZ(m = / / | —=x3(V (5 - D) + (G — 0 — 0,15 (x3))* dxs dx
JQ J-¢ ~ ~
250, 2 . 2 2 5 2 2 3
=3¢ V= ¢l + 280G — 0llzg) Tgé w2z < 28[183 — |2 ) + €&

Since ||{3 — wl|;2p) — O, the first limit in (31) follows.
Finally, to estimate | ¢ — ¢ ll2(p) /Il Pxellj2 p)» NOte first that [y |2 p) > c&>2. Then,

356) = a0 = |5 8200 — €180 (2 ),

and
2

¢ 3 2 3
g — ¢:(L||f2<p) = /‘(82 - X3 dxz;/g {5%(’5) - CIACB()S):| dx < ce’ id)z — 1AL

@)
Finally, since (3/2)¢, = c1Az, we have
- 3
T2 ¢KL||L2(P) < CHid’Z — AL
Hd)KL”LZ(P) 12(Q)

and the the second limit in (31) follows since lim;_o¢, = ¢, in [2(2). O

=cll¢, - (}ZHLZ(Q)

Although the above theorem show that (16) yields a “correct model”, in the asymptotic sense, its formulation is not as
simple as one would hope for due to the many unknowns involved. It is desirable to obtain a further reduced model, i.e.,
a system of equations only in terms of @ and 6, as in Reissner-Mindlin models, and only afterwards compute the other quan-
tities of interest. And indeed, it is somewhat straightforward [25,23] to show that
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3
- % divA~' e(0) + &p(0— ¥ 0) - &> Vdive = F,
N - (40)
2£,ud1v( w) = Fs,

where

2\’
G = 3p3<Q3H Q333m)7

yields a consistent model. One could also define

= 1 Q333 A .
Wy = W |:/L <Q311 Q333 2/,[ Iy >:| leO,

¢y = 3p <Q311 Q3332 ) >d1V9

Of course such procedure is ad hoc, and thus not fully satisfactory. Nonetheless, it yields a consistent model that is as simple
as the usual Reissner-Mindlin models for elasticity, what is good news.

4. Discussion

The holy grail of dimensional reduction is to obtain the simplest possible model that is “good enough” for most applica-
tion, and computationally feasible. Our criteria for “good enough” is asymptotic consistency, and here the references [1,2]
play a leading role. It is thus wise to ask if it is possible to derive a simpler model that is asymptotically consistent through
variational arguments.

A positive answer to the above question would be good news. Indeed, Alessandrini et al. [12] obtains a simpler linearly
elastic plate model, denoted HRy(1). For sure, such work considers no piezoelectricity, but the stretching equations involves
only a two-dimensional vector unknown, instead of the coupled system (14). And for the bending part, the HR;(1) model of
[12] requires solving for three scalar unknowns instead of the four unknowns required in (16) (disregarding the electrical
potential contribution). Unfortunately, for the present piezoelectric problem, such simpler assumptions on the load does
not lead to consistent models.

Using the notation of [12], our model is closer to the more complicated HR3(1), which is the simplest consistent minimum
energy model. In the case of bending of linearly elastic plates, this is the (1,1,2) model of Babuska and Li [15,26]. See also [17]
for a complete description of such models.

To be fair with the present derivation, it led to the intriguing system (40), which we recall, is consistent. Is there a var-
iational way to derive such system without ad hoc considerations? How good is this model, i.e., what is the convergence rate
of its solutions to the exact, three-dimensional solutions?

An alternative to derive models is to use variants of Hellinger-Reisner principle, as in [12,27], but it is not so clear how to
do so for piezoelectric materials. As far as we know, except for [22], there is no general result that predicts whether a hier-
archical model will be consistent or not. So, it seems that developing simple consistent models is a matter of trying to guess
the right spaces and formulation, and check, a posteriori, if the resulting equations are consistent.

Another point worth discussing concerns the boundary layers present in both the solutions of the hierarchical and the
exact three-dimensional problem. As can be seen in [25,28] for the elasticity case, both solutions have a nontrivial structure,
and its not simple to compare them. For the Poisson case, this was investigated in [13,16,17]. It is interesting to see that, in
the asymptotic limit, the boundary layers “disappear”, casting doubts on how well asymptotic limit models can perform—see
[29] for further aspects of this discussion.

