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ABSTRACT. Multiscale Problems are omnipresent in real world applications, and present a
challenge in terms of numerical approximations. Well-known examples include modeling of
plates and shells, composites, flow in porous media, among other examples.

The PDEs that model these problems are characterized by either the presence of a small
parameter in the equation (e.g., the viscosity of a turbulent flow), or in the domain itself
(as in shell problems). These PDEs are commonly denominated singular perturbed.

In this course, I plan to discuss the modeling of some singular perturbed PDEs. Mod-
eling here has two meanings. It can be in the sense of approximating the original PDE by
another PDE that’s easier to solve, as in plate and shell theory. It can also be in numerical
approximation point of view, where the final goal is to develop a numerical scheme that is
robust, i.e., that works well for a wide range of parameters.

The techniques involved will be introduced by means of examples. In all cases discussed,
we shall derive modeling error estimates by means of asymptotic analysis. The problems
I plan to describe are the Reaction—Diffusion Equation, Problem in domain with Rough
Boundaries (think of a golf ball), and Plate problems. If time permits, I'll describe new
techniques just developed to deal with PDEs with oscillating coefficients.

References: There’s no single book I'll follow. Some basic references follow:

o Numerical Methods Singularly Perturbed Differential Equations, Roos, Stynes, Tobiska
e An introduction to Homogenization, Doina Cioranescu e Patrizia Donato
o Asymptotic analysis of fields in multi-structures, Vladimir Kozlov, Vladimir Maz’ya,
Alexander Movchan.
e Mathematical elasticity Vol 2: theory of plates Ciarlet.
e Perturbation methods in applied mathematics, Kevorkian J., Cole J.D.
Also, some modern papers dealing with the topic will be refereed to whenever necessary.

Pre-requisites: I'll assume basic knowledge of analysis and Finite Element Methods.
The main tools will be developed as the course goes.

Web Site: http://www.Incc.br/~alm/cursos/multiescala04.html
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CHAPTER 1

Notacao e Material Introdutdrio

Neste texto assumimos que €2 € R? onde d € N, é um aberto limitado cuja fronteira 9
seja de Lipschitz. Dois exemplos tipicos sao no caso de dominios com fronteiras suaves ou
poligonais. Dominios cujas fronteiras tenham formato de cispide (mesmo localmente) nao
sao de Lipschitz.

Definimos L?(Q2) como 0 espa(;o das funcgoes quadrado integraveis em {2, no sentido de
Lebesgue, e denotamos por (-, +)p o produto interno em L?(D) onde D C €, i.e.,

ng—/f r)dz para f,g € L3(D).

Simplificamos a notacao escrevendo (+,-) quando D = €.
Dado entdo €2, o espago de Sobolev H*(Q2) C L*(Q) ¢ o conjunto de fungoes com k
derivadas fracas em L?(2). Neste espago definimos a semi-norma e norma

1 8’“1} 2 1/2 k \ 1/2
o= ([ () @) lolha = (o)
=0

Definimos também H} (), o espago de fungoes em H'(€) que se anulam na fronteira 95.






CHAPTER 2

One dimensional Singular Perturbed Problem

In this chapter, we introduce a singular perturbed problem and a numerical difficulty
associate with its discretization.

2.1. Advection—Diffusion with constant coefficients

2.1.1. Problem description and a finite element discretization. Consider the
following boundary value problem:
d*u¢ duc )
(2.1.1) —eoy t - =0 in(01)
u(0) =1, wu(l) =0,

where € is a positive real number. It is convenient to assume that ¢ < 1. The exact solution
is simply

el — 1
el/le —1°
The function plots for e = 1, ¢ = 0.1, and € = 0.01 follow in figures 1, 2, and 3. It is clear
that when e approaches zero, there is the onset of a boundary layer close to = 1. This is
also highlighted by the following fact:

limlimuf(z) =0 # 1 = limlim u®(z).

e—0 z—1 z—1 e—0

<l <l

u(x) =1-—
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FIGURE 1. Exact solution for e = 1
3
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FiGURE 2. Exact solution for e = 0.1
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FIGURE 3. Exact solution for € = 0.01

Let’s proceed with a straightforward Galerkin discretization of (2.1.1) using finite element
method. We first rewrite (2.1.1) in a weak form, i.e, the exact solution

u* eV ={veH(0,1):v(0)=1and v(1) =0},
satisfies
duc d b dus
(2.1.2) a(uf,v) = 6/0 dl; d—;dx —i—/o dljc vdr =0 forall v € Hj(0,1).

We introduce now a discretization of the domain (0, 1) into finite elements by defining
the nodal points 0 = 2y < 21 < -+ < xy41 = 1, where z; = j/(N +1). The mesh parameter
h =1/(N +1). Next, we define the finite dimensional V* C V| where

Vh = {Uh €V : v"is linear in (z;_1,7;) for j=1,...,N + 1}.
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FiGURE 4. Typical piecewise linear function

We say that V" is a space of piecewise linear functions. A typical function of V" is depicted
in figure 4. We finally define

Vo= {v" € Hy(0,1) : v" is piecewise linear}.
The finite element approximation to u¢ is " € V" such that
(2.1.3) a(u",v) =0 forallv e V.

OBSERVACAO. Note that u" depends on €, although this is not explicitly indicated in the
notation.

For a uniform mesh, as described above, with A = 1/16 the numerical solution for e = 1
is as in figure 5. On the other hand, with the same mesh, the numerical solution for e = 0.01
is as in figure 6. For a more refined mesh, h = 1/32, the numerical solution is less oscillatory,
but still unsatisfactory, as in figure 7. Eventually, reducing even further the mesh size, the
Galerkin approximation will look fine in the “picture norm.”!

2.1.2. So, what goes wrong? To better understand, or, at least, have a feeling of what
goes wrong, we develop an error analysis for this problem. We use the convenient convention
that the constants that appear in our estimates are independent of the parameters ¢ and h,
unless explicitly indicated. These constants are generally denoted by C.

We first investigate the “continuity” of the bilinear form a(-,-). In fact, it follows from
its definition that

(2.1.4) a(u,v) < Cllulliomllvl01 for all u,v € Hy(0,1).

No, picture norm is not something one can define. What I mean is simply that the solution “looks”
good.
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FIGURE 5. Galerkin approximation for e = 1 and h = 1/16
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FIGURE 6. Galerkin approximation for e = 0.01 and h = 1/16

The problem starts when we try to derive the coercivity estimate:
Ldv\? L dv Ldv\?
(2.1.5) a(v,v) :e/o (%> dm+/0 %vdx:e/o (%> dr > CeHvHi(OJ)
for all v € Hy(0,1),

since integration by parts yields fol(dv Jdz)vdx = 0, forv € H}(0,1). We also used Poincaré’s
inequality at the last step.
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FIGURE 7. Galerkin approximation for e = 0.01 and h = 1/32

We are ready to derive error estimates. Using (2.1.5), and then (2.1.4), we gather that:

(2.1.6) |ju — uh||i(0,1) < Ceta(u® —ul u —u") = Cela(u —u, uf —o")
< Ce M lu — w10 Ju — v"|l1, 01y for all v € V™.
Using standard interpolation estimates, we have that
Ju€ = I"u |1 0,1) < hlufla 0y,
where ["u¢ is the interpolator of u¢. Making v" = I"u¢ in (2.1.6), we conclude that
(2.1.7) Juf — u[|1 0,1y < Ce  h|u|m2(0.1)-

We stop now to try interpret the error estimate we just obtained. First of all, there is
convergence in h. Indeed, for a fixed €, the error goes to zero as the mesh size goes to zero.
The problem is that the convergence in A is not uniform in e. Hence, for € small, unless
the mesh size is very small, the H'(0, 1) norm error estimate becomes large. The estimate is
even worse than one can think at first glance, since |u¢|y 0,1y = O(e=*/?). This makes (2.1.7)
and the traditional Galerkin method almost useless.
Another way to look at this problem is by first noticing that we would like to have
limu" = limu = 1.
e—0 e—0
After all, it would be just perfect to have a method that converges (with €) to the correct
solution for a fized mesh. This is not happening. Indeed, looking at the matricial problem
coming from (2.1.3), it is matter of computation to show that [39]

€ 1
(218) —E(Uﬂ_l - 2Uj + Uj_l) + ﬁ
where u; = u"(z;). Assume N even. If € < 1, then u;;; &~ u;_;. This, and the boundary
conditions originate the oscillatory behavior of the approximate solution. See figure 8.

(Uj+1 - Uj—l) == O, Ug = ]_, UN+1 = 0,
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FIGURE 8. Numerical and exact solutions for ¢ = 107° and N = 16
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FIGURE 9. Finite difference approximation for e = 0.0001 and h = 1/15

OBSERVAGAO. Note that although we used a finite element scheme to derive (2.1.8), this
scheme is also a finite difference scheme which uses a central difference approximation for
the convective term du/dzx. The more naive finite difference approximation

€ 1

—F(Uj_;_l — 2Uj + Uj_1> + E

yields in fact a better result. See figure (9). In fact, for this scheme, u; = u;_;, as € goes to
zero. Since ug = 1, it holds that u; = 1 in the € — 0 limit:

(Uj - Uj_1> = 0, Uy = 1, UN+1 = O,

lg%uh(xj) = lg%ue(xj) =1, forj=1,...,N.

The behavior we described above is typical in singular perturbed PDEs, where the onset
of boundary layers is a common phenomenon. But this is not all that can happen. For
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instance, in plate models, in particular for the Reissner-Mindlin equation, as the plate
thickness goes to zero (that is the small parameter in this case), numerical “locking” occurs,
i.e., if a careless method is used, the computed solution goes to zero (a wrong limit). In due
time we shall explain why this happens. ...

Several numerical methods try to somehow overcome these and other difficulties related to
asymptotic limits. Some methods perform well for a certain asymptotic range, for instance
by assuming ¢ < 1. Some other methods try to be performing for a broader range of
parameters. See for instance [15], [26], [37], [51].

Looking at these difficulties (and their corresponding solutions!) it becomes more clear
that it is important to have a full understanding of the solution’s behavior. This is useful not
only to help designing new numerical methods, but also to analise and estimate old ones. A
valuable analysis tool is the method of matching asymptotics, where the exact solution for a
given singular perturbed PDE is expressed in terms of a (formal) power series with respect
to a small parameter.

In the example we are considering in this section, the asymptotic expansion is trivial.
Indeed the exact solution

E eole 1
is the sum of a “regular function” (the unit function in this case), plus a “boundary layer”
term. The regular part is independent of €, and the boundary layer term, also called “bound-
ary corrector”, depends on € only through x/e, and becomes exponentially small in the
interior of the domain. This is a typical behavior of singular perturbed problems.

We shall explain how an asymtotic expansion can be developed by looking at a simple,
still one-dimensional, example.

2.2. A singular perturbed general second order ODE

Consider the differential operator

C . d?u’ du® .
LU = —e 72 + b(z) o + c(z)us,
and the problem
(2.2.1) Lu = f in (0,1),
(2.2.2) u(0) = u(1) = 0.

We assume that b, ¢, and f are smooth functions, and that b is always positive.

In 2.2.1 we shall develop asymptotic expansion for u¢, and in 2.2.2 we show error esti-
mates. Then, in 2.2.3, we shall make some comments about what can happen if b vanishes
at a particular point. This is the “turning point problem.”

