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Abstract

We combine the Galerkin-least-squares (GLS) and the Galerkin-gradient-least-
squares (GGLS) methods to simulate scalar linear second order partial differential
equations which include second, first and zero order terms. Assuming a strictly pos-
itive coefficient for the second order term, the resulting method is proven convergent
for a wide range of the coefficients multiplying each term. The stability parameters
are designed to take into account the presence of both modifications to the Galerkin
method. Numerical results atest the good stability characteristics of the method.
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1 Introduction

We study the simulation of a scalar linear second order partial differential equa-
tion with second, first and zero order terms. Such an equation models heat transfer
in flows, approximates the transport of the turbulence energy and dissipation rate
of turbulence energy for the £ — ¢ model of turbulence, etc.

Employing the standard Galerkin method with linear elements for this equation,
yields spurious oscillations in singular regimes, i.e, when the the second-order term
coefficient is much smaller than either or both the coefficients for the zeroth and
first order terms.

For the case when the zero term is absent (the advective-diffusive model), Hughes
and Brooks [1],[7] introduced the SUPG (Streamline Upwind Petrov Galerkin) method.
The method consists in adding a mesh dependent term premultiplied by a stability
parameter, a term which is a function of the Fuler-Lagrange equation in each ele-
ment, so that additional numerical stability is attained. The method was originally
analyzed by Johnson and Navert [9] and with an improved design of the stability
parameter that deals with high order approximations by Franca et al. [4]. The
Galerkin least-squares method (GLS) [8] crystallized this idea by using a mesh-
dependent least-squares term. This GLS method is amenable to applications in
other partial differential equations such as e.g., the ones governing structural prob-
lems (see [5] and references therein).

When the first order term is absent and the singular behavior emanates from
a large zero order term compared to the second order term, Franca and Dutra
do Carmo [3] have introduced the Galerkin-gradient-least-squares method (GGLS)
which uses the gradient of the Euler-Lagrange equation in least-squares form as the
perturbation to the Galerkin method. This method yields the additional stability
to deal with the spurious oscillations present in the Galerkin method using linear
elements.

To deal with singular behavior in the presence of both zero and first order terms,
we combine the GLS and GGLS methods, as presented in Section 2. Next, an error
analysis is carried out in Section 3, and some numerical experiments are reported in
Section 4.



2 The method

Let @ ¢ RN, N = 2, 3, denote an open bounded domain with a polygonal or
polyhedral boundary I'. The model consists in finding a scalar field u(x), x € ©
such that

cu+a.Vu—alAu=f in 0 (1)
u=0 on T (2)
where a(x) is the given flow velocity with V.a = 0 in Q, o(x) >0 is the source

coefficient, a(x) > 0 is the diffusivity and f(x) is a prescribed source function. The
method that follows is also applicable to more general boundary conditions than the
homogeneous case discussed herein.

Consider a partition (', of € into elements consisting of convex quadrilater-
als (hexahedra in R®) performed in the usual way (i.e., no overlapping is allowed
between any two elements of the partition; the union of all elements domains K
reproduces €, etc.). Let Q,,(K) denote the space of polynomials of degree less or
equal to m in each coordinate direction defined on an element K € (), .

The scalar field u(x) is approximated with the following standard conforming
subspace

Wi = {ve H}(Q) | v, €Qun(K). K € C)} (3)

where Hj(€2) is the Sobolev space of functions with square-integrable value and
derivatives in €2 with zero value on the boundary T'.

The finite element method we wish to consider is: Find w;, € W}, such that
B(up,v) = F(v) , YoeW, (4)
with

B(uw)=(cuw)+ (a.Vu,w) + (aVu,Vv)
+ Z (cu +aVu —alAu,7 (cv+ aVv — alAv)),.

Keo), (5)
+ Z (UVU + ( VVu)Ta — aVAu,~ (UVU + (VVU)Ta — onAv)) .

KeCy,
and

Fv) = ) + Z fir(cv 4+ aVo — alAv)),
KeCy, (6)
+ Z (Vf,’y(UVv + (VVU)Ta — onAv)) .
KeC),



where (.,.) denotes the Ly-inner product in €, L2(€2) is the space of square-integrable

functions in €, (.,.)x is the Ly-inner product in element domain K. The stability
parameters 7 and 7 are defined from error analysis considerations as follows:

- hic .
7(x, Peg (x)) = 5 (|a|p N ahK)f(P K) (7)
J (o Per (%)) = —— 1 (pey) ®)
1(lal, + o hx)
m ohi) hi
Per (g = " . ) (9)
(Pex) = { P s (10)

=

|a|p _ (§:|ai|p) , 1 <p<oo (11)

=1
max [ai| , p=oco
1 -
my = min{ g,QCk} (12)
Cp Y hillAvlgs < IVl YoeW, (13)

KeCy,
REMARKS:

1. For the case when o = 0, the method above differs from the Galerkin-least-
squares method as tested in [4],[8], because the additional contribution of the
Galerkin-gradient-least-squares method does not go to zero. The numerical
results presented in section 4 indicate that the present generalization has the
same good features as the methods proposed before.

