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We analyze approximation properties of dimension reduction models that are based on
mixed principles. The problems of interest are elliptic PDEs in thin domains. The goal
is to obtain estimates that take into account both the thickness of the domain and the
order of the model. The techniques involved do not require the models to be energy
minimizers, and are based on asymptotic expansions for the exact and model solutions.
We obtain estimates in several norms and semi-norms, and also interior estimates (which
disregards boundary layers).
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1. Introduction

The idea of taking advantage of the small thickness, and using dimension reduction
to approximate PDEs that are posed in thin domains is quite attractive. In fact,
it seems quite natural to pose and solve a modified problem in a region with one
less dimension and then extend the reduced solution to the more general domain.
Estimating how good such approximations is nontrivial.

There were several attempts to derive such modeling error estimates, but they
often required the models to be of minimum energy type.?"?427 29 To the best
of our knowledge, the only exceptions were estimates based on the two energies

19:23.25 which works only for a few models, and yields estimates only in

principle,
the energy norm. Such restriction did not allow for a more general analysis of
hierarchical models based on mixed principles.

Arnold and Madureira® investigated minimum energy models for a Poisson
problem in thin plates, and described how the models converge as the thickness
decreases, and as the models become more sophisticated. Here, we perform simi-
lar analysis, but this time the models do not minimize the potential energy, and

therefore they are not Ritz projections of the exact solution. We choose our models
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based on a mixed, or saddle point, principle. This is possible since, unlike previous
analyses, we do not rely on the fact that the solution of the model is an energy
minimizer.'?

Consider the three-dimensional plate P¢ = X (—e¢,¢), where Q is a two-
dimensional smoothly bounded region and € < 1 is a small positive quantity. We
denote the lateral boundary of the plate by 0P; = 9 x (—¢,¢), and its top and

bottom by OPf = Q x {—¢,e}. Let u® € H'(P*?) be the weak solution of
—Auf = f¢ in P®,

%u =g° onJdPg, (1.1)
n

u®*=0 ondF;,
where f¢:P° — R and ¢°: P{ — R.
There is an alternative way to characterize u®. Let V(P¢) = L%*(P¢) and
Sge(P) = {0 € H(div, P*):0 - n = ¢° on OPL}. Define 0° = (0°,05) = Vu.
Then, (u®,0°) is the unique critical point of

1
Llv,T) =3 ., 7| da® + Pfgvdﬂ_f+/ div 7o da*

on V(P?) x Sy (P?). Actually, (u®,0%) is a saddle point of L.

We introduce now two classes of models based on the above variational principle.
Choosing subspaces of V(P¢) and S4(P°) composed of functions with polynomial
dependence in the transverse direction, and looking for a critical point of £ within
these subspaces, we define saddle point models which we call SP’ models. For a
function v € L?(P?), and an integer p, we write degs v < p meaning that v is a
polynomial of degree at most p in w3, with coefficients in L?(£2). The interpretation
for degg v < 0 is that v = 0. For V(P¢,p) = {v € V(P?):degzv < p} and

Sge(P*,p) = {7 € Sye (P°): degy 7 < p, degzm3 <p—1}

we have the SP{(p) models. Another option is to choose Sg(P%,p) = {7 €
Sg(P): degyT < p,degzms < p+ 1}, and we define the SPi(p) models. The
solutions of the models, u®(p) € V(P%,p) and o°(p) € S4-(P?,p) satisfy the weak

equations

/ o®(p) - 7 dx® —|—/ u(p)div 7dz® =0 forall 7€ So(P%,p), (1.2)
P €

/ div o®(p)vda® = — [ fvda® for all v € V(P*,p). (1.3)
>4 Ps

Note that in both SP’(p) and SP4(p) models, div Sg (P, p) = V(P*®,p) and there-
fore, not only there exists a unique solution for (1.2), (1.3), but also divo®(p) =
—7y f€, where my f€ is the orthogonal L? projection of £ into V (P¢, p). This implies
that o°(p) is the minimizer of the complementary energy

1
Ti0) =5 [ I

PE
over all 7 € Sy-(P?, p) such that divr = —my f°.
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It is clear that by increasing p, we generate two families of hierarchical models,
SP’(p) and SP4(p). We study here the more sophisticated SP4(p) models. The
simplest instance in this family, SP5(1), follows. If

u(1)(27) = wo(z") + wi(z%)zs,

o Viwo(z°) Vw: (z°)a§
g(l)@): —1,0,.c + 5 (=222 1(r.—2,62 _ 1]’
e tg¥xg F(e™%23" — Dwy + 7(5e7 %257 — 1)g

then
Agpwy = —f0 —e71g° gEzAszl - §w1 =21 - §91 in Q2
3 3 3 ’ (1.4)
wg=w1 =0 on 0f,
where Asp = 911 + doo and
1 € 1 €
P =g [ Pt Pt =g [ et
e —e
£ 1 1> 1> £ £ £ 1 £ 1> 1> £
g°(z%) = =[g°(z%,e) + ¢° (2%, —2)], ¢'(z°) = =[g°(z",e) — g° (2%, —€)].

~ 2
The two differential equations in (1.4) are independent of each other. We can express
any function defined on P¢ as a sum of its even and odd parts with respect to z§, in
a unique way. The even parts of ¢, g° appear only in the equation for wg, and the
respective odd parts show up in the equation for wi. Also, the equation determining
wy is singularly perturbed, but this is not the case for the equation determining wy.
If higher order methods were used, we would have two independent singularly per-
turbed systems of equations, corresponding to the even and odd parts of u®(p).
A similar splitting also occurs for the linearly elastic isotropic and homogeneous
plate, where the equations decouple into two independent problems corresponding
to bending and stretching of the plate.

