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ABSTRACT. In this work we investigate the modeling of heterogeneous plates, where the
length scale of the heterogeneity can be much smaller than the area of the plate’s middle
surface. We derive a two-dimensional model for the original problem, and the resulting PDEs
not only have rough coefficients but also depend on the thickness, resulting in a singularly
perturbed problem. We employ asymptotic techniques to show that, as the plate thickness
tends to zero, our model converges to the exact solution. To tame the numerical troubles of

the resulting model we use finite elements methods of multiscale type.

1. INTRODUCTION

The challenge of solving PDEs in beams, plates and shells has historically attracted re-
searchers from different fields, not only because of the importance of the physical problems
demanding such task, but also because of the beautiful problems arising from the endeavor.
Focusing on plates, the first necessary step is to perform some sort of dimension reduction,
i.e., model a three-dimensional problem with a two-dimensional model. Hopefully, the re-
sulting equations are easier to solve, and the final solution approximates in some sense the
exact solution of the original problem.

There are basically three known ways, not always exclusive, to obtain plate models. Proba-
bly the most common arguments are based on physical properties of the underlying problem,
often combined with some mathematical reasoning. It is also possible to derive the models

using asymptotic techniques, usually with a sound mathematical basis, and the results easier
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to justify a posteriori. The asymptotic arguments consist in taking the plate thickness to
zero and finding “limit problems.” For instance, linearly elastic plates have as limit bihar-
monic equations [12]. For heterogeneous materials however, an extra issue arises. There
are situations when the attempts of homogenizing the material may lead to different models,
depending on which limit is considered first, i.e., homogenization first and then dimension re-
duction, or the other way around [10,13]. This happens even when stationary heat problems
are considered [9].

To avoid such undesirable peculiarity, we shall use hierarchical modeling. In such ap-
proach, the solution can defined for instance as the minimizer of the potential energy in
the subspace of functions that are polynomials in the transverse direction. The higher the
polynomial order, the better is the model. Likewise, the thinner is the plate, the better is
the approximation [2,21].

In this work we consider the heat equation in a heterogeneous plate of thickness 20 given
by P° = Q x (—6,9), where Q C R? is a bounded open domain with Lipschitz boundary
00. Let 0P = 00 x (—6,6) be the lateral side of the plate, and 9P = Q x {—§,4} its
top and bottom. We denote a typical point of P° by z = (z,73), where x = (21,79) € .
Accordingly, we write V = (V,03) = (01,02, 03), where 0; indicates the partial derivative
with respect to z;. Also, 0;; = 0,0;.

Let u® € H'(P?) be the weak solution of

—div(éYu‘s) =f° in P’
. w =0 in 8Pg, a333_u5 =¢° in 8Pi,
on
where f°: P° — R and ¢° : 9P} — R. The matrix A P? — RS, is such that

4l = (g(o@ 0@)) /

where a : @ — R, and azz : Q — R. We also assume that a;;, f°, and ¢° are O

functions, and that there exist constants a and ( such that

(2) allgl* <& - Alx)e, & A)n < BlIglllnll,

for all ¢, n € R?, and for all z € P°. The norm || - || is the Euclidian norm in R3. Note that
the heterogeneity is in the horizontal direction. This model mimics a plate with transverse
inclusions.

We next describe the contents of this paper. In Section 2, we derive dimensional reduced

Partial Differential Equations (PDEs) for the Poisson problem in a heterogeneous plate using
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hierarchical modeling. The resulting PDEs depend on two small parameters, the thickness
and the length scale of the heterogeneity, and pose nontrivial numerical challenges [2—4].
Next, in Section 3, we show that our model is asymptotically consistent, i.e., it converges in
a proper sense to the solution of the original problem as the plate thickness goes to zero.
Modeling error estimates come by after a somewhat lengthy asymptotic analysis of both the
exact and approximate solution. A comparison between the related asymptotic expansions
yield error estimates in several norms [2], but we restrict ourselves to a H' estimate in a
properly scaled plate.