2.2.1. Formal development of the asymptotic expansion. In this subsection, we
follow the outline of [51]. Consider the series

(2.2.3) u’ + eu' + Eu? + .
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and formally substitute it in (2.2.1). Then

d*u’ du? )
I + b(w)% + c(x)u ) +...

b(m)% +c(z)u’ + € (—

S dPu! du’ ;
+e (— e + b(x) o —i—c(x)u) +-- =1

Comparing the different powers of €, it is natural to require that

d2u0 £0 ; d2uz‘—1
de,..., U—W,...,

(2.2.4) LOW0 = f, 00! =

where £°v = b(z)dv/dx + c(x)v.
From (2.2.2), it would be natural to impose u*(0) = u’(1) = 0. However, the equations
in (2.2.4) are of first order, and only one boundary condition is to be imposed. We set then

u'(0) = 0.
We correct this discrepancy by introducing the boundary corrector U. We would like to have
LU=0, UW0)=0, U@1)=u’(1)+eu(1)+ u(1)+...

Note that if we make the change of coordinates p = e (1 — z), and set U(p) = U(1 — €p),
then

A~

22U
dp?

(9) = b1 = 0) g (5) + ce1 = )U(3) =

U0) = (1) + eu' (1) + €u?(1) + . ...
Going one step further, we develop the Taylor expansions

) _db 2% d%b

R dc €2p? d*c
c(1—e€p)=c(1) — ep%(l) + T@(l) —

Finally, assuming the asymptotic expansion
UN[AJO—i—eUl—i—eQUQ—F...,
we gather that

d20° dUo
——— —b(1)—— =0,
dp? dp

U°(0) = u°(1).

Noting that we need another boundary condition for U, we try to ensure a “local behavior”
for U° by imposing
lim U°(p) = 0.

p—0o0

Hence, U%(p) = u(1) exp(—b(1)p).
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Similarly,
d*U" dU" b, dU° A
— —b(1 =—p—(1 —c(1)U°
07 ()dp pdx()dﬁ (U,
UN0)=u'(1),  lim U'(p) =0,
p—00
etce.
So, putting everything together, we have that
(2.2.5)

u(x) ~ ul(z)+eu (2)+eud(x)+- - - —U%e (1—x))—eUl (e (1—2))— U (e (1—2))—. . ..

By construction, the above infinite power series formally solves the ODE (2.2.1). We did not
make any comment regarding convergence of the above expansion. Actually, what we will
prove is that a truncated expansion approximates well the exact solution.

OBSERVAGAO. Note that each term u’ in the series (2.2.5) is independent of €. Each
boundary corrector terms U® depends on e but only up to a change of coordinates.

OBSERVACAO. Note that the U® does not satisfy the boundary condition at z = 0, but
for € small enough, this error is exponentially small.

2.2.2. Truncation Error analysis. We start by developing here an analysis quite
similar to that of Subsection 2.1.2. We assume that b(z) > by > 0 and 2¢ — db/dxz > 0. Let

Y du dv U du !
a(u,v)—e/o @%dx—l—/o b%vd:v—k/o cuv dx

To obtain a coercivity estimate, first note that

Ldv\? U odv .
a(v,v)—e/o (%> dw+/0 b%vdx—l—/o clv|* dx

Integrating by parts yields

1 1 [
/0 bj—ivdw = —5/0 %MQ dx for all v € Hy(0,1).

Thus,

L/ do\ 2 1 1db L dv\?
(2.2.6) a(v,v) = e/ (é) dm+/ (C— §%)|v|2 dr > 6/ (é) dx > CGH”H%,(O,D
0 0 0

for all v € Hj(0,1).
We again used Poincaré’s inequality at the last estimate.
LEMA 2.2.1. If L v = f weakly, and v € H}(0, 1), then
[v]l01) < Ce M fll-100)-
PROOF. From (2.2.6), we conclude that
[0[IF 0,1) < CeMa(v,v) = Ce™H(f,v) < Ce [ fll-r 0 llvlh, 0.0,
where (-, -) denotes the L?(0, 1) inner product. O
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COROLARIO 2.2.2. If w € H'(0,1) is the weak solution of
Lw = f, w(0) = wp, w(l) =wy,
then

1,0,1) < C€_1<||f||71,(0,1) + |wo| + |UJ1|)-

PROOF. Let wy. be such that wy.(0) = wo, and wye(1) = wy, with [Jwpel|1,0,1) < C’(|wo| +

lwi|). Then Lemma 2.2.1 with v = w — wy, yields the result. O

[[]

With the aid of Corollary 2.2.2, we are ready to estimate how well the asymptotic ex-
pansion approximates the exact solution of (2.2.1)—(2.2.2). Let

(2.2.7) en(z) = u(x) — ' e () + Z EU (e M1 — 1)),

From its construction, ey € H'(0,1), and

d2 N N o
(2.2.8) Loey = ENHd—ZQ, ex(0) =Y€U), en(l)=0.
1=0

Note that by construction, for each integers ¢ and k, there exist a constant C, also depend-
ing on arbitrarily high Sobolev norms of f but e-independent, and another e-independent
positive constant a such that

(2.2.9) [u' ko) < C U'(p) < Cexp(—ap).

Using now Corollary 2.2.2, equation (2.2.8), and estimate (2.2.9), we gather that there
exists a constant C' such that

el < CeY.

This estimate is not sharp. We improve it by adding and subtracting the (N + 1)th term of
the expansion:

Lo+ llen —eniallion < CeN T2

lenll1,01) < llen+a

Estimates in other norms can be obtained in a similar fashion:

H€N||o,(0,1) < H€N+1||1,(0,1) + |len — €N+1H0,(0,1) < OVt

We obtained then the following important result.

TEOREMA 2.2.3. Let u® be the solution of the ODE (2.2.1), and let ex be as in (2.2.7).
Then, for every nonnegative integer N, there exists a constant C' such that

len |01y < CeNTH2, lenlo 0,1y < CeVTL
The constant C' might depend on N, and on Sobolev norms of f, b, and ¢, but not on €.

OBSERVAGAO. Theorem 2.2.3 does not imply convergence of the power series as N goes
to infinity, since the constants that appear in the right hand side of the estimates depend
on N. What the theorem provides is a convergence in ¢, i.e., if € is quite small, then the
asymptotic expansion truncation error gets small.
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To derive estimates in higher order norms, it is enough to gather from (2.2.8) and the
definition of L that
len ko, < € e lli-10.-
Hence, by induction we have that

llen ko1 < CeN 2k,

OBSERVACAO. The asymptotic rule of the thumb works quite well: the error estimates
present in Theorem 2.2.3 are of the same order as the terms left out of the truncated asymp-
totic expansion.

2.2.3. Problems with “turning point”. Here, we again follow the outline of [51].
Consider the problem

(2.2.10) —ecf;g + xb(az)ajg +e(x)u=f in (—1,1),
(2.2.11) wS(—1) = uf(1) = 0.

We assume that b(x) # 0, c(x) > 0, and ¢(0) # 0.
From what we have seen, if b(x) is positive, then zb(z) < 0 at = —1, and zb(x) > 0 at

x = 1. Hence we can expect boundary layers at —1 and 1. The reduced problem is

d 0

xb(x)% +e(z)u’ = f in (—=1,1),

no further boundary conditions are necessary. Indeed, since ¢(0) # 0, then u°(0) = f(0)/c(0).
An example is given by

du’

0 .
—_— =2 —-1,1).
xdxjtu x in (—=1,1)

The solution is simply u° = z.
If however b is negative, then the boundary layers occur at x = 0 only! In this case, the
reduced problem splits in two:

du’ 0_ ¢ 0 _
xb(x)% +c(z)u’ = f in (—1,0), u'(—1) =0,
0
xb(x)cfl—x +c(x)u’ = f in (0,1), u’(1) = 0.

Note from the above equations that u° is continuous, since we still have u°(0) = f(0)/c(0).
An interesting example is given by the problem

duo 0 k-
2. rb— +cu’ =bx” in (—1,1),
(2.2.12) b+ b (—1,1)
X

where b < 0 and ¢ > 0 are constants. The exact solution is

u%@:{#ﬂwﬁ—um it A Ak,

2¥In|x| otherwise,

where A = —c¢/b. See figures 10, 11.
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FIGURE 10. Exact solution of (2.2.12) for k=X =1
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FIGURE 11. Exact solution of (2.2.12) for k =1 and A =2

One last point for discussion is if ¢(0) = 0. Then u° might be discontinuous, and u¢ has
an interior boundary layer. We are still assuming that b is non-negative. For instance,

du®
T— =z

dz
with homogeneous boundary conditions has as solution

WO(r) = —1—2z forx e (—1,0),
1—xz forze(0,1).



CHAPTER 3

Asymptotic Analysis for Two Dimensional Reaction—Diffusion
Equation

We now investigate two-dimensional domains, and consider a reaction—diffusion problem.
We first develop an asymptotic expansion for the solution, and this time we show how to
deal with the boundary layer in a two-dimensional problem. This will be important to devise
efficient numerical methods.

3.1. Asymptotic Expansion
Consider the singuar perturbed Reaction—Diffusion problem

L =—EAu+u=f inQ,

3.1.1
( ) u=0 on 09,

where (2 is a smooth two-dimensional bounded domain, and € is a positive constant. Also
assume that f is smooth.
Consider the series
u + Eu? +tut

and formally substitute it in (3.1.1). Then

Wt E(— AU ) 4t @ (= AP ) =
By comparing the different powers of ¢, it is natural to require that
(3.1.2) W =f, wr=Ad, .., WP =AU

Since the u’ are already well-defined, we cannot impose the zero Dirichlet boundary
condition. We again correct this by introducing boundary correctors. We would like to have

(3.1.3) LU =0, inQ, U=u’+eu?+eu*+... ondQ,
and formally expand
(3.1.4) U~U'+eUr +EU% + ...

Motivated by the one-dimensional problem, we expect the boundary correctors to have
only a “local” influence, and we introduce for that purpose boundary-fitted coordinates. We
digress now to introduce these coordinates, following the notation of Chen [16]. Suppose

that 0Q is arc-length parametrized by z(0) = (X (0),Y(0)). Let s = (X", Y'), n = (Y, - X')
denote the tangent and the outward normal of 0€2, and define the sub-domain €, C €,
Qb:{z—pn : zE@Q7O<p<p0},
15
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F1GURE 1. Boundary-fitted coordinates

where py is a positive number smaller than the minimum radius of curvature of 9Q2. With L
denoting the arc-length of OS2, then

x: (0,p0) X R/L — O,
where
x(p,0) = z(0) — pn(0),
is a diffeomorphism. See figure 1 (based on a figure by Arnold and Falk [4]).

OBSERVACAO. The smoothness of the domain is important here. In particular for a
polygon, the transformation above is not a diffeomorphism.

By differentiating |z'| = 1, it follows that z’ is orthogonal to z”. We define s as the
curvature of Q2 by the formula z” = —xkn. We also gather the identity

(3.1.5) k() =—(z" x2') - e3=-Y'X"+ X'Y"
Note then that
_Y/ X/ _ pY//
D= (0% ) = (n() 20) = m®) = (3 3200,

and using (3.1.5), and p < po, we obtain that det D, gx = 1 — px > 0. Inverting the above
matrix, we have that

D p _ VZP _ l Y’ — pX// X/ — pyl/
X 9 vz 9 J X/ Y/ )
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where J(p,0) =1 — pr(#). Hence,

1 1
Vxp= —5n- gz” = j(_l + prk)n = —n.
Also,
Vil = 1s
X - J .