2. A similar remark can be done when a = 0. The method will be different to
the GGLS method in [3], but again good numerical results are attainable even
with the addition of the GLS contribution.

3. The key feature in the stability parameters design is their relative size. Note
that for Pex > 1 when either the zero or the first order terms is dominant,

we have 7 = O( h) for the GLS term and v = O( h*) for the GGLS term.
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4. Combining the GLS and GGLS methods have been recently proposed inde-
pendently by Harari and Hughes [6]. Their contribution has different design
considerations for the stability parameters and different signs on the pertur-
bation terms.

5. To deal with first and zero order terms, Franca and Farhat [5] have recently
introduced a method with a single additional term. The method is prompted
by a relationship with the Galerkin method enriched with bubble functions.
The advantage of that method is that the second modification due to GGLS
1S unnecessary.

3 Error analysis

In this section we consider a global convergence analysis. First note that from
the stability parameters design, either

{(Pek (x))

=1 0 < Per <1
PGK(X) ) S LeR >
or
E(Pek(x)) 1
_ <1 Per > 1
Per(x)  Pex(x) = “
then P
f( GI((X)) S 1 (14)
PGI((X)
Also, either
myp = — => my; < ZC'k
or .
mp = QCk
therefore |
Tk < 2 (15)
AC, — 2



The following stability result is immediate:
Lemma 1 (Stability) Assume a(x) and a(x) to satisfy

i) V.a(x) =0 , ¥xeQ

i) a(x) =a=const >0 ,VxeN

Then

B(v,v)

Y

(ool + ol Vol + | ool + | rHavel];

+ Z H 7% (UVU + (VVU)Ta — onAv)H;K) Vv e W,

Proof. Integrating by parts and using (¢) and (2) it follows that

(a.Vo,0)=0 |, Vve W,

By (14) we get for each K € C}:

by,
T X,PGK X = PeK X
( (%)) 5 (|a|p—|-ahK)§( (%))
ol E(Perc(x)) (16)
4o Peg(x)
mg h%"
4o

and
33
x, Peg(x = k Peg(x
7( ) I( )) 4(|a|p—|—ahK)§( I( ))

_ mihi {(Pek(x)) (17)

8a  Peg(x)
mrg h}i

Sa




1 2 mrpQ ..
I% ‘T2ozAvHO7K < = I% W3 || Avl2 o (by (ii) and (16))
54 h AN h
mg
< éékozHWHﬁ (by (13)) (18)
< SVl (by (15))

Therefore by (5) it follows that

B(v,v) = O'HUH(QJ—I-O—I-OévaHg—I-HT%O'UH?J—I-HT%a.vaz—Q Z (ov, 7 Av),.
KeC

h
2

—2 Z (a.Vu,7aAv), + Z HT%ozAvH

Keo, Keo, , 0.K
+ >~ H oVo 4+ (VVu) a — onAvHO .
KeC,, ’

Y

2 2 1 1 2 1 1 2
7 llolls+ all Vol + (1 - x) [rooli+ (1 - r) [ tavo
+(1 =X = X9) Z H T3 AvHZK + Z ¥ H oVv + (VVU)Ta — onAszK
KeC,, ’ KeC,, ’

> o|v|]2+ (g _h —IQ_ )\2) al| Vo2 + (1 — )\%) H T%O'UHZ + (1 — )\%) H T%a.Vsz
+ Z ¥ H oVv + (VVU)Ta — onAsz . (by (18))
KeC,, ’

\%

% (0‘ I ng + a vaHg + H rio vHZ + H T%a.Vsz

Keo),

+ 8 fow s (7o - avai],

where we selected \; = Ay = 3 O

Before starting the next Lemma recall that by standard aproximation theory [2],
there exists an interpolant | € Qi(K) to u € H**1(K') such that

| u— tnk Hm,K < éhl]i"—l_l_m | u |k-|-1,K ,0sm<k+1

The following can now be established.