Our model is given by an uncoupled system of two equations, corresponding to the even
and odd parts of the solution (with respect to the middle surface). The first part is a diffu-
sion equation with rapidly varying coefficients that does not depend on the plate thickness.
The second equation is of reaction-diffusion type with oscillatory coefficients on its diffusive
part, and the predominant “reaction” part depends on the thickness. Thus both equations
pose formidable numerical troubles, and to tame them we employ finite elements methods of
multiscale type. We describe these methods in Section 4, and perform computational exper-
iments using the Residual Free Bubbles (RFB) Method and the Multiscale Finite Element
Method in Section 5. In the Appendix, we outline the derivation of the model.

2. DERIVATION OF THE MODEL

)

To derive our model for (1), we first characterize the exact solution u° in an alternative

way. Let
V(P?) ={ve H'(P): v|ypy = 0}.

Then u’ minimizes the potential energy in V(P?), i.e.,

1
u’ = argminZ(v), where Z(v) = = Vv-iledg—/

VeV (P?) ps ps

f5vdx+/ ¢’vdx.
5T Joms L

Our model solution @, which approximates u°, is defined as the minimizer of the potential

energy in the space of functions in of V(P?) which are linear in the transverse direction, i.e.,

% = argminZ(v),

vEVL(P?Y)

U

and V4 (P°) = {v € V(P?) : v(z,23) = vo(z) + 2301 (), vo, v1 € HJ ()}

If we write

(3) @ (z, x3) = wo(x) + w3wy (2),
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then wy, wy; € H}(Q) are weak solutions for
5
(4) —20 div [g(g) Vuwg| = / f2(z,23) drs + ¢°(z,6) + ¢°(x, —6) in €,
-5

(5)

253 4
—3 le[ (z) YV wi] + 20ass(z)w; = / f‘s(g, x3)xsdrs + 5[g6(£, 0) — g‘s(g, —0)] in .
-5

Although the above system is simple to obtain, it apparently never appeared in the literature,

so we outline its derivation in the Appendix.

3. MODELING ERROR ESTIMATE

In this section we estimate the modeling error with respect to the plate thickness §. Note
that this is a nontrivial question since the domain itself depends on such parameter. Thus

we scale the domain to remove such dependence, and compare the solutions in a plate with
fixed thickness [12]. Let

P=Qx(-1,1), OP, =00 x (—1,1), OPL =Q x{-1,1}.
Making the change of coordinates & = (z,d 'x3), and defining

u(8)(@) = u’(x), f(2)=f(z), g(&)=06"¢"(2),

it follows that
div [g@) Vu(8)] 4+ 07205 [as3(2)05u(6)] = —f in P,
®) u(0) =0 on JFy, 6 ' a3 (2)05u(d) = 0239 on OPy.
Assuming that f and g are d-independent, and considering the asymptotic expansion
(7) u(8) ~ ug + 0%ug + Suy + - - -,
we formally gather that
(8) 5720, [agg( )83u0} + le[ (z )Vuo} + 05 [agg( )83u2} =—f in P,
(9) o~ CL33( )O3t + dazs(Z)Osug + - - = dZ3g on OPx.

Equating terms with same power of §, we have that on P,

(10) 83 [CL33(L:JL’)83U0] = 0
(11) 03 [as3(2)O0suz] = —f — le[ a(2) YV o),
(12) 83 [a33( )83U2k:| = —div [g([@:) Yng 2:| for all k Z 2.
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The boundary conditions on 0Py are
(13) 0,33(%)831“) = 0, 0,33(%)831@ = Zi'gg, 61,33(%)03’&2]g =0 for all k& 2 2.