We denote by P,(—a, a) the space of polynomials of degree p in (—a, a). Also, if s
is a real number and D is an open domain, then H*(D) is the Sobolev space of order
s, and H*(D) is the closure in H*(D) of the set of smooth functions with compact
support. We write f/2(—a, a) to indicate the set of square integrable functions with
mean value zero in the domain (—a, a), for a positive number a. For m € N and a
certain separable Hilbert space E, H™(D; F) is the space of functions defined on D
with values in E such that the F-norm of all partial derivatives of order less than
or equal to m are in L?(D). And D(D) denotes the space of C> functions in D
with compact support, while D’(D) is the space of distributions.

As we have already hinted, we use one underbar for 3-vectors and one undertilde
for 2-vectors. We can then decompose 3-vectors as follows:

()

We denote a typical point in P¢ by z° = (2%, 25), with z° = (2, 25) € Q.
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The goal of this work is to estimate the modeling error, and we do so by compar-
ing the asymptotic expansions of u® and u®(p). The expansion for u® was carefully
developed in the work of Arnold and Madureira,® and we summarize the main
results in Sec. 2. In this same section, we develop the expansion for u®(p), and
present related estimates. In Sec. 3 we obtain the modeling errors in several norms.
Finally, in the Appendix, we deal with issues related to approximation properties
at the boundary layers present in the solution of (1.1).

2. Asymptotic Expansions

To introduce the asymptotic expansion for u°, some notation is necessary. For each
point z° in P° we assign a point # = (z,x3) = (2°,¢ ') in the e-independent
plate P = Q x (—1,1). We also define 0P, = 92 x (—1,1) and 0Py = Q x {—1,1}.
In this new domain, we define f(z) = f¢(z%) and g(z) = e 'g¢°(z°).

It is possible to formally expand u® in the power series

E €2k: 2k: € 71 6 _ § 6 1p79 67137;)

The leading term u®(z°) = ¢°(2°), where

1
8apC(e) = =5 | Flz.ma)das = 3lala. 1)+ glz. D)L o)

¢®=0 on 0.

For all z € Q,
833’&2 = —f — AQDUO, in (—1, 1),

1 2.2
/ u2(£,x3) drz =0, Osu*(x,—1)=—g(z,—1), dsu*(z,1)=g(z,1). 22)

-1

Similarly, for £ > 1,

O33u®* = —Agpu=2, in (—1,1),

1 (2.3)
/ uzk(g,xg) drs =0, 83u2k(£, -1)= 63u2k(£, 1) =0.

—1

The functions U* are boundary correctors, functions that decay exponentially fast
away from the lateral boundary, indicating the presence of boundary layers in the
original solution. These functions are defined only close to the lateral boundary
OP;, and can be expressed in a simpler form if we use a local coordinate system.
So, we indicate a point z° close enough to d€2 by (p,¢), where p < po is the distance
between z° and 0, pg is a positive number smaller than the minimum radius of
curvature, and 6 gives roughly the arclength along the boundary.?>* The boundary
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correctors UF are originally defined in the semi-infinite strip ¥ = RT x (—1,1), as
the solutions of

(5ﬁ§ + 333)Uk = F}, in 3,
Tk
%L =0 on RT x {—1,1}, (2.4)
n

U*(0,0,23) = u*(0,0,23) for z3 € (—1,1),
where
o = —OP, =G+ DEOP, o =L Y pgpw),

k—2
Fy, = ﬁj (a]laﬁﬁk_j_l + a%@ggﬁk_j_2 + a%@gﬁk_j_2>,

<.
I
o

with the convention that u* = 0 for k odd and U° = U' = 0.

Finally, x(p) is a smooth cutoff function identically one for 0 < p < py/3 and
zero for p > 2pp/3. The introduction of y allows the definition of the boundary
correctors on all P¢, and only adds an error that decays exponentially with ¢~

We begin to compile several results that are useful. The proofs can be found
elsewhere.®!” First we bound Sobolev norms for some terms in the asymptotic
expansion. These bounds follow immediately from regularity results for Egs. (2.1)-
(2.3). We denote by lowercase ¢ a generic constant (not necessarily the same in all
occurrences) which is independent not only of € and p, but also of f and g, while
we use uppercase C' when the constant may depend on f and g, more precisely on
Sobolev norms of f and g, but not £ and p. Also,

[olln.n.py = [0l g @im (—1,0)), I Dllm, P = [1f 0.2y + gl m 0P

Lemma 2.1. Suppose that f and g are smooth functions on P and 0Py, respec-
tively. Then the functions u®,u?,... on P are uniquely determined by (2.1)—(2.3),
and u’(z) = Co(g) is independent of x3. Moreover, for m a mon-negative integer
and s a real number such that s > 2, there exists a constant ¢ independent of f

and g such that
1Sz ) < €lll (£ Dllm—1.p,
[u?(@, M- < e(f (@ M-z + gl =D+ lg(z, D), (25)
162l (m,s,p) < (1f lam,s—2,p) + lgllermop.))-
Next we estimate the H'(P¢) norm of the difference between the truncated asymp-

totic expansions and the exact solution.

Theorem 2.1. For any positive integer N, there exists a constant C such that
the difference between the truncated asymptotic expansion and the original solution
measured in the original domain is bounded as follows:

leoll g1 (pey < Ce*?, lle2n |l g1 (pey < Ce2N+1,
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where
N
esn(a®) = u(2%) = > e (2,7 a5) + x(p ZE’“U’“ 'p,0,e7 x3).
k=0

We start now to develop the asymptotic expansion for the model solution. For
the SP5(p) methods, the relation o°(p) = Vu®(p) does not hold in general and so
we will develop asymptotic expansions for u(p) and o°(p) simultaneously. We start
by rewriting Eqgs. (1.2) and (1.3) in the scaled domain P. Define

u(p)(z) = u*(p)(z), o(p)(z)=0°(p)(z®), o3(p)(z)=-co5(p)(z®),
V(P,p) :{veLz(P): degs v Sp}, 06
Sg(P,p) = {T € D'(P):7 € L*(P), divr + e 20513 € L2(P), (26)

T-n=gon 0Py, degs 7 < p, degz T3 <p+ 1}
Then u(p) € V(P,p) and o(p) € S.24(P,p) satisfy