Lemma 2 (Interpolation Estimate) Assume that the solution to (1)-(2) satis-

fies u € H**1(Q) N HY(Q) and that the assumptions of Lemma 1 hold. Denoting by
n = up — u the interpolation error for each K € C), :

1. if Peg(x)>1 , ¥x € K then

2 2

1 2 1 1 1
| 75|, Folnlin + allVnles + |72 on|,  +|r2avn|  + || ik
1 2
+ [ 75 (v + (V) a — aVAy)| <O (suplal, + ohi )R [uliy,
2. 0f0 < Peg(x) <1 ,Vxe K then
_1 ? 2 2 1 2 1 2 L 2
| 75|+ ol + allVallis + |72 on|, . + |77 avn| 4| r2aan]
1 2
+ |77 (oY + (V) a = aVAy)| < Ca b ful 2k
Therefore
_1 2 2 2 1 2 1 2 1 9
| =5 | +ollnle + a IVnlle+ |72on| +|Favn| + X | rfadn| 2k
Kely
2
+ > 7 H oVn + (VVp)'a — aVAy o
Keo, ’
<C Y hEF|luliy g [H(Pex —1) h (sup |al, + ohg )+ H(L — Peg) o
Kely
where
)0, z<y
Ha—n={ P12y (19



Proof.

|72a.5u],

0,K

and

(V)" aH

-2
[T

IA

N

2

0,K

(

hy

2

cl—H (€l aly)? [V,

IA

IA

First note that

hi

(2<|a|p+ghk,>f)

2|a|p

a.Vpy

0,K

h( %
d f) a.Vpy

0,K

¢ 3
() 12k 7,
p

2

(by Cauchy-Schwarz)

0,K

(by equivalence of norms on RY)

1 2

5) (vvp)a

ke
|a|p + o h]x

0,K
e \? ’
( i ) (VVn) ' a
4la |p -
T2
R 2
( n ) ', lals
0K
h
Cy (4|;| 5) (VVU)T‘Q |a|p (by equivalence of norms on RY)
8 0,K
C h‘ 1 2
—K ‘(|a| f) (VVU)T‘Z .

We now divide the proof in two parts:



a) Let Peg(x)>1, ¥x € K . Then

|72l ol + @ NValis + | 2ol + |2 2wl + ] rfan] b
[ (v 4+ (FnTa - avan)|
Nk + o hic) b
hZI\ (|a| +0h1‘)2n o,K—I—UHan’K—I_mk (Sup|;|;€]g'a I) : HVUH(Q),K
hi )50 2 H ((thh| |) ? +mih%(sup|a| + 0o )HA E
2(|a|p‘|‘0hk) I o K O,K 8 o,k
1 2
h3&" 2 C hx %
H‘(Miauiahkuf’z) i IRl (GOSN
—I-Qh% mz (Sup |a|p +0 hK) HVAUH(Q),A

16P€]{

2 (sup lal, + o hK)

~ g
nllo s + o llnllo s + Clsup fal, + o hre) hac [V llg e + 5 10 o x

N hi
Clh]{ ~ h&

+ sup [al, | Vallo s + Ci b (sup [al, + o hie) | A9 lg i + 4=~ [ Villg s +
Cy hie C~'2h5( sup |a|, + o hy

1 g fa [ (T )7 4 2D BRI 2 TR g

0,K 4

< C (suplal, + ohg )bt |u|i+1,K



b) Let 0 < Peg(x) <1 , Vx € K. Then

|75l + oMl + @ N0k + |2 onl o+ [t avul, o+ | rhasn] g
[ (v (vnTa - avan)|

< ('5'%’;) ZOL |l + 0l + T
#C R ()9 P g o P e
e (SN RS AN

< el + gz s+ e Pl + = e+ 2 Pl

L L | e S T e L LT

<Ca h%ﬂ (4 |ﬁ+1,K

and therefore the Lemma follows. O

The following (global) convergence estimate can now be established.
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Theorem 1 Under the same hypotheses as in Lemma 1 and 2, the solution uy of
the method given by (4)-(6) converges to u, solution of (1)-(2) as follows:

o llun — w24 al| ¥ (wy —w) |2+ | 730 (un —w)| + | 722V (- )|

+ Y oV =W+ (T (= w) a— a VA (w, —u)|;

0,K
Keo, ’
<C T hult e [H (Pes = 1) by (supal, + ohi) + H (1 = Pex) o]
Lely

where H(-) is defined in (19).