Equations (10)—(13) define a sequence of Neumann problems with respect to 3 in (—1,1),

parameterized by & € (). Next we decompose
(14) Ug(Z) = tok(2) + Cox(2) for all k € N,

where

1
/ ’&Qk(%,ig) di‘3 - 0
-1

From the Dirichlet condition in (6), we would like to impose ugr = 0 on 0Py, i.e.,

(15) Cor =0 on 02,
(16) ’&Qk =0 on 8PL

However, this is not possible in general since only (15) can be imposed. Thus (16) does not
hold in general, making necessary the introduction of correctors.

Note now that (o, tog, and thus ug, are uniquely determined from (10)—(15). In fact,
from (10) and (13), we gather that 1y = 0. To impose compatibility condition on (11) and
(13), then

1

[ anvla@ @) = [ s a0dn @) + oz, 1),

1 -1

and from (15),

1
~20iv[a(D) Y G(@)] = = [ £ dn)dia = [o(z. 1)+ 9l 1)) in @,

Co=0 on 9.

(17)

Since g = 0, then ug = (.
In general, from (12) and (13) with k£ > 2,

—div]a(Z)Com-o(z)] =0 in Q,
Cor—2 =0 on 09,

thus (oo = 0 for all k > 2.
From (12), (13),

up = Co, up = Uy # 0, Ug = Uy, etc.
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Thus
(18) U’ ~ Co A+ 0%y + 0y + -

Note that the first term in the asymptotic expansion (18) matches wy, solution of (4).

Since 9, does not vanish on dP;, we introduce the boundary corrector
U~ 62Uy + 68Uy + -,
where Uy, € HY(P) solves

—52 div [g(i;ﬁ) Y ng:| - agg(z)aggUQk =0 in P,

(19) Oy
on

We finally conclude that the asymptotic expansion for u(d) in P is

=0 0118P:|:, ng:ﬁgk Ol’l&PL.

w(6) ~ Co + 6%ty — 62Uy + 0%y — 6 U4+ - - -

Next we show some results that are necessary to estimate the modeling error. The result

below follows from classical estimates. The constants are generally denoted by ¢, even if they

are not the same in different occurrences. These constants are independent of o but might

depend on a, ass, ) and also on Sobolev norms of f and g. We also assume that a, ass are

smooth. Of course such hypothesis are not appropriate in practical applications, but they

allow for an explicity rate of convergence. See the remark after Theorem 9 for a discussion

on how one can proceed in the nonsmooth case.

The following classical regularity estimates follow.

Lemma 1. Let {y, and uq, be defined as above, for k£ € N. Then there exists a constant ¢

such that
(20) 1ol 1oy + [t mrep) < c.

To estimate (19), we consider now the problem of finding ¥ € H'(P) such that

—(52 div [g(%) Y \If} — agg(z)agg\l] =0 in P,

(21)
0_\1120 on 0Py, U =w ondP.
on

Lemma 2. Let ¥ as in (21). Assume also that f_ll w(Z,23) di3 = 0 on OP;. Then there

exists a constant ¢ such that

W 2p) < |03 ]| L2(p).
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Proof. From the Neumann conditions on 0Py, it follows that f_ll 033V dzs = 0 in €). Thus,
integrating the first equation in (21) with respect to Z3, we gather that

1
—52/ div[a(2) VU] diz =0 inQ,

1

and then
—5*div[a(2) VU | in Q, U =0 ondf2
where .
To) = [ () di
-1
Thus ¥ = 0 in Q. Then, from Poincaré’s inequality, ||U]z2py < ¢/|05%||r2(q)- O

Lemma 3. Let ¥ be the solution of (21), where w € W*°(P). Then there exists a constant
c such that
IV ¥l z2(p) < 672wl p)-

Proof. As in [18], let x € C*°(£2) such that

1 if dist(#,09) < 6,

x(2) =
0 if dist(@,&Q) > 20,
and
c
(22) Il < 8 19 Moy < 5
Let

Vi (P) :={v € H'(P) : v|gp, = w}.
Since ¥ — yw € V(P),
52/ a(2) VU V(¥ — xw) d@+/a33( )03 W03(¥ — yw) di = 0.