/ o(p) - 7+ 203(p)7s d + / u(p)(div T +e7*0s7s) dz = 0
P P
for all 7 € So(P,p), (2.7)

/ [divao(p) + e 20503(p)jvdr = —/ fvdz  for all v e V(P,p).
P P
Consider the asymptotic expansions

u¥(p) + e2u?(p) + e*u'(p) + - -,

(ZO(p) +€2g2(p) +€4g4(p) P (2.8)

where u?*(p) € L?(P) for any positive integer k. Also ¢°(p) and o%*(p) € So(P, p)
for integers k > 2, and g2(p) € S4(P,p). Then, after the formal process of substi-
tuting (2.8) into (2.7) and grouping together terms with the same powers of ¢, for
k € N we ask that

/ 0P 2(p) - 7+ 02 () dit + / 252 (p) div 7 + u2* () D3] dz = 0
P P

for all 7 € So(P,p), (2.9)

/ [div gzk*z(p) + B302% (p)|v dr = —0p1 / fvdx for all v € V(P,p), (2.10)
P P

where we define u=* =0, o 0

We now determine u%(p) 2K (p). First, set k = 0. From Eq. (2.10) we find
that d308(p) = 0. As d%(p) € §0(P,p), then ¢{(p) = 0. From (2.9), we see that
u®(p) is independent of x3. Making k = 1 and using (2.9) with 73 = 0, it follows
that 0”(p) = Vu’(p). From the compatibility condition of (2.10), u°(p)(z) = ¢°(z),
see (2.1). If we proceed with the argument, and with x € () as a parameter, we find

that u?(p)(z,-) € P,(—1,1), the space of polynomials of degree p in (—1,1) with
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zero average. Also, ng,(p)({, ) € Ppya(—1,1) with U%(p)({, -1) = _g(g’ —1) and
o2(p)(z,1) = g(z,1) should satisty

1 1
/ o3 (p)(x, x3)73(3) das +/ u?(p)(z, x3) 373 (w3) dg = 0

—-1 -1

for all 75 € fﬁ)p_H(—l, 1),
1

/_1 9303 (p)(x, x3)v(w3) dug = —/ [f(z,23) + Aopl®(2)]v(ws) dus  (2.11)

—1
for all v € }fbp(—l, 1),
a*(p) = Vi’ (p),

where OP_H( 1,1) = Ppa(—1,1) ﬁHl( 1,1). Also, for any integer k > 2, we
define o3 (p)(z,-) € Ppi1(—1,1) and u? (p)(g -) € P,(—1,1) by imposing

~

1 1
/ ng(p)(gvﬂ?s)ﬁ(ﬂ?s)dﬂ?s-l-/ u? (p)(z, x3)0573(w3) dzg = 0

~1 ~1
for all 73 € Iﬁ’p+1(—1, 1),

1 1
[1 630§k(p)(£,x3)v(x3) drs = — /71 Azpu%fz(p)(g,xg)v(mg) dxs (2.12)

for all v € P,y 1 (—1,1),
a*"(p) = Vu**(p).

~

Note from (2.2) that u? (p)(z,-), and o3 (p)(z,-) are mixed approximations for
uz(g, -), and 33u2(£, -), with @ €  as a parameter.

Equation (2.9) imposes, as a natural condition, that u(p) vanishes on 0Pr.
Nevertheless, this boundary condition is not being imposed for the terms of the
asymptotic expansion, with the exception of u°(p). Thus, in general, u?*(p) does
not vanish on 9Pr, for k > 1. We seek then a pair of correctors U(p), Z(p) such
that

/ g(p) T+ e 223(p)s + U(p)(div T+ £ 20573) dr = / Uo7 -ndxdrs
P OPy,

for all 7 € So(P,p),
TEER: ) )

~

/ [div E(p) + e 203Z5(p)jvdx =0 for all v € V(P,p),
P

Uy ~ e*u(p) +etu(p) +---.

We rewrite the singular perturbation problem (2.13) using the horizontal boundary-
fitted coordinates (p,#) in the region

Q={z—-—pn:2€0Q 0<p<po},
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where po is a positive number smaller than the minimum radius of curvature of 0f.
The normal and tangential vectors to 02 extend naturally to £, by

n(p,0) =n(0), s(p.0)=s(0), (2.14)

~

and the quantities

En(p)(z®) = E(p)(z°) -

T (p)(2%) = 7(p)(27) - n(z®),  T(p)(z°) = T(P)(2°) -

g

3
s
m
:—/
[1]
w
S
S~—
s
m
S~—
Il
21l
S
S~—
s
m
S~—
lW»
s

_ (2.15)

1Y
8

are then well defined in ;. A long but straightforward computation shows that

. 39 Es (p) R
divE(p) = 8,Zn L= e ),
VE(p) = 9pEn(p) + — 7=n(p)
where J(p,0) = 1—pr(0), and & is the curvature of 9. Next, we use the “stretched”
(in the normal and vertical directions) variables (5,6, x3), where p = ¢~ 1p, to pose
an e-independent sequence of corrector problems, and define

Up)(p,0.23) = U(p)(p,0,23), En(p)(p,0,73) = eEn(p)(p,0,25),

~ B (2.16)
Es(p)(p,0,23) = Zs(p)(p,0,25),  Z3(p)(p,0,23) = Z3(p)(p, 0, 25).

Similar definitions hold for 7,,, 75 and 73. The motivation for multiplying Z,,(p)
and Z3(p) by ¢ is that we expect them to “behave” as e !, after all they approxi-
mate 0,U and 03U in P°. The combination of the above described transformations
leads to

= = - - 0 ~s _ -
“g25"@)%”*53@)%%253<p>%3+U<p> (523ﬁn+ T te a)] !
Q

27 pl
el (p)F dO = / / Uo(p)(0, 8, 23)7 (0, 0, 33) das b,
0 —1

/ [g_zaﬁén(p) + O0%:(p) + 720555 — 8‘1E§n(p)] vJ dQ = 0,
o J J

where Q = RT x (0,27) x (—1,1) is a semi-infinite quadrilateral domain with the
union of its top and bottom boundaries given by dQ+ = R x (0,27) x {—1,1},
and

7 e {re Hdiv,Q): 75 = 0 on 90, degy T < p, degy 7 < p+1},

v E {Lz(Q): degzv < p}.