Finally, the change of coordinates yields
Oaf = 09 f00 + 0, fOup, fora =1, 2,

for an arbitrary function f.
The expression for the Laplacian in these new coordinates follows:

K

1 /
“0,U + 500U + S50

(3.1.6) (On1 + 022)U = 0,,U — 72 J3

=0, U +>_ 07 (a]0,U + al0peU + a§dyU) ,
j=0

where we formally replace each coefficient with its respective Taylor expansion [3], and

A= O @ =G+ 0RO. o =L D)

Defining the new variable p = e !p and using the same name for functions different only up
to this change of coordinates, we have from (3.1.6) that

(317) (811 + (922)U = 6728,315[] + Z(G,ﬁ)J (CL{EilaﬁU + agaggU + aéagU) .

J=0

Aiming to solve (3.1.3) we formally use (3.1.4) and (3.1.7), collect together terms with
same order of € and for k£ > 2, pose the following sequence of problems parametrized by 6:

—8,;,;Uk+Uk:Fk in R+,
U*0,0) = u*(0,0),
with the convention that u* = 0 for k odd, and

FD = 0, F1 = (Z(l)aéUO,

(3.1.8)

k—1 k—2
F, = Z ﬁja{(‘?ﬁU’“’j’l + Zﬁ] (agaggUkiji2 -+ ag(?gUk’j’2) , for k> 2.
j=0 =0
With the boundary layer terms defined, we gather that the asymptotic expansion is given
by
(3.1.9) uf(x) ~ u’(x) + uP(x) + tut(x) + ...
—X(P)[U°(¢p, 0) + €Ul (e p, 0) + U (e 'p,0) + ... ],

where y is a smooth cutoff function identically one if 0 < p < py/3 and identically zero if
p > 2po/3.
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OBSERVACAO. The presence of a cutoff function is essential, since the boundary fitted
coordinates are only defined in a neighborhood of 9€). Since the boundary correctors decay
exponentially to zero, the cutoff functions will introduce only a exponentially small, thus
negligible, error.

3.2. Error Estimates for the Asymptotic Expansion

Here we estimate how close a truncated asymptotic expansion approximates the exact
solution. We shall assume that C' is a constant that might depend on the domain, and the
right hand side f.

We first estimate the boundary correctors. For every s and positive integer i, there exist
e-independent constants C' and « such that

(3.2.1) [u*so < C. U (P)] +10;U°(p)] < C exp(—ap).

Although (3.1.9) is a formal expansion, a rigorous error estimate shows that the difference
between the exact solution and a truncated asymptotic expansion is of the same order of the
first term omitted in the expansion. In fact, define

(3.2.2) ean(x) = u(x) — Z ik (x) + x(p) Z FU* (e p, 0).
k=0 k=0

In the theorem below we bound the H'(€) norm of eqy.

TEOREMA 3.2.1. For any positive integer N, there exists a constant C' such that the
difference between the truncated asymptotic expansion and the original solution measured in
the original domain is bounded as follows:

(3.2.3) lean |l q < CENTY2,

Before we prove Theorem 3.2.1, we develop some other estimates. For instance, in the
L?(9) norm, we have from the triangle inequality that

llean |l r2) < lleans2llie + [leans2 — eanllog-

Since
(3.2.4)
(eans2 — ean)(x) = =N Ix(p) UM (e p, 0) + V2 [PV 2 (x) — x () U2 (e p, 0)],

we conclude that
0.0 = O(€2N+3/2),

lean
for N nonnegative.

Using similar arguments, it is possible to compute interior estimates, which achieve better
convergence in regions “far away” from the lateral boundary of the plate. The reason for the
improvement in such subdomains is that the influence of the boundary layer is negligible.
The table below presents these interior and various other error estimates. We assume that
f is a sufficiently smooth function and we show only the order of the norms with respect to
e. “BL” stands for “Boundary Layer” and the “Relative Error” column presents the norm
of esn divided by the norm of uf. In parentheses are the interior estimates, when these are
better than the global estimates.

The remainder of this section contains a proof of Theorem 3.2.1.
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TABLE 1. Order with respect to € of the exact solution, the first term of
the boundary layer expansion, and the difference between the solution and a
truncated asymptotic expansion in various norms.

noriu u BL | ean, N >0 | Relative Error
- llog 1 €l/2 | @NH3/2(2N+2) | 2N+3/2(2N+2)
Hap . HQQ 6—1/2(1) e1/2 €2N+1/2(€2N+2> €2N+1(€2N+2)
16 - [lo.2 1 €l/2 | 2N+3/2(2N+2) | (2N+3/2(2N+2)
I 1o 6—1/2(1) e 1/2 62N+1/2(€2N+2> 62N+1(62N+2)

DEFINIGAO 3.2.2. Set
2N

Uy (x Z FuP(x), Uwn(x) =) UM 'p,0).

k=0
Some results regarding the boundary layer terms are collected below.

LEMA 3.2.3. For any positive integer IV, there exists positive constants C' and « such
that

(3.2.5) e 2|X Uan o + €2|X' V Usn |lo.o < Cexp(—ae™).
Also, for all v € H}(Q),

(3.2.6) < CeN||v|1q-

/ 62 \Y% UQN : V(XU) + UQNX’U dx
Q

PrOOF. Changing to (p, ) coordinates, we gather that
L rpo
XUl = [ (U ax= [ " (U)ol dpat
o 0

2p0/3
< C’/ / [Usn(p,)]> dpdf < Ceexp(—ae™),
po/3

where we also used the definition of y, and (3.2.1). The other inequality in (3.2.5) follow
from similar arguments. To see that (3.2. 6) holds first rewrite (3.1.6) as a finite series,

using Taylor expansion with remainders. Then the result follows from the definition of Usy,
(3.1.8), and (3.2.1). OJ

PROOF (OF THEOREM 3.2.1). Let v € Hj(Q). If we define
E(2N,v) = / EV(u —uyy) - Vo + (uf — ugy)v dx,
Q

then, by construction of the asymptotic expansion, we have

N
E(QN,U):/fvdx—Ze%/(EQVu2k-Vv+u2kv)dx:—62N+2/VU2N-Vvdx,
Q o Q Q
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and we conclude that
(3.2.7) |[E(2N,v)| < 062N+2||UH1’Q.

We also have

/ V(xUsn) - Vo=V Uy - V(xv)dx
Q

< (IX'Uanllog + X'V Uanllog) [v]11.0-
Hence, by Lemma 3.2.3

(3.2.8) / (€2 V(xUsn) - Vv + xUsyv] dx| < Ce*N||v]l10-
Q

Finally, since esn vanishes on 0f2,
(329) 62”62]\[”%:9 = 62/ | VB2N|2 + (62]\[)2 dx
Q

< E(2N,ean) + / (€2 V(xUan) - V ean + xUsnean ] dx < Ce*N|lean |10,
%

from (3.2.7) and (3.2.8). The estimate (3.2.9) is not sharp yet, so we use the triangle
inequality:
lesyllie < lleania — eanllin + O(eN )

and then the result follows from (3.2.4). O]

)

3.3. Estimates for Non Smooth Domain

We consider now estimates for problem (3.1.1) when the domain € is not necessarily
smooth, for example, if €2 is polygonal.
We shall need the following interpolation inequality:

(3.3.1) 9l ene < Nglia Il uns s >0, w>v>0.

Furthermore, for g € L2(), let A~'g be the unique function in H2(Q) N H*(Q) whose
Laplacian is equal to g. Then

(3.3.2) CH A gllsrz0 < llgllse < CIAT glliran, 520,

See [3] for further details.
From [2], we have the following result. We reproduce here the proof, in some detail.

LEMA 3.3.1. Let f € H'(Q), and u be the solution of (3.1.1). Then there exists a
constant that might depend on () such that

eI Vaullso+llu—flga < Clelfllgon + €lIfIIE0)-

Proor. Multiplying the differential equation by — A u, and integrating by parts yields

ou
el dulfo+ | Vulfo= [ V7 Vuix- [ folds
Q a0 On
Note that using the trace inequality, and (3.3.1) with u = 1, v = 1/2, and s = 1, we find

that

ou 172 1/2
15, oo < llullsjza < Julliglula.
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Hence,

ou _
_Hg,ag < C(ﬁ 1”“”%9 + EHUHSQ)

e
So, for any d; > 0,

ou ou B
[ 5mas < Ifloanllgeloon < Cae™ I Ban + il G

< Csie 1500 + Cor(llulli o + €llullz0) < Coe M Ifll6.00 + Cor(llulio + €l Aullq),

where the norm equivalence (3.3.2) was used in the last inequality above. Similarly, for any
09 > 0,

ou

|91 Vudx < flallulla < Calf o + Sllulio
It follows from thesé2 estimates, and careful choices of d; and d5 that
EllAulga + 1| Vullga < CE I flI5a0 + 111 0)-
We finally multiply the above inequality by €2, and use that
ENu=u—f
to conclude the proof. 0
Hence, if f € H'(2), the solution u converges to f in L*(2) as € — 0.







CHAPTER 4

Finite Element Approximations for Reaction—Diffusion Equation

Apresentamos aqui um método de elementos finitos multiescala recentemente proposto
para tratar problemas do tipo reagao-difusao singularmente perturbados [27]. O espaco usual
de elementos finitos de fungoes polinomiais por partes é enriquecido com funcoes multiescala,
solugoes locais do problema original, como no método Residual Free Bubble (RFB), mas néao
ha mais a exigéncia que estas funcoes se anulem no bordo de cada elemento, uma mudanca
em relagao ao RFB. Ha aqui forte semelhanca com enriquecimento via fungoes bolha como
no RFB, mas aqui as fungoes de enriquecimento nao sao bolhas. Estas fungoes multiescala
sao calculadas analiticamente para triangulos e quadrados. Bubbles are the choice for the
test functions allowing static condensation, thus the method is of Petrov—Galerkin type. We
perform several numerical validations which confirm the good performance of the method.

O método ¢é derivado formalmente, e a performance do método ¢ ilustrada por testes
numéricos. In Section 4.2, we propose a new scheme that performs well for all range as the
small parameter of the problem approaches zero.

In Section 3 approximations of the solution for the trial enrichment at the element level
are discussed, and next, in Section 4, we perform numerical tests.

4.1. Introduction

Como vimos no caso unidimensional do Capitulo, 2, métodos numéricos podem apresentar
sérias limitacoes para aproximar de forma adequada problemas singularmente perturbados.
Considere por exemplo a equacao de reagao-difusao singularmente perturbada dada por

Ly = f in Q,

(4.1.1) u=0 on 0,

onde
L= —EAu+u
e 2 is a two-dimensional bounded, Lipschitz domain, € is a positive constant, and f € L*(Q).
The usual weak formulation of problem (4.1.1) consists on finding u € H} () such that

(4.1.2) a(u,v) = (f,v), for all vin H}(£2),
where the bilinear form a : H}(Q) x H}(Q2) — R is given by
(4.1.3) a(u,v) = e(Vu,Vo)+ (u,v).

The weak problem (4.1.2) is well-posed thanks to the coercivity of the bounded bilinear form
a(+,-) over H}(2) and the Lax-Milgram Theorem.

In what follows, we consider a partition 7, = {K;} of Q into elementos triangulares ou
quadrangulares. Some usual restrictions apply:

K,NK;=0 ifi#j,  UenK; =9,
23
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FiGURE 1. Galerkin Solution for ¢ = 106

and for ¢ # j, the intersection 0K; N 0K is either a common edge or a vertex. We denote by
hy the diameter of K € 7j,, and we set h = maxgez, {hx}. Finally, let P'(Q), be the space
of continuous functions in €2 that are bilinear polynomials in each quadrilateral, and define
Py(Q2) = PY(Q) N Hy (D).