P P

Thus, using (22),
|V )72y + 10591 72p)
< 0wV U 2p) | V Xl 22y + 2NV O Y wl 22p) x| 2(p) + 105950l L2y x| 22 ()
< 82wl wroe(p) | ¥ Ol 2(p) + €82 O5w]| oo () [ 5| L2
< 0 (0% YV U I720py + 10501 72(p) 2wl s -

Thus, || V¥ |l2p) < ¢6~2Jw]fwice. O

We need another technical result before proceeding with our estimates.
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Lemma 4. Let F € L*(P) and © € H'(P) weak solution of
—(52 div [g(z) Y @:| — agg(z)agg@ =F in P,
00
— =0 0118P:|:, =0 OH@PL.
on
Then there exists a constant ¢ such that
18]l 1(py < 62| F || 2.
Proof. Note that © € V(P) is such that

52/ [g@) VO] -Vudz+ / a33(2)03003v di = / Fvdz for allv e V(P).
P P P
Making v = O, from (2) and the Cauchy-Schwartz inequality we have that

5117 Ol220p) + 1050123y < el Flliz IOlli2r.

Since ©|yp, = 0, the Poincaré’s inequality holds and || V ©|| 12(p) < ¢d~2||F||2(py. The result

follows from another application of the Poincaré’s inequality. U

Using Lemmas 2 and 3, we obtain an estimate for the solutions of (19).

Corollary 5. Assume that Uy, k € N, solve (19). Then

HUQkHHl(p) < cd /2,

We next estimate the residue r = u® — (o + §21). We first note that
—52 div [g(%’) Y’l“:| — &33(%)8337“ = 54&33(%)833’&4 in P,
or

— =0 on 0P4, r=—6%, ondPy.
on

The following result holds.

Theorem 6. Let r as above. Then there exists a constant ¢ such that

(23) ||7’||H1(p) S 053/2.

Proof. From Lemmas 4, 2, and 3, it follows that
7|21 Py < (672167 tha]lwroe (py + 67216 a(2) Dsstial o)) < €672,

and then the result holds. O
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The following result presents an estimate for the difference between u° and the first term

of the asymptotic expansion.

Corollary 7. Let u’ be the solution of (1), and ¢, be the solution of (17). Then

[u? = Collmri(py < c6*2.

Proof. Adding and subtracting 4?42, and using (20) and (23), we gather that

U —Qoflgy(p) > || — (Go Uz H(P) (2 HY(P) = C co.
lu® = Gollzrpy < llw® = (Go + %)l ey + 0 izl 111y < 0% + €6

To estimate the modeling error, we need the following result [1].

Lemma 8. Let w; € H(Q2) be the solution of (5). Then

w1 || 1) < o'/,

Remark. 1t is also possible to show the above result by modifying the proofs of Lemmas 4
and 3.

From Lemma 8, we have that ||0Z3w || mi(p) < c6*/%. Let
a(6)(2) = @’ (x) = Co() + Ezun (L)
Thus
15(6) — u(®) ) < 155) — Goll -+ [14(8) — Goll iy < 062 + 82 < a2

Thus, we can finally conclude the convergence of our continuous plate model with respect

to the plate thickness.

Theorem 9. Let u(0) be the solution for (6) and u(0) the model solution. Then there exists

an 0-independent constant such that
[(8) = u(@)l ) < 5.

Remark. Although the estimate of Theorem 9 requires the coefficients to be unduly smooth,
a convergence result follows from [11, Theorem 1] (see also [5, Proposition A.1]), and assum-
ing (2) is sufficient then. However, using such result, the rate of convergence with respect

to ¢ does not come out naturally.
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4. MULTISCALE NUMERICAL SCHEMES

The plate problem we consider here has rough coefficients, and the reduced model inherits
such characteristic. Thus, although the PDEs in (4), (5) are much easier to solve than their
original three-dimensional counterparts, they still pose a tough computational challenge. In
fact, for highly heterogeneous materials, the coefficients g(-) and ags(-) can be oscillatory,
making the traditional finite element and difference methods almost useless. In (5) a new
difficulty arises since the PDE is singularly perturbed with respect to 4.