Replacing 7, by 7,/J, T3 by 73/J and v by v/.J, using the Taylor series of 1/.J, and
formally substituting
U(p) ~ 20%(p) +°U%(p) + ' U (p) + - -+,
2 =3 =4
(p) +’="(p) +'2 (p) + -,

—
—
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we arrive at the following sequence of problems, parametrized by ¢ € R/L and
defined in the semi-infinite strip X:

/ 5 (p)in + EE(p)7s + TF () (9570 + Da7) dpdacs
>

1
= —/ uF (p)(0,6, 23)7, (0, 23) dzs for all 7 € So(%,p),

—1

/ [35§§(p) + 83§§(p)]vdﬁdx3 = / Gr(p)vdpdxs forallve V(Z,p), (2.17)
) )

EX(p) = pr(0)ZE1 (p) + 9 U*(p),

x>
|
N

Gi(p) = ;%@ﬁﬂw>+@mmﬂ*@+@@Wﬂ*@)
Jj=

O

where u*(p) = 0 for k odd and

( ) = {veD'(L):(1+5) v e L*(L), deggv < p},

ZU)

degy 7 < p, degy 3 <p+1}.
These are appropriate spaces to pose the boundary corrector problem. Looking
at (2.4), note that U*(p) and k( ) are mixed approximations for U* and VU’“
We 5how below in Lemma 2.2 that (2.17) is well-posed, and that the solutions

U* and = E decay exponentially to zero with p.
Finally, the following expansions hold:

~ > e (p) (2,7 a5) — x(p) Y " UF(p) (e p, 0,67 af),

k>0 k>2
£ £ g2k(p) 1> — £
MM@N%WQﬂﬁ@yya%) (2.18)

p) > " =R (p) (e p, 0, a5),
k>2
where
EMp) = (e 'Ex(p)n + E5(p)s, e 'E5(p)). (2.19)

The above formal reasoning shall be justified in Theorem 2.2. First we study
the terms present in the expansion.

We present below the stability result regarding the boundary correctors for the
models. The existence, uniqueness and the first inequality in (2.20) follows from
standard theory for mixed problems.®!® The exponential decay is an application of
Theorem 5.4 of Arnold and Madureira.?

Lemma 2.2. Assume, for a fized positive integer k, that uF is defined as
above. Then, for each 0, there ewists a unique solution U*(p) € V(%,p), and
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(Zk(p),25(p)) € So(X3,p) to (2.17). Also, there exist positive constants C and «
such that

10+ 27 0 ey + IEEO) + O ooy
+ ||(1 +p) [6ﬁéﬁ(p) + a3é§(p)”|L2(z) <, (2.20)

oo rl
[ [ 02+ E W) deadp < oo,
t -1

for every mon-negative real number t and every positive integer p. The constant
may depend on ) and k, but is independent of f, g and p, while the constant C may
depend on Q,k, f and g.

In the remainder of this section, we estimate the convergence rates of the trun-
cated asymptotic expansions.

Theorem 2.2. For each positive integer N, let

ean (p)(2°) = u(p)(z°) — iSzkuzk(p)(wsﬁ 3)
2N o
+X(p);€kUk(p)(€_1p,9,€ x3),
e e R P A () e 1
Aon(p)(27) = o*(p)(z7) — Igf (5_102k(p)> (z°,e x3)
2N 15k =k
+X(p)k§€k (5 Hnﬁzg;pT(p)s>( “p. 0, ).

Then there exists a constant C' such that

lean (D)l 2Py + 1 B2n (P) | aiv,Pe) < Ce?NHL

Note that the above convergence in ¢ is the same as in Theorem 2.1. The proof
of Theorem 2.2 uses the theory of mixed problems,® and we shall go through the
main steps.

In what follows, we denote by m, the orthogonal projection from L?(—1,1)
to P,(—1,1), and by 7! the orthogonal projection operator from Ioil(—l, 1) to

P,(—1,1), with respect to the inner product that induces the norm | - |1y 1)
We need the following technical result.

Lemma 2.3. If 7 € H'(—1,1), then (7pa7) = w7’ and if ¢ € H'Y(=1,1) N
L2(—1,1), then (Fpd) = mp_1.
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Proof. For any v € P,(—1,1), we can write v = ¢ + ¢, where 0(p2) =
[P v(s) — eds and ¢ = (1/2) f_llv(s)ds. Note that & € H'(—1,1) and for
TeH' (-1,1),

1 1
[ Graryvdpe = [ an @ +odp = [
—1 —1

-1

1 1

7' (0 + ¢) dps :/ v dps.
—1

So (wp,17) = myr’. The second identity of the lemma follows from similar

arguments. O

We denote the orthogonal L? projection in the vertical direction by 7r§,w3), ie. if

v € L?(P), then 71']5,303)11 € L*(Q;P,(—1,1)) is such that

/P(w;wv Coppde =0 for all v € LX(Q:Py(—1,1)).

Similar notation holds for 7(’7,(,3:3).

Before proving the main result, we show how the solutions of a mixed,
e-dependent problem in P behave. Recall that we define V(P,p) and So(P,p)
in (2.6).