We briefly describe a Galerkin approximation for (4.1.1), and show a numerical result
displaying its limitations. Basically, the same phenomena that we described in Section 2.1
occurs. Since the error analysis is also similar, with the same shortcomings, we do not repeat
it here.

In the Galerkin formulation, we seek v € P}(Q), such that

a(u® ") = (f,0") for all " € B}(9).

We include an example to show how the Galerkin method fails to approximate boundary
layer, em malhas nao refinadas. Consider Q@ = (0,1) x (0,1), f = 1 with « = 0 on 9.
The Galerkin approximation for €2 = 107° is depicted in figure 1, e é notével a presenca de
oscilagoes espirias na vizinhancga da fronteira.

4.2. Toward Multiscale Functions: Enriching Finite Element Spaces

In this section we describe the work developed in [27]. The goal is to find a finite element
discretization for (4.1.1) that is stable and coarse mesh accurate for all . We use the approach
of enriching the finite element space. The idea is to add special functions to the usual
polynomial spaces to stabilize and improve accuracy of the Galerkin method. This goes along
the philosophy of the Residual Free Bubbles (RFB) method [10] (see also [13, 29, 30, 31]),
and actually extends it.

This method is based upon a Petrov—Galerkin formulation, i.e., the space of test functions
differs from the trial space. The space of test functions has piecewise polynomials plus
bubbles, but trial space is quite different.
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Consider
Ut = PHQ) @ B(Q),
as the trial space, where E*(£2) is yet to be defined. As the test space, we set
Py(Q) @ V7,
onde
VP ={vehl(Q) : v, € Hy(K)}
In our Petrov—Galerkin formulation, we seek u" = u' + u* € U", where u' € P}(Q) and

u* € E*(Q), and

(4.2.1) a(u” v") = (f,v") for all " € PH(R),
(4.2.2) a(u" v) = (f,v) forallve Hy(K)and all K € T.
Integrating by parts in (4.2.2), we conclude that for every K,

(4.2.3) Lu=f—Lu" in K.

The usual residual-free bubble formulation subjects u* to a homogeneous Dirichlet element
boundary condition, i.e., u* = 0 on 0K, for all elements K. Herein, we replace this condition
by a more sophisticated choice, based on ideas by Hou and Wu [34].

To determine u* uniquely, we impose the boundary conditions

Lok u* =R(f — Lu') ondK, if 0K ¢ 09,
u* =0 on all vertices of K,
where R is the trace operator, and we choose
(4.2.4) Lo v = —€045v + T,

where s denotes a variable that parametrizes 0K by arc-length. Note that the restriction of
f to K must be regular enough so that its trace on 0K makes sense. Henceforth, we assume
that f € PY(9).

The choice of (4.2.4) is ad hoc, and by no means unique. But it can be justified under the
light of asymptotic analysis. Indeed this is the equation satisfied by the boundary correctors,
in the direction of the boundary layers, see (3.1.8). Hence, we are enriching the space of
polynomials with functions that have the same behavior as the correctors. In some sense,
the polynomial part of the approximation (u' in our case) “captures” the smooth behavior
of the exact solution. The local, “multiscale behavior” is seen by the enrichment functions
(u* in our case), that adds its contribution to the final formulation, without making the
method expensive. In other words, it is possible to describe the multiscale characteristics of
a solution for a singular perturbed PDE, without having to resolve all the fine scales with a
refined mesh.

We can formally write the solution of (4.2.3)-(4.2.4) as

(4.2.5) u'=LN(f - Lru') € LX(Q), where L7 =) Xk L,
KeT

and g is the characteristic function of K. We finally set E*(Q) = £, P1().
Substituting (4.2.5) in (4.2.1), we gather that

(4.2.6) a((I — L7 Lo)ut, o) = (f,0") —a(L7 f,0")  for all v € PH(Q).
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Finally, u® = (I — £,;' L7)u' + £, f. Note nevertheless that, because of (4.2), u" = u' at
the nodal points, as in the usual polynomial Galerkin formulation.

OBSERVACAO. Note that our particular choice of test space allowed the static condensa-
tion procedure, i.e., we were able to write u* with respect to ' and f, as in (4.2.5).

The matrix formulation can be obtained as follows. Under the assumption that f €

PL(), we write
f= ij%‘, ut = ZU}%
jedJ j€Jo
where J and J; are the set of indexes of total and interior nodal points, {1, };e; form a basis
of P1(Q), and {¢;};es, form a basis of Pj(£2). Substituting in (4.2.5), we have that

(4.2.7) w =S L7 Loy =Y LI Loy,
jeJ j€Jo

where we used that

(4.2.8) Lr; =1
To write the variational formulation in an explicit form, it is convenient to define \; =
(I — L' L7)1;. Hence, (4.2.6) reads as

(429) Z CL()\j, I/JZ)U; = Z [<¢j7 ¢1) - a(E;l ¢j7 Q/JZ)] fj for all ¢ S J().

j€Jo jeJ
Using the definition of the bilinear form a(-,-), and (4.2.8), yields

(4.2.10) Y a(,du) =Y [(A i) — E(V by, Vi) + (VA V)] f; for all i € J.

j€Jo jedJ

Concrete computations of the matrix formulation follows.

4.3. Solving Local Problems

A core and troublesome issue in the present method is solving the local problems. From
its definition, \; solves

,C)\JZO iIlK,

(4.3.1) 1 on the jth vertice of 7,

Log N =0 0K, A=
oK o ! {0 on the other vertices of 7,

OBSERVAGAO. In fact, we have that Lok \; = Lok ; — L1p; on OK. Since we are
assuming that ¢, is bilinear over a rectangular mesh, we have that 1); is still linear over 0K.

Hence, Lok V; = ;.

If we take a particular node I € Jy, and look at all elements connected to this node,
then the equation (4.3.1) can be used to illustrate the nodal shape functions A;. We obtain
for e = 1, 107!, 1073, the shape functions )\;, depicted in figures 2 and 3. Note that as €
approaches zero, the usual pyramid is squeezed in its domain of influence in the neighborhood
around the node I. The functions plotted below were computed using the formulas described
in subsection 4.3.1.
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FiGURE 3. The function \ for 1073

Actually, the functions used to enrich the finite element space, i.e., the functions in E*(£2)
are as in Figures 4 and 5.

4.3.1. Rectangles. Consider now a rectangular straight mesh. Our goal is to find A;.
Without loss of generality, consider a rectangle K with vertices 1,--- ;4 at (0,0), (h,,0),

(hg, hy), and (0, hy). So, again without loss of generalization, we want to find A;. We have
that

(4.3.2) — AN+ A =0 in K.
On the side y = 0, we have that
—0pxM + A =0 for zin (0,1),
A1(0,0) =1, A (hg,0)=0.
Hence,
sinh(e7(z — hy))
sinh(eflhw)

(43.3) Ai(2,0) = po() =
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(4.3.4)

FIGURE 5. Enriching functions for €2 = 1073,

sinh (e (y — hy))

M(0,y) = py(y) == — sinh (e Thy)

Y

)\1<hmay) = )‘1(1.7 hy) = O
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We propose two simple closed forms for A\;, none of which satisfy (4.3.2)—(4.3.4) exactly.
If we set A\i(z,y) = pa(2)py(y), then (4.3.3)-(4.3.4) holds, but

—AN+2\ =0 in K,

thus (4.3.2) is not satisfied.
If we let

sinh(e_l\/g(a: — hy)) sinh(e_l\/g(y — hy))
Siﬂh(G_l\/gha;) Siﬂh(e_l\/ghy) |

then (4.3.2) holds, but the boundary conditions at the edges = 0 and y = 0 do not hold.

Al(may) =

4.3.2. Triangles. Consider now a triangular mesh. Let K be an element of the trian-
gulation 75, and Z an edge of its boundary 0K . We explicit the dependence of coefficients
7 in terms of the shape of elements K by setting

1
(4.3.5) 0=-—7>- foralliel,

(Vk1Z1)?
where the positive constant % is defined by

i (v N (00 Y .
(4.3.6) Vi = \/( pe K) + <0y |K) foralli e I.

OBSERVAQ/XQ We can identify the constant introduce in (4.3.6) in terms of the shape
of K by 2v% = |Z]/| K|, where Z denotes the corresponding edge of K opposed to the node
i. We note that % is of order hy' for all i € I and K € Tj,.

Thanks to (4.3.5) and (4.3.6) we are able to compute the analytical solution of (4.3.1).
Indeed, it is straightforward to check that

sinh (w%wxx,y))
sinh( L )
Vg

satisfies the boundary value problem (4.3.1).

(4.3.7) foralli eI,

OBSERVAGAO. The enriched basis functions (4.3.7) are discontinuous across element
edges since 7% varies a priori in each K € 7Tj,. Therefore, the method is nonconforming
in general, but we can recover the continuity and the conformity in the case of the value of
i is the same for all K € 7j,.

4.4. Outros Comentarios

Previous works, as [24], tried to find more stable and accurate formulations based on sta-
bilized methods, which are based on piecewise polynomials employed on modified variational
formulations. These modifications are additional perturbation terms involving stability pa-
rameters and are functions of residuals of the governing differential equation.

Partial justification of these ideas were made possible by relating them to the Galerkin
method using piecewise polynomials enriched with “bubble” functions [8, 11, 12]. For



30 4. FINITE ELEMENT APPROXIMATIONS FOR REACTION-DIFFUSION EQUATION

the sake of simplicity, consider at this point bubble functions as continuous within each
element and with zero value on the elements boundaries. The relation between these enriched
Galerkin methods to stabilized ones is based on eliminating the bubble functions at the
element level (a.k.a. static condensation), made possible due to the assumption of the zero
value on the element boundary. This produces a stabilized-like formulation, in which the
stability parameter is given by the shape of the bubble function, i.e., there is no ad hoc
procedure to establish these parameters, other than selecting bubble functions.

To systematically treat various singularly perturbed problems, residual-free bubbles were
introduced in [14, 25, 28, 29, 30, 31]. These bubbles are produced by solving, exactly
or not, differential equations at the element level, involving the differential operator of the
problem. The right hand sides of these local problems are the residuals due to the polynomial
part of the solution. The other ingredient is the requirement that the bubble part vanishes
on element boundaries for second order problems.

It turns out that this construction for the reaction diffusion problem yields a poor approx-
imation. Assuming the bubble part of the trial solution to be zero introduces inaccuracies
across element edges. We wish to explore a possible avenue that builds on former ideas,
without the zero boundary value restriction on elements, as follows:

(1) We let the test space to be enriched with residual-free bubble functions;
(2) We let the trial space to be derived from the previous construction with boundary
values determined by local restriction of the governing differential operator.

Therefore we start out with a Petrov-Galerkin setting.

We keep the restriction of zero value on element boundary for the test space bubble
functions, so that we can still use the static condensation argument. In this manner we
are allowed to integrate by parts and get a differential equation for the trial enrichment, as
before. Even more importantly, we keep the modification computable at the element level.

Now, we are in principle free to set the boundary condition for the trial enrichment.
Towards this end, we use the restriction of the differential operator on the element edges and
get ordinary differential equations that can be solved a priori. A related idea was proposed
by Hou and Wu [34, 35] for some multiscale examples. A numerical analysis for the present
method is performed in [26].

4.5. Numerical Results

4.5.1. A Numerical Test: Source Problem. As in the beginning of this chapter,
consider the unit source problem (f = 1) defined on the unit square Q2 = (0,1) x (0, 1),
subject to a homogeneous Dirichlet boundary condition. For small ¢, boundary layers appear
close to the domain boundary. Figure 6 shows, for €2 = 1079, the solutions of three different
methods, Galerkin, Residual Free Bubble, and the present enriched method. It is clear that
the current method performs better than the other two methods. Examining the solutions
profiles, see Figure 7, it becomes clear that the current method is superior to other methods.
For €2 = 1073 and € = 1, all methods have comparable performance, see Figures 8, 9 .