To overcome such troubles we employ two finite element methods of multiscale type. We
first briefly describe the Residual Free Bubbles (RFB) method [7,8,16,22], which consists in
enriching the usual finite element space of polynomials with bubbles, functions that vanish
on the border of each element.

Consider the second order elliptic problem
(24) Lu=f inQ, u=0 on 09,

where the differential operator £ is defined by one of the equations below:

2 3
Lv = —div [g(:g) Vo, Lv = —% div [g(g) V v] + 20as3(z)v,

~

cf. (4), (5). Let a: H}(2) x H}(2) — R be the bilinear form associated with (24).
Let 7, be a regular partition of €2 into finite elements K. Associated with such partition,

let Vi C H}(Q) be the space of continuous piecewise linear functions, and the bubble space
Ve ={v € Hy(Q): vlox =0 for all K € Ty,}.

The residual free bubble method consists in applying the Galerkin method in V; & Vp, i.e,

we search for uy + up, where uy € Vi, uy € Vi, and
(25) a(uy + up, vy +vp) = (f,v1 +vp), forall vy +v, € V) G V.

The basic idea now is to apply a static condensation trick and write u; in terms of u;.
Testing (25) with functions in V; only, we gather that u, = L7'f — £7'Luy, where £ :
L?(Q) — Vg is such that if v = L 1g, for g € L?(Q), then

Lv=g inK, v=0 onJK,
for all K € 7;,. Thus

(26) a(uy — L Luy,v) = (f,v1) —a(L7f,v1), forall vy € V4.
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In terms of finite element implementation, if {1;}X, is a basis of V;, where v; are the usual

piecewise linear functions, we define \; such that
,C)\Z:O in K, >\2:¢2 on OK.

Next, if u; = Zf\il u;1);, then

N
Za()‘i7¢j>ui:(f7¢j>_a(£;1f7wj)7 .]Ilva

=1

The other method that we used to discretize our model is the Multiscale Finite Element
Method (MsFEM) [18-20]. In its present form, the MsFEM consists in using the Galerkin
method with the subspace generated by functions {\;}%,. Actually, both methods are closely

related [22], and yield similar numerical results.

Remark. Regarding the oscillatory reaction-diffusion problem (5), an alternative would be
to proceed as in [17], and propose alternative boundary conditions for the multiscale base

functions.

Remark. The computational cost of finding the basis functions J\; is quite a drawback of both
RFB and MsFEM. Nevertheless, these methods are still cheaper than solving the original
PDE via traditional numerical schemes [20, Section 4.2], specially since the local problems can
be solved in parallel. Moreover, as reported in [20], the overall solution is rather insensitive
to the resolution of the basis functions. Of course, it is also possible to exploit eventual
periodicities of the coefficients and significantly reduce the amount of computation. For

instance, in the tests considered in Section 5, only one local problem had to be solved.

5. NUMERICAL TESTS

In the present section, we show some numerical results related to the problems (4), (5).
In particular, using multiscale schemes for the double parameter problem (4), we show
computational results that we believe are new in the literature.

We assume in (4), (5) that = (0,1) x(0,1), and a(-) = a(-)I, where [ is the 2 x 2 identity
matrix, and that ass(-) = a(-) are periodic with respect to z and y with periodicity €. In all
problems below we use a subgrid of 128 x 128 elements, and always choose the coarse mesh
size as a multiple of ¢, allowing considerable computational savings, as pointed out in the
last remark of Section 4. Furthermore, to check the accuracy of the methods we computed
“exact” solutions using overrefined meshes, since we do not have analytical expressions for
them.
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We use both the RFB and MsFEM to approximate (4). We assume

11
2 M
9°(z,0) + ¢’ (z, —6) = 20,

fz) =0,

a(ry, xq) = 3 sin(27me tay) cos(2me T ay) +

with € = 1/32. Note that with such choices for f° and g° the solution of (4) does not depend
on the value of §.