Theorem 2.3. Let F (So(P,p))*, the dual space of So(P,p), and let g € L*(P).
Then there exists unique u € V(P,p) and o € So(P,p) such that

[ (@ r+eoumydn+ [ uldive+ e oum) dz = Fp)
P P
for all T € So(P,p), (2.21)

/ (divo + e 20503)vdx = / gvdx  for allv € V(P,p). (2.22)
P P
Moreover, there is a universal constant ¢ such that
ullL2(py + llollL2p) + 571||03||L2(P) + [|dive +523303HL2(P)
< (|1 Fll(so(ppyy- + 8l 2cpy)-
Proof. Let

M =V(Pp), |vlla=lvllzp),
X =S0(Pp), Nl = IzlZ2p) + e 2 lmsllT2(p) + 1div T + e 720573][72(p),

a(o,7) = / og-T+ e 20373 dr, b(r,v)= / (div T+ e 203730 de.
P P

Since div T + £720373 € V(P,p) for all 7 € So(P,p), the coercivity hypothesis

a(r,r) > ||rl|% forallr € {7 € X :b(F,w) =0, for all w € M} (2.23)
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holds immediately. Now we want to show that the inf-sup hypothesis

b
o 20
rex ||THX

> kollv||ar for all v € M (2.24)

is also satisfied for some positive constant ky. Let v € V(P,p), and define V(P) =
{0 € HY(P):% =0 on 9P}, and u € V(P) such that

/ Vu - Vo + £ 203uds = / vodx for all o € V(P).
P P

Then [|ul|g1(py < c||v||z2(py, where ¢ is a universal constant. Moreover,

L/‘€_2hﬂg§-ﬂip(f1J)d£::L/‘8_2[53U(§,wsﬂ2d$
Q P

g/ |Yu(£,x3)|2—1-8_2[53“({73?3)}26&7
P

= [ ouda < ol lul o)

< C||UH%2(P)~ (2.25)
Set 0 = Vu, 03 = d3u and g = (g, o3). We cannot use o as a “candidate” for the
inf-sup condition since o does not belong to So(P,p) in general. Let i(z,x3) =
u(z,x3) — (1/2) fil u(z,r3)dzs, and for each x € (, define o3(p)(z,") € ]po+1
(—=1,1) and u(p)(z,-) € P,(—1,1) such that

/ [o3(2, x3) — 03(p)(z, 3)|7(23) + [U(z, 3) — u(p)(z, ©3)]037(23) dws =0

—1
for all 7 € If”pﬂ(—l, 1),

1
/ Bslos(z, x5) — 03(p) (z,23)]0(s) dirs = 0 for all b € Bp(~1,1).
1

Then d303(p) = 7r1(;w3)6303, and using Lemma 2.3 we conclude that o3(p) = gf’l) o3.
It follows that
1
2los@ar = [ o) M1 da
1
<c [ Ploslz a1 de
1
= [ etz i da < el
(2.26)

Define now o(p) = 7r1(,$3)g. Then
lo®)llzz2py < cllallzpy < cllvllzzpys
[div o (p) + e 20303(p) | 2(py = |I7("div o + e 27" D303 12(p) (2.27)

< c|dive + e 20303 L2y = cllv]lL2(p)-
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Thus, from (2.26) and (2.27), [|o(p)[|x < ¢[[v|[z2(p). We can finally prove the inf-sup
condition, since for all v € V(P;p),

/ v(div 7 + 7 20373) da > #/ v[div o(p) + e 20303(p)] dx
P ~ = le@lx Jp ~ -

1 o L
OIS /pv[ﬂ?(’ Vdiv g + e~ ") 0305 da

sup
vek Trlx

!
~ llelx

_ Mol > c|jv]|
L2(P)>
EOIT: )

/ v(div o + e 20503) dz
P

and (2.24) follows. Thus we conclude the present result. m|

We need the following notation in the proof of the next result. Define

N
uaN (p 26% 2k ), gzN(p)(@: e 2k(p)(33)7

N —1Zk n =k S
San(p)(z) = X(P)kz::;k (6 “"’g(f?g,;p)‘g(p)~> (e7'p,0,23).

Proof. (of Theorem 2.2) For all 7 € So(P,p), define 7, as in (2.15), (2.16). Then
it follows from the construction of the terms in the asymptotic expansion, and
Lemma 2.2 that

~

/P (0(p) — 0an(p) + Eon(®)] - 7 + £ 2o3(p) — (02)s(0) + (Ean)s(p)]7s da
+ /P [u(p) — uan (p) + Uan (p))(div 7 + £~20575) dz = Ry (N, 7,),

/P (divio(p) — oan(p) + Zan ()] + e 23a[03(p) — (02n)a(p) + (Ean)a(P)] v da
= RQ(N, ’U),

where |Ri(N,7s)| < C€2N||IH§'O(P7P)’ and |Ry(N,v)| < Ce*N|jv|ly(py). Using
Lemma 2.3, we have that
[u(p) — uan (p) + Uan |l 2Py + lo(p) — a2n (p) + Eo2n (p) | 22(p)
+& Hos(p) — (0an)3(p) + (é2N)3(p)”L2(P)
+[|div[o(p) — o2n () + Ean (p)] + £ *0s]o3(p) — (02n)3(p) + (E2n)a(p)]l|L2(p)
< e, (2.28)
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Next, to conclude the final result, we add and subtract new terms, using the triangle
inequality, estimate (2.28), and Lemma 2.2, and finally scaling the domain, from P
to Pe. |

3. Estimates for the Modeling Error

We begin now the central part of this paper, the derivation of error bounds for
the models SP}. An essential part is to estimate the difference between individual

terms in the asymptotic expansions.

We need the following technical result.'?

Lemma 3.1. Given u € H?(—1,1) N L?*(—1,1) and o = v/, there exists unique
u(p) € Pp(—1,1) and o(p) € Ppr1(—1,1) with o(p)(—1) = o(—1), and o(p)(1) =
o(1), such that

/ [0 —o(p)]T+ [u—u(p)]r’ de =0 forallTe f?)p_s_l(—l, 1),

-1

1
/ [0 —o(p)]vdrs =0 for allv € Py(—1,1).

—1

Moreover, for any non-negative real number s, there exists a constant C' such that

lu —w(p)llp2—1,1) < Cp >~ lull gresz(—1,1),
lu—uw®) 12—,y < Cp Pl gevo(-1,1)

lo = o@)lz2(-1,1) < Cp™ " *|lull gera(_1,1),

lo —a@)lar=1,1) < Cp~*|Jullge+2(—1,1)-

In what follows, we need the definitions below.
Definition 3.1. For a non-negative real number s, let

as = || fllr2ms(-1,1)) + l9ll2opsy,  at = | Fllar@.me(-1,1)) + lgllmops),

1/2
at = ( [ U1 + Lo =D + oz, P dg) .