4.5.2. Boundary layer problem using refined mesh. Here we consider a rectangu-
lar domain with nontrivial boundary conditions, as depicted in Figure 10. We assume that
f =0, and the domain is discretized using a refined mesh in part of the domain. Again for
this problem we have the onset of boundary layers that causes spurious oscillations in the
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FIGURE 7. Profile of solutions at z = 0.5 (¢ = 107°).
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FIGURE 8. Profile of solutions at z = 0.5 (¢ = 1073).

numerical solutions. We computed the solution with different methods for ¢ = 1075, Fig-
ures 11, 12, 13 show the good performance of the current method, while all other methods
suffer from spurious oscillations. Finally, Figure 14 illustrate that for large e, we recover the
usual Galerkin method.

4.5.3. NACA problem. Here we illustrate the good performance of the present method
even for unstructured meshes. We consider the domain €2 and its discretization as depicted
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FIGURE 9. Profile of solutions at x = 0.5 (2 = 1073).
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FIGURE 10. Problem statement.

in Figure 15. We assume f = 0 and homogeneous boundary Dirichlet conditions at the
outer boundary. On the inner boundary we impose u = 1. In figure 16 we show that for
moderate €, both Galerkin and the present method perform well. As expected, for small
€, the Galerkin method presents spurious oscillations. It is remarkable here that even the
unusual method is oscillatory, as shown in Figures 16, 18. As we show in Figure 17, the
present method captures the boundary layer without any oscillatory behavior.
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CHAPTER 5

Modeling PDEs in domains with Rough Boundaries

We are interested in PDEs defined in domains where at least part of the boundary is
rugous. The goal is to avoid the expensive discretization of the rough domain, and replace
the original PDE by another, in a domain that is easier to discretize. Asymptotic Expansions
play a key role here, motivating the development of models, and helping in deriving error
estimates.

5.1. Asymptotic Expansion Definition

Let Q¢ C R? be the domain depicted in figure 1. It is basically a square with sides of
length one, where the bottom is rugged.

The bottom of Q¢ containing the wrinkles, is described by ¥ (z1) = (z1, e, (e 1xy)),
where 27 € [0,1]. The function v, : R — R is independent of €, Lipschitz-continuous with
¥(0) = 0, and periodic of period 1. Without loss of generality, we can assume ||t || @) = 1.

We now consider the problem

—Au=f in QF,
u® =0 on 0N°.
It is clear that the solution ue depends in a nontrivial way on the small parameter €. It is

our goal to make clear how is this dependence, and how this can be used to develop models
for (5.1.1). We shall search for a formal asymptotic expansion in the general form,

(5.1.2) ut ~ u’ + evt(e) + €Wl (e) + v (e) + W (e) + - - -,

where the W'(¢) are boundary correctors. The terms v'(¢), and ¥U¥(¢) depend on ¢, as the
notation indicates. Although this appears strange at first sight, it actually renders the

(5.1.1)

F1GURE 1. Description of the domain Q.
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40 5. MODELING PDES IN DOMAINS WITH ROUGH BOUNDARIES

development of the expansion easier. At a second stage, it is possible to reorder (5.1.2) as a
formal power series where all the terms are independent of e.

Our procedure to find out the terms in the expansion has a “domain decomposition
flavor”, and uses the following result.

LEMA 5.1.1. Let Q be a Lipschitz bounded domain of R? and I' an interface that divide
Q into two sub-domains Q7 and Q. Assume that e satisfies e = 0 on 9Q\I' U 9QT\T".
Then there exists a constant ¢ such that

(5.1.3)  llelm@) +llellm@n < el Aelloa- + | Aelloor + lIle]llsr

+l[9e/onlll_y )
where [-] represent the jump function over I'. The constant ¢ is independent of ™.

PRrOOF. We first define
e = é€|g-, et = el
It follows from Green’s identity that

Oe~
) o —_ _
/_|Ve|dx——/_e Ae dx — Fe aFdF

/ \Veﬂzdx:—/ e+Ae+dx+/e a—dF
o+ o+ ront

where n™ indicates the outward normal vector with respect to Q. Combining both identities,
and adding and subtracting [, e”de®/On™ dI', we gather that

|€_|12ql(g—) + |6+|§-11(Q+)

det  de” det
_ Ao s + At o e +
= /e Ae™ dx /e Ae dx—l—/re (8n+ anJr)dFjL/F(e e )8n+dr

< le” ||z HAG_HL2 -+l z@nll A et L2
Oe™
+ e [ g2 r)||[ ]||H vy + || €]l g2 r)||—n | r-1/2(r)

<(llae ||L2<Q—> + ||Ae+||L2 @n)llellzz@)
+ el II[ HIH ey + ez lle” o).

To obtain the inequalities above, we used Cauchy—Schwartz and trace inequalities, and the
duality between H~'/2(T") and H'/?(I"). The lemma follows now from an application of the
Poincaré inequality. U

We define now sub-domains of (2¢, one “close” to the rugosity, the other one far from it.
See figure 2. Let 0 = cpe, where ¢y > 1. Let

Qs ={x=(21,22) €L 129 >0}, QU ={x=(21,22) €EQ°:129<0},
I'={x=(x1,22) € Q129 =0}
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0= Co€ Qi

FIGURE 2. Domain decomposition

It is natural to define the first term of the asymptotics such that

— AW =f inQ,,

5.1.4
( ) u’ =0 on 09, u’ =0 on Q.

0

Applying Lemma 5.1.1 with e = u“—u", we see that the source of error is the xo-derivative

jump [0,,u’:
lell ey + llellm @) < ell@ayti®| -1/2ry.

We next remedy this. Let ¢°(z;) = 9,,u’(z1,9), i.e., #° is the restriction of d,,u’ on T, and
X: be the characteristic function of the set €2, i.e.,

. 1 ifxeQ,
Xo(x) = {

0 otherwise.

We add then the function —x¢(x)z2¢°(x1) to the asymptotic expansion, to correct the jump
of the xy-derivative. Since the zero Dirichlet boundary condition at I is not satisfied, we
add a corrector to the asymptotics: ¥!(e) — x¢Z'(¢). The boundary corrector ¥!(e) is such
that

(5.1.5) — AU (e) = —xE A(e w8’ + Z1(e))  in QF,
(5.1.6) Ul(e) = e 'myp” + Z'(e) on T,

The introduction of Z'(¢) is necessary to guarantee an exponential decay of ¥!(e) to zero in
the zo-direction. Both ¥!l(e) and Z'(¢) depend on ¢, and the are not even well-defined yet.
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In fact, we shall set, in general, U’(¢) and Z*(¢) as formal expansions in e,

(5.1.7)
i(e)(x) ~ (e x)" ™ (21) + € (€7 %)Dy ¢ (1) + €Y (€ 1%) Dy @' (1) + -+
(5.1.8) ZH(e)(x) ~ 220" (1)) + €200, ¢ (1)) + €220y (1) A+ -

In the above, 9 is periodic with period ¢! in the z; direction, and 2z’ are e-independent
constants that depend on the geometry of the wrinkles only. We postpone the precise
definition of the terms for now.

So, with the error function e = u¢ — [u® — 20" — extZ (€) + eV (¢)], we have

lellvas + llelle. < €llZ*(€) + cod’ll1 p-
We continue to define the terms of the expansion. Set
—Aul=0 in Q,,
ut = —(co+ 2°)¢" onT, u' =0 on IU\T, u' =0 on Q.
So, if e = uf — [u — zox¢® — eZ' (€)X + €Wl (€) + eu'], then
lelluas + llellia, < elldsu'll_s p + €*[|2'00,6° + %0210, 0" + - [|1 1

(5.1.9)

We define ¢! = 9,,ut|, and add —extxqa¢’ + €20 (e) — e2x5Z%(€) to the expansion, where
— AT (e) = —xE A(e tmd + Z%(e))  in QF,
U?(€) = e ‘myd' + Z%(e) on T,
So far,
e=u— [u’ —2ox(0” — eZ'(e)XL + €Ul (€) + eu' — et + VP (e) — X027 (€)],

and

lellr,o < e Z%(e) + cod' + 2'05,0° + 220310, 0" + - [l pe
We proceed one more step by defining ¢? = 9,,u?|, and adding
u? — Exox 0p,u” + WP (€) — X723 (e)

to the expansion, where

—Au>=0 1in Q,,
(5110) 2 0y 11 1 0 2 2
uw'=—(cog+2)p +20,¢ onl, u’ =0 on I\, u®=0 on Q,
and
—AT? ¢ Yoop? + 77 in Q°,
- () = =x; Al aad? + 2°(e)

U3 (e) = € 'agd® + Z%(e) on IC.
The asymptotic error is now
e=u— [u’ —zax( 0" + €Wl (e) — ex;Z'(€) + eu' — exax(P! + VP (e) — x5 2% (e)
+ €u® — €xax 0,,u" + V3 (€) — 302 (e)],

and

r + ||€||1,Qs S 63”’22611901¢0 + Zlal"1¢1 + ZO¢2 +e--- ||%,F
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The expansion pattern should be clear by now, and the successive terms are defined in
similar manner.

5.2. The boundary Corrector problem

We now analise the boundary corrector problem in more details. Consider the problem
of finding ¥, and Z such that
(5.2.1) — AU =\ Ale a0+ Z) in QF,
(5.2.2) U =c'mp+2Z onT:.
Here, while ¢ is a given function of x; only, Z is unknown a priori, and it is introduced to

guarantee that ¥ decays exponentially to zero in the xy direction. The solutions ¥ and Z
will depend on € in a nontrivial way, so we assume that formally

(5.2.3) U U4l 202 4. Z~24 eV 42224

The functions involved in (5.2.1), (5.2.2) are not periodic in general. Nevertheless, we try
to make use of the periodicity of the wrinkles and recast the corrector problem as a sequence
of problems in periodic domains. Furthermore, motivated by the “rapidly” variations of the
wrinkles, we make use of the stretched coordinates

X = (i’l,i‘g) = (6_11‘1, 6_11[‘2),

and assume that a first approximation for ¥ and 7 is given by
(5.2.4) ‘Ijo(x) = ¢0(&)¢($1)a Zo(xl) = ZO¢<x1)u
where 9 is &;-periodic, z° is a constant, and both ¥° and z° are to be determined.

OBSERVACAO. At this stage, there are no good arguments indicating that z° is only a

constant, but notice that the simpler Z° is, the better. And we will show, a posteriori, that
the form we are assuming for Z° suffices to make U° exponentially decaying.