We start by showing how far the multiscale basis function departs from the traditional
linear function, plotting ¢ — A in Figure 1 for a fixed element K = [0,1/16] x [0, 1/16]. Then,
Figure 2 shows A, and Figure 3 shows its level curves. Next, Figure 4 displays the profile
at x = y of various approximate solutions and also an “exact” solution, obtained with the
aid of an overrefined mesh. It is possible to see then that the finite element method with
piecewise linear functions fails to deliver a good approximation.

We next consider € = 1/64 and consider the convergence of the methods in the range
e < h. Let
2+ psin (2retzy) 2+ sin (27 )
2+ pceos (2me~lzy) 2+ psin (2metay)’

9°(z,0) + ¢°(z, -0) = =20,

foz) =0,

a(xy, x9) =

for p = 1.8. We compare our the results in Figure 5 in the [? norm given by |lu ;@) =

1/2
(Zf\il uh(gi)zhz) . Such norm is equivalent to || - || L2() in Vi [6]. We again used a refined

mesh to find a well resolved approximation to the exact solution.
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FIGURE 3. Level curves for \.

usual looks.

the best of our knowledge, such method was never tested in this problem. Let

foz) =0,

9 11
a(xy, z2) = ass(wy, x2) = 5 sin(2me ' ap) cos(2me ) + —,

2
9°(z,—6) — ¢°(z,6) = 2,

13

Note that Galerkin with piecewise linear functions simply does not appear to converge
if ¢ < h, while the multiscale methods perform quite well within such range. Of course, if

h < e, the convergence curves for the Galerkin method with piecewise linears recover its

We next perform some numerical tests using the MsFEM in (5), again remarking that, to
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where ¢ = 1/32. For § = 107!, we show 1y — XA and X in Figures 6 and 7, for the local
problem in K = [0,1/16] x [0,1/16], with a rectangular submesh of 128 x 128 elements. In
Figure 8 we show the level curves of A. Observe the onset of strong boundary layers due to
the singular perturbed flavor of the problem.

Finally, in Figure 9, we compare “exact” and approximate solutions for wy+dw;, when § =
1073, The “exact” solution was again obtained using a refined mesh. Again the performance
of the MsFEM is good, while the traditional finite element method fails.
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Remark. The numerical results above are not related to the convergence result in Theorem 9.
Although numerical examples substantiating the approximation properties of our model
would be very interesting, that is certainly a daunting computational task. For the linearly

elastic problem, but with homogeneous materials, such endeavor was considered in [15]. See
also [14].
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6. APPENDIX

From its definition, @’(z, z3) solves

(27) / A) V' Vide = | f0 da_g+/ ¢°0,dx for all & € V;(P?).
ps oP3

=\~ = ps
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Using (3), where wo,w; € Hg(S2), and substituting o(z,z3) = vo(z) + vi(z)zs € Vi(P?),
in (27), we gather that

J.

= '~/ —

/P ,A@ Viwn(z) +wilg)es] - V(o) de = [ f(@)u(z) dz + /8 & @z dr,

A(w) Vo) + wi(@)as] - V()] dr = [ f (@) @asdr + /a @ e

for all vy, vy € H}(Q). Integrating with respect to z3,

1
25/9,@(%)?%(%)?%(1:) ng/Q/_Jf‘S(z)vo(g) dwsd:gjt/g[g‘s(g,é)+g‘5(£,—5)]vo(»z) da,

263
= a(z) Vuw Vo dz + 26
0

§
agg(g)wlvldgg:// fé(g,l’g)llﬁ'g’lll(%’)dl’gdg
QJ-s

Q

6 / [6(2.8) — ¢ (2, —8)|on () di.

and (4), (5) follow.
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