We note from Lemma 2.1 that there exists a constant ¢ independent of f and g
such that

||u2||L2(Q;HS(71,1)) < cas, (3.1)
HYU2”L2(Q;HS(—1,1)) < CGL (3.2)
Hu2HL2(8Q;HS(—1,1)) < Cag. (3.3)

To simplify the notation, henceforward we denote o3 (z) = 9,,u*(z).
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Lemma 3.2. Assume that u?,03,u*(p),0%(p) are defined as above. Then, with
z € §) as a parameter,

1
/71[03(% w3) — 03 (p)(z, @3)]7(23) + [u®(z, 23) — u’(p)(z, 23)]7" (23) das = 0

forall T € ]f”p+1(—1, 1),
1
/ 83[0%(%303) - ag(p)(g,xg)]v(xg) dzs =0 for allv e Py(—1,1).
—1

Moreover, for any non-negative real number s, there exists a constant C' such that

[u? = u?(p)|| L2p) < Cp~27°

||Vu — Vu (p

Qs,

|z2(py < Cp~2*al,
) o (3.4)

(p s,

log = o3(P)llz2(p) < Cp~

)
)
)
)

W W

102503 — Du503 (D)l L2(P) < CP*as.

Proof. The first part of the lemma results from (2.2), (2.11). To obtain the esti-
mates (3.4), it is enough to apply Lemma 3.1, in each vertical fiber, and then
integrate in €2, and use (3.1) and (3.2). O

We estimate now the error due to the first boundary layer terms. The following
definition is useful.

Definition 3.2. Let z € 092 and s be a non-negative real number. Let
N(s) = max{n € Z: 2n < s}. (3.5)

If sup,,cq—113 l9(x, 23)] # 0, set m = 1. If [g(z, —1)| = [g(z,1)| = 0 and

N(s+5/2) 4
sup > 1057 f(w,ws)] £ 0, (3.6)
zze{—1,1} =2

let m be the minimum integer in {2,..., N(s+ 5/2)} such that

sup |05 70 f(z, a3)| # 0.

.’636{—1,1}
We define in both cases u(z,s,d) = min{dm — 3 — d,s + 3/2}. If [g(z,—1)| =
l9(z,1)] = 0 and (3.6) does not hold, then define y(z,s,d) = s + 3/2. Finally, set

(s, 0) = Elenggp(%, s,0).

The next result estimates the boundary correctors in P. We present its proof in
the Appendix. Define

2 2 = 2
nzﬁﬁU, :3:a_t3U.

[1]:
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Lemma 3.3. Let
Yo(z%) = x(p)[E2 — E2(p)|(e ' p, 0,6 "a5),
T3(2%) = x(p)[E5 — Z3(p))(e " p, 0, a5).

For any non-negative real number s such that s + 1/2 is not an even integer, and
for any arbitrarily small § > 0, there exists a constant ¢ such that

I Tnllz2(pey + [ TallL2(pey < 05(107175 +p7ﬂ(s’5))ag~

We are ready to estimate the difference between the exact and model solutions
in several norms. This is the main result of the paper. To also consider interior
estimates, which disregard the boundary layer, define P§ = Qy x (—¢,¢), where €
is an open domain such that Qg C €. We present interior estimates only when these
have better rates of convergence than global estimates.

Theorem 3.1. For any non-negative real numbers s and s* such that s* +1/2 is
not an even integer, and for any arbitrarily small § > 0, there exist constants ¢ and
C independent of £ and p, with ¢ also independent of f and g, such that the error
between u® and its approzimation u®(p) is bounded as

[u® —u(p)llL2(pe) < Ce®2p=27%a, + Ce3,
o - n— gs(p) : QHLZ(PE) < 082(177175* +p7ﬂ(5*’5))a2* + Ce%2,
‘s — ES(p) . £‘|L2(P€) < 055/2]37275&; +Cs3,
0% = o ()l z2(pey < C™/?p "l + CeY/2,
lo§ = o5(P)l|12(pey < Ce¥2p~'*a, + C?,
where g° = Vur.

Proof. We prove the fifth estimate only, as the others follow from similar argu-
ments. Using the triangle inequality the following holds:

3/2

lo5—05 ()l L2(pey < lleallm(pey+ A2l L2(pey+€% 2 l03 =03 (D) | L2(py +el| Tsll L2 (pe).-

From Theorems 2.1 and 2.2, we have that
lezll s (pey + | Q2| L2(pe) < Ce.
The estimate
| T3]|z2(pe) < Ce
comes from Lemmas 2.2 and 3.3. Finally we apply Lemma 3.2 to bound ||o? —

03(p)| L2(py and the result follows. m|

Comparing the results of minimum energy models (Theorem 4.3 of Ref. 3) and
Theorem 3.1, we see the same rates of convergence in p (with one exception) and
in € for both classes of models. One should compare the estimates for d,su®(p) in
the SP models with the ones for o5(p) in the SP’ models, etc.
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Table 1. Rates of convergence of the model error.