Proof. Let ey = up — up and e = ¢, + 1. The convergence proof goes as follows:

1 1 2 1 2
6 (0‘ || en Hg + a HV@;LH?) + H T20 ehHO + H T2a.VehH0 +
2

Z ¥ HUVeh—I— (VVeh)Ta — QVAehHoI’

Keo, A
< B(en €n) ( by Lemma 1)
= B (6 -1, eh)
= —B(n,en) ( by consistency )
< [B(n,en)l

|(on,en) + (a.Vn,en) + (aVn, Vey)
+ Z (cn+aVnp—aAn,m(oe,+aVe, —aley)),

Keo),

+ > (UVU +(VVp) a—aVAp,y (aVeh +(VVenr) a—aVA eh))

KeO),

K

11



IA

(o, en)l + (@Y, en)| + [(aVi, Ve

+1> (on+aVy—aln,7(oe, +aVe, —aley))y

KeO),

+1 > (UVU +(VVp) a—aVAn, 5 (aVeh +(VVey) a— onAeh))

KeC,
3o |ln e+ (g, a.Ven)| + 6a || Vi ||5 +

+ Y ,
Keo, 0.K
+ +

( 0,K 0,K T%aAeh H ,K)
+ 3 3yevy+ (VY a —aVAy|

K

IA

2
lenlls + HVehHo

o,K)

12’
_I_

T%a.Vn T2aAn

_|_

0,K

1
T20M

1
T2a.Vey,

1
T20 ey,

Kech, 0,K
+ B; B HaVeh + (VVeh) a —aVAeg, ‘01

< 30012+ 6a V2 +6] g
—|—36( TzaVnH + Z T2aAn M-l- T%UUH(Q)
Z 3y HUVU + (VV?]) a —aVAp H H eh”?)"’ % HV@;LH?)
leech
—|—12 naVehH -I- HT oep H +ﬂ1§ h Ck HAehH(ZJ,K
+ Y LloVen + (VVer) a —aVAe, H
KeCy 12

Using the inverse estimate (13) and Lemma 2 we get

1
12

L 2
T2a.VehH

1 2
T2UehH +

2 2
(ol enll+a Vel +

+ Z ¥ HUV@;L + (VVeh) a — onAehH )

K Ech

< C ) hlulik [H(Peg — 1) hg + (sup|al, + o hg)H(1 = Peg) o
IXEOh

(20)

Since by Lemma 2 we also have
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5 (Il +al wal + | 2on] + | rava| +

12
2
> v HUVU + (V) la — onAnHOK)
KeC,, ’
< C > M uliyx [HPex —1)hg + (suplal, + o hg)H(1 — Peg) o

Keo,
(21)
then the result follows by redefining constants in (20) and (21) and using the triangle

inequality. O

4 Numerical results

We employ the test problems presented in [1], [3], [4] to illustrate the applicability
of the method for different values of the coefficients. The complex numerical problem
is for low values of the diffusivity a and various examples illustrate the suitability
of the method in these regimes.

4.1 High zero order term

Let us consider a=0, 0 =1, « =107% and f = 1 on a unit square

Q:{(:p,y)ERQ|0§:1;§1and0§y§1}

with boundary conditions

w0, y)=u(z,1)=1 , 0<2<1,0<y <1

u(l,y)=u(z,0)=0 , 0<2<1,0<y< 1
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A uniform mesh with 20 x 20 Q1 (bilinear) elements is used, and the numerical
solutions with the Galerkin and the present methods are given in Figures 1 and 2,
respectively. The spurious oscillations present near the boundary layer using the
Galerkin method are eliminated when employing the present method.

4.2 Advection in a rotating flow field

Consider ¢ = f = 0 and a = 107%. The problem is defined on a unit square of
coordinates —0.5 < z,y < 40.5 where the flow velocity components are given by

ap = —Y, 42 =2

1
subject to u = 0 on the external boundary and with u = 5 (cos(dry + )+ 1) at
x=0,-05<y<0.

A uniform mesh with 30 x 30 Q1 elements is used, and the Euclidean norm is
adopted in computing |a|, .

In Figures 3 and 4 we display the solutions obtained with the Galerkin and the
present methods, respectively. Since the exact solution is smooth, both methods
perform well with the Galerkin method with small amplitude oscillations reduced
when using the stabilized method.

4.3 Advection skew to the mesh

In this test we employ a constant unitary flow field, |a|, = 1, with o = 107°
and o = 1072. We set a discontinuity in the data at the inflow boundary that when
propagated into the domain creates an internal layer of increasing width due to the
o-term. See Figure 5 for the problem statement. A uniform mesh of 20 x 20 Q1
elements are used and p = 2.

The solution using the Galerkin method is highly oscillatory and, consequently,
not shown here. The solutions for an inflow at an angle § = 45° is shown in Figure 6

and, with § = 60°, in Figure 7.
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Fig.1: High zero order term: Galerkin method solution.
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Fig.2: High zero order term: stabilized method solution.
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Fig.3: Advection in a rotating flow field: Galerkin method solution.
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Fig.4: Advection in a rotating flow field: stabilized method solution.
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Fig.5: Advection skew to the mesh: problem statement.
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Fig.6: Advection skew to the mesh: stabilized method solution with § = 45°.
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Fig.7: Advection skew to the mesh: stabilized method solution with 8 = 60°.
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