Another consequence of the presence of boundary layers is on what norms convergence holds. For instance, even assum-
ing the functions in the statement of Theorems 1, 2 are smooth, if higher norms were considered, the boundary layer part of
the solution would prevail, spoiling any hope of convergence. Such boundary layer influence can be eliminated by consid-
ering interior estimates. This was done in [30] for elastic plates, and in [13,16,17] for the Poisson problem.

Finally, we understand that our choices for rigidity, dielectric and piezoelectric tensors are not as general as would be
desirable to model “real life” materials. But we hope that even in this simpler setting, our modeling efforts shed some light
and help in the quest of developing provably good plate models.
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Appendix A

In this Appendix we provide the main steps to derive (14), (15), (16), and (17) from (9), forp=1
From (11) we gather that

. 1
1 2 é Z ~ 2u2ur3n) 133 (3 T
LR i e yRl U B E A
NS ~ ~ ~ == ' el 1
w! L) 33 2,14(2//4+3/:) tl‘(z)

A.1. A stretching model

Assume that (12), (13) holds, and let

v Ty Hxs
v=| ~ |, Z=| o H=1{~ ],
U3X3 (T)xs 133 H;

where v € V(P,1), z € L*(P,1) and H € L*(P,1). From (12), have

I3

Q311371(/’;c£ Q11337]X3Y¢}3c
V¢

\H(O

_ 1 141
Q3¢ 1X3Y[¢bc Q3338 ¢y

Using the first constitutive Eq. (5i) we integrate with respect to x3 and find

A, y) ’ . 2 281 , 28 2Qu13

ST g an e A Qo3 070 3 Y E Y
_0_ 4 0 A2 0o 2/Q31 4 1 Mt

=0, 8,u(2ﬂ+3)~) tr(o )+28M(2M+31) 035 — 2Ep +7M(2M+31) Ope — 2Q3330, 0.

HRp+372)
Thus, (15i), (15ii), (15iii) follows. Similarly, (5ii) yields (15iv).

Analogously to the constitutive equation, integrating the equilibrium equation in x5, we find the equilibrium condition

/ Zeg

for all v

ZIN

+Ta -V 3 +2605;03dx = ({0 +2§°) v (efy +26g3)v3dx,
Hg( ) and all v3 € Hy(Q).
Hence, from (15i), (15ii), (15iii), we obtain (14).
A.2. A bending model

We assume again (12), (13), and that

( X v ) T v Tl
y: - I,

T= t )
V9 + v3L5(x3) = [‘50 +7°L (x3)] T33X3

HOY + H2L
H<~ ol 2(X3)>, Y= (& — L)y,
H3X3

where v e V(P,1), z € L*(P,1), H € L*(P,1), and y € ¥o(P,1). From (12)

—3x3Q311 9, (3

[Y d)?c + (&2 = Ly) V ¢,|Q113
V¢

{Y P + (82— L)V d)z] Q113 —3x3Q3330>

\H«O
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Quiz(-0+ Vo +Vl,)
Q elw - | ,
= —Q311X3div0 + Q333m,L)

Integrating (5i) in the transverse direction we gather

28 & . 283 3 . &7Q333 _
342 Tqauran T 0T Gnhd o, ey =0
20~ 26(-0+ V) - 22T g 12V 45) 0,
28> 28> 2¢°
Egz 5 V +WQ113Y¢2 =0,
& ’ 283(u+4) 4 3 2e37Q311 288(U+4)Q333 ,
“3uzr 30 ") Y a3y TE T E O T w3y T e sy 270

and then 17i, 17ii, 17iii, 17iv, holds. In the same fashion, 17v, 17vi, 17vii follow from (5ii).
To find now the equilibrium conditions we integrate (5iii) and then

28 0 0y, 28 , 2 3.1 2
50 ce(v)+2e0” - (v+Vv3) +—70° - Vs +260305dx
0 N ~ ~ 2

~ 5
- /af1 Ve U]+ ef; U5 + 26t - v 4+28305 + 2678305 dX.

Egs. 16i, 16ii, 16iii, follow then from 17i, 17ii, 17iii, 17iv.
Finally from (5iv),

- 5
/ 26°D° . V 72%02 -Vy? 26Dy dx =0,
LY o X

ie.,

2 2
—divD° +%divD2 —D;=0 in@ (D°-%5D*).n=0 onoQ,

and then (16i) results from 17v, 17vi, 17vii.
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