Quantity Absolute error Relative error
u® — uf (p) £5/2p=2-34, v2e2p=2-5g,
of n—o(p)  pFaf (¥Pp777%af)  vTBP32pTRal (2P %))
o s — gs(p) ‘s £5/2p—2-354] v—2e2p—2-34]
o5 — o5(0) £3/2p=1-sq, p1=va,

Appendix A. Boundary Layer Results

Our goal in this Appendix is to prove Lemma 3.3, which estimates the approxima-
tion error for the boundary layer part. It is natural then to study the solutions of
the following problems defined in the semi-infinite strip X, described below. In this
Appendix, we denote an arbitrary point in ¥ by p = (1, pa).
Let U € V(X) and Z € So(X), where

V(D) ={veD(X): (1+p) ve L*(D)},

So(®) = {1 € D'(X): (14 p)div 7 € LA(D), 7 € LX),
7-n=0onR" x{-1,1}},

~

be such that

/ -Zdé-l-/ Udiv Zdé:_/ Uopr1 dpy  for allzego(Z),
= = Yo

21l

(A1)
/ div Zvdp =0 for all v € V(X).
)

Here, 7o = 1p € ¥ p1 = 0}. The approximate solutions U(p) € V(X,p) and
E(p) € So(Z, p) satisty

[ 201 zdp+ [ U zdp = [ Uioiridpe forall 7 € Sol=p)
¥ > 0 (A.2)
/ div E(p)vdp =0 for all v € V(3, p).
¥

~

To aid the analysis of the difference between the solutions of (A.1) and (A.2),
we extend previously defined projection operators to act in the semi-infinite strip
3 as well. We shall use an upper-index (p2) to the projection operators notation to
indicate that the projection is taking place along each fiber only. So, for instance,
if v € L2(R*; H'(—1,1)), then #p"v € L2(R*;P,(—1,1)) is such that

/ O, (1 — 7P TV95, 7, dp = 0 for all 7, € LA(RY; P, (—1,1)).

b

We define m()ﬁz) in a similar fashion. Also, if 7 = (11,72)T, then H,r =
(7T1(;ﬁ2)7'1, %;Eff)Tg)T. We then have the result below.

Lemma A.1. If 7 € So(%) N L*(2) x LA(R*+; HY(—1,1)), then = div T =
div 7.
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Proof. Tt is enough to show that [ (div Il,7)vdp = [y div Tvdp for all v €
V (X, p). Assuming that v is sufficiently smooth (the general case follows by density),
we indeed have

/div l;Ipzvdé:/(—wéﬁ2)7131v+327?;5ff)721)) dé—l—/ 7'('1(352)T11)dﬁ2
Py Py Yo

= / 01TV + Oamov dré,
>

where we use Lemma 2.3 and integration by parts. |

It is important to estimate

= =2 = pa)= (|2 = . 1(p2)= 112
HE - lN_[PEHLZ(E) = [|E1 — 71'ZE;I)Q)ZIHL?(E) +[|1Z2 — ngrpf):2HL2(2)~ (A.3)
The error due to the mixed approximation depends on the regularity of the solution.
The convergence rate defined below reflects that.

Definition A.1. For Uy € H™(—1,1) with ro > 3/2, and N as in (3.5), if there
exists a minimum integer m € {1,..., N(ro + 1/2)} such that |93 *Us(—1)| +
105 Uy(1)| # 0, let §(ro, 0) = min{dm —3 —,7 — 1/2}, otherwise let §(ro,§) =
To — 1/2

The solution U for (A.1) has a singular behavior at the corners of the semi-
infinite strip. To study the approximation rates for U, it is useful to decompose
this solution in its singular and “smooth” parts. We describe the singular behavior
of the solution of (A.1), by introducing in ¥ two polar coordinate systems, (r;,6;),
[ = 1,2 relative to the vertices P; = (0,1) and P» = (0, —1). The convention is that
r; gives the distance to P, and the angle ; € [0, 7/2] increases counterclockwise, so
points lying on ~y have 6; = 0 and 02 = 7/2.

The next theorem,'” shows a decomposition of the solution U in singular and
smooth parts and it will be of great use henceforward.

Theorem A.1l. Let U € V() be the solution of (A.1) with ro > 3/2 such that
ro + 1/2 is not an even integer. Then there exist constants c; such that

2 N(T0+1/2) , )
U=Us+W, Us=xY > ¥ DUg((-1)")], (A.4)
=1 =1

where X is a smooth cutoff function that equals the identity for x1 < 1 and vanishes
for xy > 2, N is as in (3.5), and

v{ = [01 cos((2j — 1)(91) + log sin((2j — 1)91)]r§2j_1),

v% = [(g — 92) sin((?j — 1)92) + log o cos((?j — 1)92) rézj_l).

Furthermore, [|W || gro+1/2(5y < el|Uollmro (o) for some constant c.
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With the above decomposition result, it is possible to prove® that
12 — 7T1(;ﬁ2)El||L2(E) < Cp*“_’(m"s)||UoHHro(_1,1). (A.5)
Unfortunately, the estimates for Z3 do not come so easily, since Wpfff does
not necessarily yield the best approximation in the L? norm. We divide the error
analysis in two cases. We first analyze the general situation and then improve the
result for particular conditions.

Lemma A.2. For any arbitrarily small positive real number §, there exists a con-
stant ¢ such that

- o 1(p2) = _
152 — 7 Zall2my < ™ N Vollgsra1,1)- (A.6)
Proof. We show only the main inequalities involved. In general, U € H2_‘5(E).
Hence
02U — ngrpf)@U”L?(E) < Cp71+5HUHLz(R*;H%é(—l,l)) < CP71+5HUO||H3/2(—1,1)~

See Ref. 19 for further details. O

Assume now that
|02Uo(—1)| + |02Up(1)| = 0. (A7)
If ro € (3/2,5/2), then
122U = 1,0 Zallaqsy < ™2 [Uollro-1,0)- (A.8)
Otherwise, using a duality argument,”

I1Z2 — 72 P2 Bl 2y < cpY||828n — Bt PP | 2(x,)

= cp H|02Z2 — TP 0aZs | L2(), (A.9)
by Lemma 2.3. Note that =5 solve the following Dirichlet problem:
Ho=0 in2J,
Zo=0 onRx{-1,1}, Eo=0Uy on v,

where Uy € H™(—1,1).
A way to obtain a good approximation for Z5 is, as before, by splitting =5 in

(A.10)

singular and smooth parts, and seeking approximations for both. In the next two
results we do exactly that. The following theorem comes from Ref. 17.