It follows from a straightforward computation that the laplacian of a function in the form
u(Zy, To)v(xy) is
(5.2.5) — (011 + O (uv) = —€ 2 (812‘@2’& + ajl‘@l’l,L)/U —2¢710;, w0’ — w”.
Hence,
o AW%) = —e? (812i2w0 + afcli”lwo)¢ - 26718&31¢O¢/ - w%ﬂ,

—A(#90) = —i2¢",  —A("¢) = 27"

Based on (5.2.1), (5.2.3), (5.2.4), and (5.2.6), and formally equating the same powers of €, we
gather that ¢° is harmonic. The boundary condition over the wrinkles comes from (5.2.2),

(5.2.3), and (5.2.4). The final problem determining the function ¥° and the constant 2° is
then

(5.2.6)

8j1f1¢0 + ai2i2¢0 =0 1In er 77Z)0 = QATQ + ZO on F;,

Y0 is 44-periodic, lim 9% = 0.
To—00
The domain 2, occupies the semi-infinite region limited by straight lateral boundaries at
#1 =0 and Z; = 1, and by the lower boundary I', = { (Z1,%.(21)) : 21 € (0,1) }.
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Hence we have that
— A[(° = X5+ x020)8] = 267105, 0%0 — 900 + xiag — X209 in O,
P — 39 +2"=0 onT¢.
We set then W' = t¢/, Z' = 2'¢/ where
—[0208, 0" + 0z,8,0] = 20;,¢°  in Q,, Ypr=2z" onT.
Hence,
— A" = X2 txr2") + (U + X2 ¢
= 00+ XEad — Y — 205,00 — !9 — iz in O,
(W = xpi2 +X;2")0 + (U + 72" =0 on Ty
Now, W2 = %¢", and Z% = 22¢" where
—[02y3,0° + 02,3,0%] = U0 — XoBa + X 2" 4 205,00 In Q. P? =2 only,
where x,(Z2) = 1 if 23 < ¢, and x,.(Z3) = 0 otherwise. It is easy to see that the right hand
sides of the equations become more involved as we proceed. The crucial point is to note that

in the above cases, the equations did not involve ¢ or their derivatives.
We finally conclude that

(5.2.7) V() ~ o+ e’ + PP+ Z(e) ~ et P

5.3. Derivation of wall-laws

Our goal is to approximate u¢ using finite elements (or finite differences), without having
to discretize the rough boundary. One first step would be to try to approximate u® in €2
only, since this is a smooth domain. We consider the series

u® + e’ + eu.
The functions u°, u! are defined by (5.1.4), (5.1.9), and ¢° is defined in the previous section.
We would like to approximate u¢ by the above sum, but without solving all the problems that

define each term. Heuristically, we consider only the functions that actually have influence
in the interior of the domain, i.e.,

u = u’ + eul.
Hence, over T, u & u® + eu! = —¢(cy + 2°)¢°, and 9,,u =~ ¢° + €¢?, so
u+ e(co + 2°)0,,u = (co + 2°) @,
and this amount can be small enough for certain applications.
So we define @ approximating u€ in ) by
—Au=f inQ,,

5.3.1
( ) i+ e(co+2°)0,u=0 onT, u=0 on 0Q\I.

The error estimates follow by developing asymptotic expansions for u. In fact, it is easy
to see that

u~u +eut +Eut
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TABLE 1. Relative error convergence rates for order 0 model.

quantity L2(€,) error L%(€2,) norm error
u O(e) O(e)
Vu O(e'/?) O(e)

TABLE 2. Relative error convergence rates for order 1 model.

quantity L2(€,) error L2(€2,) norm error

u O(€?) O(€?)
Vu O(e'/?) O(€?)
where
- Aﬂl = 57, in QS,
(5.3.2) By o of b
= —(co+2°)0,u" onl, ' =0 on 0Q\I.
Also,
(5.3.3) u— Y eu < et
=0 Hk(QS)

The modeling error estimates are then as follows.

0_ €U1||H1(QS) + ||1_L — ﬂo — Ealqu(Qs)

< Juf —u® — eut — ep°°| i (ay) + €l iy + ce® < ee'?,
0

i — sy < luf —

where in the first inequality we used the triangle inequality, and the identities u° = 4" and

ul = ul.
In a similar fashion, we can consider other norms, for instance
€ = 2
lu — @20,y < ce”,
Another important measure is how well our model approximates the exact solution in

the interior of the domain, i.e., consider 5025 C Q such that (025 NT = (). Hence
Juf = ]| 2 () + 1S = @l g,y < ce®.

This improved convergence is due to the fact that the boundary layer has no influence far
from the wrinkles.

We also compare in tables 1 and 2 the approximability properties of our model and a
simple minded model, which approximates u¢ by u® only. We call such model as “order
zero model,” and our model as “order one model.” Note the improved convergence rate for
most of the norms, with the exception of the H! norm. This is due to the fact that neither
approaches captures the boundary layer exactly.






CHAPTER 6

Homogeneizacao de equacoes eliticas em uma dimensao

Neste capitulo, investigamos o processo de homogeneizacao em uma dimensao, enfati-
zando aspectos tedricos e numéricos. Apresentamos na Sec¢ao 6.1 uma equagao simples mas
que carrega em si varias das dificuldades presentes em problemas mais sofisticados. A seguir
discutimos trés alternativas de modelagem para a equacao em discussao: homogeneizacao,
elementos finitos classicos, e elementos finitos multiescala. Procuramos nestas se¢oes mostrar
e vantagens e desvantagens de cada técnica e apresentamos varios exemplos numéricos. Fi-
nalmente concluimos mostrando uma outra dificuldade presente quando o problema “perde
coercividade”.

6.1. Um modelo

Para descrever as propriedades qualitativas e dificuldades relacionadas com problemas
que apresentam carater oscilatorio, consideramos o seguinte modelo unidimensional:

d du®
——\a(z/e z) | = f(x) em (0,1),
o1n 7 (/0% @) = @) em 0.1
w(0) = u'(1) = 0
onde a(-) é suave e periédica com periodo 1, e § > a(x) > a > 0, para «, [ reais. Estamos
interessados somente no caso em que € < 1, portanto assumiremos também esta desigualdade.
Neste caso unidimensional, é ficil obter uma solucao analitica para (6.1.1):

== [ (o [ o )i o IR ORI [ (e [ o ) e

Nos nossos exemplos, consideraremos

(6.1.2) f(z) =1, a(x) = %(ﬁ — a)(1 +sin(272)) + a= %, g = g

Seja a seguinte sequéncia de problemas, onde ¢ = 1/4, ¢ = 1/8, e ¢ = 1/16, e veja as
figuras 1, 2 e 3. B facil notar neste exemplo que crescem as oscilacoes de a(-/€) quando
e — 0.

Em dimensoes maiores, é extremamente dificil obter solugoes analiticas. Motivados por
esta dificuldade, investigaremos agora como encontrar solu¢oes aproximadas para (6.1.1).

Uma possibilidade explorada na Secao 6.2 é o uso de técnicas de homogeneiza¢ao. Como
vimos, a idéia basica apoia-se no fato de que, quando € — 0, a solugao exata converge uma
funcao chamada de solu¢dao homogeneizada. Espera-se entao que para valores de € pequenos,
a aproximagao pela solugao homogeneizada seja boa o suficiente.

Outra possibilidade é o discretizar o problema usando elementos finitos. Esta escolha
de método numérico deve-se tanto a aplicabilidade do método em diversos problemas de

47
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F1a. 2. Graficos de a(-/¢) e da solucao exata para ¢ = 1/8.

interesse, como também a facilidade em desenvolver uma anélise de erro que ressalte eventuais
dificuldades numéricas. Estas questoes sao analisadas na Secao 6.3.

Uma outra opgao baseada em pesquisa recente [34, 35] é o uso de elementos finitos
multiescala. Nesta técnica, descrita na Secao 6.4, fungoes de base que resolvem o problema
localmente sao utilizadas para gerar um espaco de elementos finitos, e automaticamente
levam informagoes da pequena escala para a grande escala, num processo de homogeneiza¢ao
numérica.
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Fia. 3. Graficos de a(-/¢€) e da solucao exata para ¢ = 1/16.

6.2. Solucao homogeneizada

Seja u solugao de (6.1.1). E possivel entdo mostrar que u¢ converge para u’, onde

12,
(6.2.1) “M(1/a) d" = f(z) em (0,1),

W(0) = (1) = 0,

M(1/a) = /0 a(lcc) dx.

Em uma dimensao, é facil calcular «° analiticamente:

W) = 1/a[ //f dtd§+w//f dtd&]

A convergéncia ocorre usando norma do espaco L?*(0,1). Este espago é composto por
fungdes v : (0,1) — R “quadrado integraveis”, i.e.,

L*(0,1) = {v : v é funcdo real definida em (0,1) e v* é integravel}.

Neste espaco definimos a norma

lolhon = ([ l[v@)m) "

OBSERVAGAO. Acima, e no restante deste texto, o adjetivo “integravel” quer dizer na
verdade integravel no sentido de Lebesgue, uma idéia um pouco mais abrangente que a de
integracao no sentido de Riemann. Entretanto, é suficiente neste texto ter a intuicao de
fungoes integraveis como sendo Riemann integraveis.

O seguinte resultado de convergéncia justifica o uso da solugdo homogeneizada [48].
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Fic. 4. Comparacao entre as solugdes exatas e homogeneizada para e = 1/4.

TEOREMA 6.2.1. Seja f € L*(0,1), e seja u solugao de (6.1.1). Entdo eriste uma
constante ¢ independente de €, f,a, (B tal que

€
|luc — UO||L2(0,1) < CEHfHLZ(OJ)'

Comparamos agora como a solu¢ao homogeneizada se comporta, assumindo (6.1.2). Con-
sidere a seguinte sequéncia of exemplos, onde ¢ = 1/4, ¢ = 1/8, e ¢ = 1/16, e veja as Figu-
ras 4, 5 e 6. Pode-se notar que quando ¢ — 0, a solucao homogeneizada u° torna-se uma
boa aproximacgao para a solucao exata uc.

Apesar de serem extremamente 1teis em varias aplicacoes, as técnicas de homogeneizacao
apresentam algumas limitagoes. Por exemplo, sua aplicabilidade esta limitada a valores de €
pequenos, como fica aparente na figura 4. Outras dificuldades surgem em casos mais gerais,
por exemplo quando a(-) é nao periédico.

6.3. Aproximacao por Elementos Finitos

O primeiro passo para apresentar o método é reescrever (6.1.1) na sua forma fraca. Se
multiplicarmos a equacao por uma funcao v suficientemente suave e que se anule em x = 0
e r = 1 e integrarmos por partes, temos que

(6.3.1) /0 1 (a(x/e)%(x)%(m)) dz = /0 () dr.
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F1a. 6. Comparagao entre as solugoes exatas e homogeneizada para € = 1/16.
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Fic. 7. Exemplo de funcao linear por partes

Note que se u€ é solugao de (6.1.1), entao a identidade acima vale para todo v suficientemente
suave.

E possivel também inverter a ordem desse raciocinio, i.e., gostariamos de buscar uma
funcao u¢ que satisfizesse (6.3.1) para toda v suficientemente suave, e depois poderiamos
mostrar que também resolve (6.1.1). Para tal, buscaremos a solu¢ao num espago de fungoes
que sejam continuas, que tenham derivadas (no sentido fraco), e que se anulem em x = 0 e
x = 1. Além disso, exigiremos que essas funcoes e suas derivadas sejam quadrado integraveis,
i.e., podemos integrar tanto v como (v')%. Chamaremos esse espaco de

Hi(0,1) = {v € C[0,1] : v(0) =v(1) =0; v e (V') sdo integraveis},

e introduzimos a norma

llon = ([ eer + [R] Jar) ™

Como exemplo de fungoes que estao em Hj(0,1), temos a importante classe de fungoes
suaves por partes, como por exemplo a funcao mostrada na figura 7. Note que a funcao v"
14 representada é continua, se anula em x = 0 e x = 1, e além disso s6 deixa de ser suave
num numero finito de pontos.

O importante no momento é que é possivel provar que existe uma fungao u¢ € H{(0,1)
satisfazendo (6.3.1) para todo v € H}(0,1). Além disso, no caso de f ser suave, esta solugao
também resolve (6.1.1). Ou seja, essas duas formulagoes sdo equivalentes.

6.3.1. Discretizacao por Elementos Finitos. A idéia do método de elementos finitos
¢ escolher um subespago de H}(0,1) e buscar fungoes que satisfagam (6.3.1) dentro desse
subespago. Nos primeiro discretizamos o dominio (0,1) em elementos finitos definindo os
nés 0 =g <1 < --- < xy41 = 1, onde x; = jh, e h=1/(N + 1) é o parametro de malha.
A seguir, definimos o espaco de dimensao finita V* ¢ H}(0,1), onde

Vg = {o" € Hy(0,1) : v" é linear em (z;_1,2;) for j =1,..., N + 1}.



6.3. APROXIMACAO POR ELEMENTOS FINITOS 53
I

Ti—1 Ty Ti41
Fic. 8. Uma funcao da base do espaco de elementos finitos

Chamamos V' de espago de fungoes lineares por partes. Uma funcao de V' tipica é repre-
sentada na figura 7. A aproximagao por elementos finitos de u¢ é u" € VJ* tal que

1
d d
(6.3.2) /0 ( (x/€) du$ (x) d?;: ) de = / f(x)v"(x)dz para todo v" € V7.
OBSERVACAO. Note que u" também depende de ¢, apesar desta dependéncia nao estar
explicitada na notacao.

Observe que uma fungao em V{* pode ser caracterizada de forma tnica pelos valores que
assume nos nés ry, To, etc. Em vista disto, podemos introduzir uma base no espago V.

Seja ¢; € V' tal que
1 sei=jy,
qb’(%)_{o se i # j,

para j = 1,..., N. Uma funcao de base tipica estd representada na figura 8. Temos entao
VE)h = Span{¢17 R ¢N}

Finalmente, se u”(z) = S, ui¢;(x), entdo reescrevemos (6.3.2) como

(6.3.3) Zu/ ( d¢’( )Ci;?;(a:)) dx:/olf(:v)qu(x) dr paraj=1,...,N.

_ ., h h ,
Note que u; = u"(z;) é o valor de u" no né x;.

O método de elementos finitos para (6.1.1) consiste entdo em achar u = (uy, ..., uy)’ €
RN tal que
Mu = f,
onde a matriz M = (M, ;) € RV*N e o vetor f = (f1,..., fx)T € RY sao dados por

Moy = [ (oo 20 ) e, = [ s

As aproximagoes numéricas para (6.1.1), onde a é dada por (6.1.2) apresentam resultados
variados. Para e = 1/4 e h = 1/32, o método de elementos finitos aproxima razoavelmente
bem a solugao exata, como mostra a figura 9. Entretanto, a aproximacao se deteriora quando
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F1G. 9. Gréficos de u€ e de sua aproximagao por elementos finitos, com € = 1/4
eh=1/32.

€ se torna menor. Veja os graficos para h = 1/32, mas ¢ = 1/8 na figura 10, e ¢ = 1/16 na
figura 11.

A aproximagao melhora se refinarmos a malha. Por exemplo, tomando o caso € = 1/8,
mas com h = 1/64, temos uma melhoria na aproximagao, como mostra a figura 12.

O ponto que queremos ressaltar é que o método de elementos finitos converge, mas a taza
de convergéncia depende de €. Isto pode ser um problema em dimensoes maiores, quando o
uso de malhas refinadas torna-se caro computacionalmente.

6.3.2. O que da errado? A fim de entender melhor porque o método de elementos
finitos cléssico nao funciona bem, desenvolvemos uma andlise de erro para esse problema.
Aqui e no restante deste capitulo, ¢ denota uma constante universal, independente de €, h,
f, a e . Quando queremos indicar uma constante que pode depender de v ou (3, mas nao
de €, h ou f, utilizamos a letra maitiscula C'.

Para facilitar a notacao, definimos as formas bilineares

bu.0) = [ (ate S @) v 5= [ et

Temos entdao que a solucdo exata u¢ € HJ(0,1) e sua aproximagao por elementos finitos
uh € Vi satisfazem

b(uf,v) = (f,v) paratodo v € Hy(0,1), b(u" v") = (f,v") para todo v € V.
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Fic. 10. Graficos de u¢ e de sua aproximagao por elementos finitos, com
e=1/8eh=1/32.

Logo
b(u® —u",v") =0 para todo v" € V.
Na nossa andlise, usamos o fato que 8 > a(x) > o > 0. Comegamos a investigar a
continuidade da forma bilinear b(-, ). Segue-se de sua defini¢do que

(6.3.4) b(u,v) < Bllull o llvll 0,1y para todo u,v € Hy(0,1).
A seguir, estimamos a coercividade:
1 2
d
(6.3.5) b(v,v) > a/ (é) dx > ca||v||%,1(0’1) para todo v € H; (0, 1),
0

onde usamos a desigualdade de Poincaré

/01@—;’3(@)2619; > c/ol {(v(w)f + (j—Z@)ﬂ iz
no dltimo passo.

Podemos agora obter estimativas de erro. Usando (6.3.5), e depois (6.3.4), conlcuimos
que

(6.3.6) |ju — uh||§{1(071) < gb(uE —u uf — ) = éb(uE —u ut — o)

< B~ sl ~ ooy para todo o € V3
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Fic. 11. Graficos de u® e de sua aproximagao por elementos finitos, com
e=1/16 e h =1/32.

Mostramos assim o Lema de Cea.

LEMA 6.3.1 (Lema de Cea). Sejam u¢ e u" solucoes de (6.1.1) e (6.3.2). Entao existe
uma constante universal ¢ tal que

g
Jus — w101y < caHuE — v"|m01) para todo v" € Vi

A seguir, usando estimativas classicas de interpolacao, temos que
(637) Hue — [hUGHHl(OJ) S Ch|u€‘Hz(071)7

onde I"u¢ = Zjvzl u(z;)¢; é o interpolador de u¢ em V!, e

1 d2’U 2 1/2
2 = —_— d .
s ([ 3]

Fazendo v = I"uf em (6.3.6), conclufmos que
€ ﬁ €
||U — Uh”Hl(o’l) S Cah|u |H2(0,1)'

Obtemos finalmente o teorema a seguir usando a estimativa

(6.3.8) U] 20,1 < HfHL2 0,1)

onde assumimos |d'(z)| < ¢f.
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Fic. 12. Graficos de u® e de sua aproximagao por elementos finitos, com
e=1/8eh=1/64.

TEOREMA 6.3.2. Seja f € L?*(0,1), e seja u¢ solugio de (6.1.1). Entdo existe uma
constante ¢ independente de €, f,a, [ tal que

; B h
(6.3.9) ||uc — Uh”Hl(o,l) < C@z”fHLQ(OJ)'

Paramos por um momento agora para interpretar a estimativa obtida. Antes de mais
nada, o método converge quando h — 0. De fato, para € fixo, o erro vai a zero que o tamanho
da malha vai a zero. O problema é que a convergéncia em h nao ¢ uniforme em e.

Logo, para € pequeno, a menos que a malha seja muito refinada (h < €), a estima-
tiva (6.3.9) indica que o erro na norma H'(0,1) é grande. Isto faz com que o método de
elementos finitos tradicional sejam quase intuteis para este tipo de problema, e explica os
maus resultados das figuras 10 e 11.

6.4. Elementos Finitos Multiescala

Mais recentemente, Tom Hou e seus colaboradores [34, 35] propuseram uma nova forma
de aproximacao numérica para EDPs em duas dimensoes com coeficientes oscilatérios. A
idéia basica é mudar as funcoes de base do espaco de elementos finitos. Ao invés de usar
funcgoes lineares por partes, a técnica de elementos finitos multiescala usa fungoes que re-
solvem localmente (em cada elemento) a equagdo em questao.
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Fia. 13. Gréficos de ¢y com e =1/4 e h =1/32.

Apresentamos aqui as idéias no caso unidimensional. Em quase todos os aspectos, in-
cluindo a analise de erro, a extensao para duas dimensoes é natural. Comentamos ao fim
desta secao alguns pontos onde esta generalizagao nao é trivial.

Nés comegamos a definir o método construindo as fungoes de base. Seja v; tal que

(6.4.1) —%(a(x/e)‘gﬁi(x)> =0 em UM (zj-1,2y), wi(rvﬁ—{

1 sei =y,
0 sei#j,

parai=1,..., N. Definimos entao o espaco de elementos finitos multiescala como sendo

Vb = span {1, ..., YN}

Uma fungao de base tipica é apresentada na figura 13 parae = 1/4 e h = 1/32. Note que
a funcao se parece muito com a funcao de base do método de elementos finitos usual. Isto
se explica pois neste caso o parametro de malha h é bem menor do que ¢, e a fungao de base
tradicional ainda funciona bem, vide figura 9. No caso oposto, quando € é bem menor que
h, temos que a funcao de base tem carater oscilatério, como é mostrado na figura 14, para
e=1/128 ¢ h =1/32.
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Fic. 14. Gréficos de ¢y com € =1/128 e h = 1/32.

Usando o espaco acima definido, o método de elementos finitos multiescala busca u"€ €
Voh’E tal que

! duc  doMe ! h
(6.4.2) / a(zx/e) (z) () ) dox = / f(z)w™(x)dr para todo v™* € V"
0 dz dz 0

Matricialmente, temos que se u(z) = ST, uSe); (), entdo u® = (us,...,us)" € RV é

tal que
M€u€ — fE’

onde a matriz M = (M;;) € RV*N e o vetor £ = (ff,..., f§)" € RY sao dados por

sy = [ (oS e ) an. gy= [ o dr

Testando entao a aproximagao para € = 1/16 e h = 1/10, vemos na figura 15 que a
solucao aproximada pelo método de elementos finitos multiescala interpola a solucao exata
nos noés. Isto nao é uma coincidéncia, é apenas uma caracteristica em uma dimensao de
métodos de elementos finitos que utilizam funcoes que sao solugoes locais da propria EDP
que estao aproximando. Em dimensoes maiores essa propriedade é (infelizmente) perdida.
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Fi1c. 15. Gréficos de u® e de sua aproximagao por elementos finitos multi-
escala, com € = 1/16 e h = 1/10.

6.4.1. Andlise de erro. A anilise de erro desenvolvida em [35] baseia-se no Lema de
Cea, como feito na subsecao 6.3.2.

LEMA 6.4.1 (Lema de Cea). Sejam u¢ e u™* solucdes de (6.1.1) e (6.4.2). Entao existe
uma constante universal ¢ tal que

||uc — uh’erp(oyl) < cgﬂu6 — vh’GHHl(OJ) para todo v™¢ € Voh’e.

No método de elementos finitos cldssico, encontramos uma fungiao em V{" que “aproxi-
masse bem” u¢ e estimamos o erro de aproximagao. No caso, a funcio em V" era o interpo-
lador de u¢. Utilizando o Lema de Cea (Lema 6.3.1) obtivemos a estimativa final.

Similarmente, o desafio agora é achar uma aproximacao para u® no espago multiescala
Voh’e. A analise divide-se em dois casos distintos, dependendo se a malha é refinada o sufi-
ciente ou nao, em relagao a e.