Theorem A.2. Let Zy be the solution of (A.10) with 1o > 5/2 such that ro+1/2 is
not an even integer, and assume that (A.7) holds. Then there exist constants cj,c
such that

Bas +Wa, Eag=XD, Y. o U((-1)F e, (A.11)
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where
17{ = [(g — 91> cos(2561) + logry sin(2;6;) 7“1 )
T)% = [A2 cos(2j62) + log o Sin(2j92)}7”§j,

and [Wal| grro-1/2(s) < || Uoll o (o) -

The next lemma shows the approximation rates to the above defined singu-
lar functions. It follows from an application of the ideas of Dorr,'®'* and the
Remark 6.3 of Bernardi and Maday.” See Ref. 19 for a description of how such
convergence rates can be obtained.

Lemma A.3. Let v(r,0) = xr®[&1(0) + &(0) logr], where 1,8 € C*([0,7/2]),
and « is a non-negative real number. Then, for every o, there exists a constant c

such that
HU — 771(752)'UHH1(Z) < Cp_2a+6.

With the above lemma, it is easy to estimate approximation errors to =2, as we
show below.

Lemma A.4. Assume that the hypotheses of Theorem A.2 hold. Then
02Wa — Dot P Wa | 2y < ep® 27" | Uo || 1170 () - (A.12)

Also, if Eo, is not the zero function, then for each arbitrarily small § > 0 there

exists a constant ¢ such that
1E25 — 7P Ea i) < e ™ Ul 1o (40, (A.13)

where m € {2,...,N(ro + 3)} is the minimum integer such that

185 DU (—1)] + 105" VU (1)] # 0.

Proof. Inequality (A.12) follows from spectral approximation properties, i.e.
|02Wa — 027, P Wa 125y < ep® 2770 [ Wall po (gt prmo-1/2) < 0701 Us | 70 (0.

where the last inequality follows from Theorem A.2. Estimate (A.13) follows from
the definition of =5, and Lemma A.3. O

Now we are ready to estimate [|= — II,Z[[12(x).

Lemma A.5. For any ro > 3/2 such that ro + 1/2 is not an even integer, and any
arbitrarily small § > 0, there exists a constant ¢ such that

¥(ro,8

—_ o 1(p2)—

\|:1—7rp$'f):1um) < op 0D | Ul gro 1,1y,

122 — 70, Zs | 2wy < ™70 |[Tpll o (1,1,
H% - NPEHL2(E) < cptrod ”UOHH'O( 1,1))

where 7 is as in Definition A.1.
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Proof. The first bound follows immediately from (A.5). The second estimate fol-
lows, for o € (3/2,5/2], from (A.6) and (A.8). For ro > 5/2, note only that,
from (A.9) and Theorem A.2,

— o 1(p2)—
1Z2 — 4,02 Za 2y
< p (18255 — Oaity PP Eas || La(my + [182Wa — Doty P2 Wa|12(s;))-

Next, use (A.12), the inequality

02225 — 0o, 0 Zas 2w < 220 =7 20l
and (A.13). Finally, the third estimate of this lemma follows from (A.3). O

The next theorem estimates the mixed approximation.

Theorem A.3. Assume that U € V(X), E € So(X) solve (A.1) and U(p) € V (X, p),
E(p) € So(X,p) solve (A.2). Then for any non-negative real number ro > 3/2 such
that ro + 1/2 is not an even integer, and any arbitrarily small 6 > 0, there exists a
constant ¢ such that

IE = E@)L2s) < e(IUo = o)l 12 (4) +p 7N Uo ()| 1170 (40)) -

Proof. Let U € V() and % € So(X) be such that

/Zg.zdg +/ Udiv rdp = | Ug(p)ridpz for all 7 € So(%),
Yo
/Ediv %v dp =0 for all v € V(X).
Then,
IE = Ell (o) < €llUo = Uo(p)ll1/20)- (A.14)

To conclude the estimate, we use Lemma A.1 as follows:

[E-zom,zdp =~ [ [0 - vy 1,2 dp
P P

I
|
o
h
|
S
<)
5
e
<
1
QL
ha=Xi
I
|
—
-
|
=
3
=
<
/[L]
c)
QL
4~
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Next, since II, is a bounded operator,

—Epé\lw(z)

= Zllzzes) + 12~ WEllrz) + ILE — IEl s

< e|E - Elza) +IE - MEl as)

< cllUo = Vo)l 11172 (30) + IE = LpEl22(m)

c|Uo = Uo (o)l 1/250) + 07NV (P) | 170 (), (A-15)

IN

where we used Lemma A.5 to obtain the last inequality. The theorem follows
from (A.14) and the inequality above. m|

Comparing Theorem A.3 with Theorem A.5 of Ref. 3 we see that the estimates
for the mixed approximations are worse than the estimates for the Galerkin approx-
imation. For instance, if Uy(p2) = Uo(p)(p2) = p2, then we can bound the error
coming from the mixed methods as

E-Z0)lr2c) < @ N0l 70 (v0) s
while we bound the error from the Galerkin methods as
IVU = VU D)l z2cs) < ep™ 21Ul 70 (0) -

It is not clear whether the upper bound of Theorem A.3 is sharp or not, and, to
the best of our knowledge, there is no numerical evidence to support either case.
The culprit for this possible loss of accuracy is the use of a duality argument. In
fact, Eriksson'® worked out a one-dimensional example and showed that the duality
argument does not yield the best possible error estimate for the p-method.

Proof. (of Lemma 3.3) From Definitions 3.2, Appendix A.1 and Theorem A.3, we
have that, for each € 99,

=2 — é31(10)HL2(2) +155 - ég(ﬁ)”m(z)
< c(|[u?(z, ) — () (@, Mz + 2 OV P (@, M gesec1,1y)-  (A16)

After changing coordinates, and using (A.16) we see that
ITnllz2cpey + 1Tl 22 pey < ce(llu® — w? (D)l L2002 (—11y)
+p PO L2 oo 2(<1,1)) -

From Lemma 3.1 and using (3.3), we gather that

lu? = w? @)l 12 op,) < ™' a,

and the result follows. O
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