Caso I: h < e. Neste caso em que assumimos a malha suficientemente refinada, obtemos
a seguinte resultado de convergéncia, que , a menos de constantes, ¢ o mesmo que o do
Teorema 6.3.2. Ou seja, para malhas refinadas, o método multiescala funciona tao bem
quanto o método tradicional.
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TEOREMA 6.4.2. Seja f € L*(0,1), e seja u¢ solugio de (6.1.1). Entdo existe uma
constante ¢ independente de €, f,a, [ tal que
3

€ h,e
[ = w01y < C@;HfHL?(o,l)-
O teorema acima segue facilmente do Lema de Cea (Lema 6.4.1) e do seguinte resultado
de interpolagao [35].
LEMA 6.4.3. Seja u solugdo de (6.1.1), e seja I"<uc = Zjvzl u(z;)1; interpolador de uf

h - .
em V. Entéo existe uma constante c tal que
2

[uf = I"u[ o) < c$szH%2(0,l), £l z2(0,1)-
A constante C' pode depender de « e (3, mas é independente de € e f.

DEMONSTRACAO. Seja u; = [™u¢ interpolador de u¢ em V{*. Entdo a teoria cldssica de
interpolacao nos diz que

(643) ||’u/6 - ulHHl(JJj_h:Ej) S Ch|u6|H2($]’—17$]’)’
Como a desigualdade triangular nos da
(6.4.4) ||uc — Ih’5u5||H1($]._1@j) < |Ju® — g1y + |lu — ]h’€u€||H1(0’1),

temos entdo “somente” que estimar ||u; — I™uf||1(01). Note que

od d
aluy — I G §/x - (w = I u)a(w/€) —(u — I"u) de

Jj—1 a
T4

Jj—1

i d d
_ he, €
= —/w (g — I"u )_da: [a(x/e)—dmul] dx

j—1
/ |
T4

H(ul —Ih’eue){%[a(:p/e)%(ul _ue)] —f} I

= / %(ul - fh’eue)a(x/e)%(ul —u)dr + / (w — I"u®) f dx

j—1 j—1

S 6|ul - ]h’eu6|H1(xj,1,zj)|ul - uelHl(xjfl,zj) + Hul - Ih’euEHLQ(:cj,l,xj)||fHL2(:Ej,1,xj)‘

d d
_ 7he, € o [h,e €
(up — I"™u )_d:c [a(x/e)—dx (w u )} dx

Mas a desigualdade de Poincaré nos da que ||v||12(;_; ;) < ch|v|gi(a,_, 2,) Para todo v €
H&(xj_l,xj), e entao
alul - Ih&ueﬁ'{l(gﬁj,l,xj) < Ch|ul - Ih’EuE|H1($j—1,CEj)(6|UE|H2(CEJ'—1,$]') + ||f||L2($j—17l"j)>‘
Logo,
€, € h €
|'LL[ - [h7 u |H1(xj,1,1’j) S Ca(ﬂ’u ’HQ(xjfl,xj) + HfHLQ(xj,l,xj))'
De (6.4.4) e (6.4.3) temos
p
a

€ €_ € € h
Hu - [h7 U HHI(Wj—lﬂfj) < Ch(l + >‘u |H2(-Tj—1yﬂ7j) + CaHfHLQ(ijlyxj)'



62 6. HOMOGENEIZACAO DE EQUACOES ELITICAS EM UMA DIMENSAO

Para encontrar uma estimativa global, basta somar a desigualdade acima em todos os ele-
mentos:

N 2
€ €, € ﬁ € 1

luf = 1w G g,y < eh® Y Kl +7 [ F2 e,y ) + @Hf“%?(zj,l,xj)

=1
2 412

_ 2 6 €2 1 2 6 h 2
= | (14 2) Won + g2l | < <5 2

onde usamos a estimativa de regularidade (6.3.8), e ¢ é uma constante universal. Tirando

raizes dos dois lados da equacao obtemos o resultado. 0

Caso II: ¢ < h. Mesmo quando € é pequeno em relacao a malha, e o método de elementos
finitos lineares nao funciona a contento, os elementos finitos multiescala aproximam bem a
solucaoexata. Abaixo apresentamos uma estimativa de erro.

TEOREMA 6.4.4. Seja f € L*(0,1), e seja u¢ solugao de (6.1.1). Entdo existe uma
constante C' independente de € e f tal que

i = [0y < Cleh™2 4+ B)|| 0.

Para estimar o erro de aproximagao do presente método, temos que encontrar uma funcao
em Voh’6 que aproxime u¢ para entao aplicar o Lema de Cea (Lema 6.4.1). Nosso candidato
é uz, interpolador de u’ em Voh’g. Note que no Caso I (quando h < €), tomamos como
candidato o interpolador de u¢, diferentemente do que fazemos agora.

Para entender porque este o método multiescala funciona bem quando € < h, é necessario
usar uma melhor aproximagao assintética (inclusive com estimativas de erro) de u€. Isto é
possivel se calcularmos os primeiros termos da expansao assintética. De fato, seja u® como

acima e x solucao de

(a0 0)) =) em 0.0)

dy d T dy
(6.4.5) Y Y oo
x periddica com periodo 1, H(y)dy = 0.
0
Além disso, seja
d 0
(6.4.6) ul(z) = —H(z/e) " (x).
dx
e 0 tal que
d de
——alz/e)—(x) | =0 em (0,1),
(6.4.7) da:( (z/ )d ( )) (0.1)

Temos ent@o o seguinte resultado [48].
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TEOREMA 6.4.5. Assuma que f € L*(0,1), e seja u® solugao de (6.1.1). Sejam u°, u!
e 0 definidos por (6.2.1), (6.4.6) e (6.4.7) respectivamente. Entdo existe uma constante C
independente de f e de € tal que

Hue _ uO o eul + €9HH1(0,1) < CEHUOHH2(0,1).

Hou et al. [35] notaram que a expansao acima vale tanto para a solugdo exata como para
os elementos da base de elementos finitos multiescala. Logo, para:=1,..., N a funcao 1
pode ser aproximada por
Ui+ ey — eb,
onde
1 sei=y,
0 se1#j,

d2
—ogW =0 em UL (z,25), dhiley) = {

e} = H(z/e)dy? /dx. Finalmente

_% (a(x/e)z_iz(x)) =0 em UL (z5-1,75), bilxj) = i (7).

OBSERVAGAO. Note que no caso unidimensional, ¢) nada mais é que a funcao de base
linear por partes ¢;.

Como acima, u; pode ser aproximado por u) 4 eu} — ef, onde u9 = SV u®(z;)Y?, e
ut = H(z/e)dul/dz. Além disso,
d dd;
i (a0 @) =0 e U ). ) = udo)

Temos entao que

(6.4.8) [lu® —urllmiony < lu® —u” — eu' + €l o) + [|u” — upll g0y + ellu’ = uzllm o,
+el|Oll oy + ellOrllaro,n) + llur —uf — eur + €bill o)

A desigualdade

(6.4.9) Jut — u® —u' + €l o1y < Cellu’ || m2(01)

é apresentada no Teorema 6.4.5. J&

(6.4.10) Jur — u) — up + €br|l g1y < Cel[u|| g2(0.1)

baseia-se no Teorema 6.4.5 e na estimativa |[u}|| g2, ;2,0 < Cllu°|| g2, 2,) (ver os detalhes
em [35]). Para obter

(6.4.11) [u® =t 101y < Chllu®| 20,1,

basta observar que u? é a interpolagao de u® por fungoes lineares por partes.

A seguir, usamos
0_,0
d(u® — uj)
dx

dH

<t
- dx

HY (zj-1,25)

[0 = upll ey yap)
L°(0,1)

et = e, sy = HH(-/e>

+ ”HHL‘X’(OJ)H“O - U?HHQ(ijhwj) < CE?lHuO - U’?HHl(I]‘—lyxj) + CHUOHHQ(l‘jfhxj)'
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Somando o quadrado da desigualdade acima entre j =1 e 7 = N + 1 temos

(6.4.12) Hul — u}HHl(Ql) < C(e_lh + 1)Hu0]|H2(071).

Finalmente temos
(6.4.13)

1 1 du® du® 0

101210,y < C(lu (0)] + [u (1)]) < C|[H||£o<(0,1) %(0) + %(1) < Cllu’{|g2(0,1),

e
- - du® du® 2
6oy < O (b b)) < CH o | o) ] )

< OB o 3

Tj-1,%5)"

Somando a desigualdade acima entre j =1 e j = N + 1, concluimos que
(6.4.14) 101 10,1y < Ch_l/QHUOHH?(OJ)'

DeMONSTRACAO. (do Teorema 6.4.4) Para obtermos a estimativa, basta juntar o resultado
do Lema 6.4.1 e as desigualdades (6.4.8)—(6.4.14), e o resultado de regularidade (6.3.8). O

OBSERVAGAO. O resultado do Teorema 6.4.4 é melhor que o demonstrado em [48], onde
a taxa de convergencia alegada ¢

lue — w101y < Cuhl| fllz2.n) + Cale/B)2.
A diferenca aparece nas estimativas de 6 e 67, que é diferente em uma ou duas dimensoes.

6.4.2. Outros Comentarios. Uma importante diferenca entre uma e duas dimensoes
na técnica de elementos multiescala é que no caso bidimensional nao é claro que condigoes de
contorno deve-se impor nas arestas na definigao das fungoes de base 1);, ver equagao (6.4.1).
Em uma dimensao este problema nao existe, ja que nao existe aresta.

Uma primeira idéia no caso de elementos poligonais seria impor v; linear nas arestas. Nos
artigos [34, 35] surge a interessante proposta de que as fungoes de base também deveriam
satisfazer uma “restricao unidimensional” do operador diferencial que define a EDP, ao
longo das arestas. Esta proposta é ad hoc, assim como a definicao do que é uma restrigao
unidimensional de um operador bidimensional, mas parece funcionar bem numericamente.
A demonstragao de convergéncia em [35] foi feita assumindo que as fungoes de base sao
lineares nas arestas.

Ainda mais recentemente, Giancarlo Sangalli aplicou a idéia de Residual Free Bubbles
em problemas com coeficientes oscilatérios também com excelentes resultados [53]. A idéia
bésica de Sangalli é também fazer com que o método numérico automaticamente leve em
conta as oscilagoes presentes no problema, e guarda forte similaridades com o método pre-
sente neste capitulo. Ver [36] onde o método de Residual Free Bubbles é brevemente descrito.

6.5. Uma dificuldade extra

Um outro problema que pode surgir quando tratamos de modelagem de meio hetero-
géneos, é a perda de coercividade. De fato, se a é muito pequeno em (6.1.1), o problema
torna-se mais dificil de ser tratado. Consideramos aqui o exemplo dado por (6.1.2) mas com
a = 0.01, e e = 1/8. Na figura 16 mostramos o grafico de a(-/¢) e u*.
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F1g. 17. Comparagao entre as solugoes exatas e homogeneizadas para e = 1/8.

Mesmo para € pequeno a aproximacao pela solucao homogeneizada ja nao é satisfatoria.
Comparando-se as figuras 5 e 17, percebe-se a deterioragao da aproximagao no ltimo caso,
como ja era previsto pelo Teorema 6.2.1.

Esta deterioracao é ainda mais aparente se utilizarmos elementos finitos lineares, como
mostram as figuras 12 e 18. Note que, desta vez, a origem da dificuldade nao é a magnitude
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Fic. 18. Graficos de u e de sua aproximacao por elementos finitos, com

e=1/8eh=1/64.

de €, mas sim a de a. De fato, mesmo para e relativamente grande, a aproximagao por
elementos finitos falha. Na figura 19 apresentamos um exemplo numérico para e = 1/2 e
h = 1/64. Mais uma vez esta piora era indicada por estimativas de erro. No Teorema 6.3.2,
a constante é proporcional a o ™3.

Finalmente, por manter a caracteristica de interpolar a solucao exata em uma dimensao,
o método de elementos finitos multiescala nao se degrada mesmo com a pequeno, como pode

ser visto na figura 20.
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