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1 IntroductionWe study the simulation of a scalar linear second order partial di�erential equa-tion with second, �rst and zero order terms. Such an equation models heat transferin 
ows, approximates the transport of the turbulence energy and dissipation rateof turbulence energy for the k � � model of turbulence, etc.Employing the standard Galerkin method with linear elements for this equation,yields spurious oscillations in singular regimes, i.e, when the the second-order termcoe�cient is much smaller than either or both the coe�cients for the zeroth and�rst order terms.For the case when the zero term is absent (the advective-di�usivemodel), Hughesand Brooks [1],[7] introduced the SUPG (Streamline Upwind Petrov Galerkin) method.The method consists in adding a mesh dependent term premultiplied by a stabilityparameter, a term which is a function of the Euler-Lagrange equation in each ele-ment, so that additional numerical stability is attained. The method was originallyanalyzed by Johnson and Navert [9] and with an improved design of the stabilityparameter that deals with high order approximations by Franca et al. [4]. TheGalerkin least-squares method (GLS) [8] crystallized this idea by using a mesh-dependent least-squares term. This GLS method is amenable to applications inother partial di�erential equations such as e.g., the ones governing structural prob-lems (see [5] and references therein).When the �rst order term is absent and the singular behavior emanates froma large zero order term compared to the second order term, Franca and Dutrado Carmo [3] have introduced the Galerkin-gradient-least-squares method (GGLS)which uses the gradient of the Euler-Lagrange equation in least-squares form as theperturbation to the Galerkin method. This method yields the additional stabilityto deal with the spurious oscillations present in the Galerkin method using linearelements.To deal with singular behavior in the presence of both zero and �rst order terms,we combine the GLS and GGLS methods, as presented in Section 2. Next, an erroranalysis is carried out in Section 3, and some numerical experiments are reported inSection 4.
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2 The methodLet 
 � RN ; N = 2; 3; denote an open bounded domain with a polygonal orpolyhedral boundary �: The model consists in �nding a scalar �eld u(x); x 2 
such that � u + a :r u � ��u = f in 
 (1)u = 0 on � (2)where a(x) is the given 
ow velocity with r:a = 0 in 
; �(x) �0 is the sourcecoe�cient, �(x) > 0 is the di�usivity and f(x) is a prescribed source function. Themethod that follows is also applicable to more general boundary conditions than thehomogeneous case discussed herein.Consider a partition Ch of 
 into elements consisting of convex quadrilater-als (hexahedra in R3) performed in the usual way (i.e., no overlapping is allowedbetween any two elements of the partition; the union of all elements domains Kreproduces 
; etc.). Let Qm(K) denote the space of polynomials of degree less orequal to m in each coordinate direction de�ned on an element K 2 Ch .The scalar �eld u(x) is approximated with the following standard conformingsubspace Wh = nv 2 H10 (
) j vjK 2 Qm(K); K 2 Cho (3)where H10 (
) is the Sobolev space of functions with square-integrable value andderivatives in 
 with zero value on the boundary �:The �nite element method we wish to consider is: Find uh 2 Wh such thatB(uh; v ) = F (v) ; 8v 2 Wh (4)withB(u;v ) = (� u ;v) + (a:ru;v) + (�ru;rv)+ XK2Ch (� u + a:ru � ��u ; � (� v + a:rv � �� v))K+ XK2Ch ��ru + (rru)T a � �r�u; 
 ��r v + (rrv)T a � �r� v��K (5)and F (v) = ( f; v) + XK2Ch ( f; � (� v + a:rv � �� v))K+ XK2Ch �rf; 
 ��r v + (rrv)T a � �r� v��K (6)2



where (:; :) denotes the L2-inner product in
; L2(
) is the space of square-integrablefunctions in 
; (:; :)K is the L2-inner product in element domain K: The stabilityparameters � and 
 are de�ned from error analysis considerations as follows:� (x; P eK (x)) = hK2 �jajp + � hK�� (PeK) (7)
 (x; P eK (x)) = h3K4 �jajp + � hK�� (PeK) (8)PeK (x) = mk �jajp + � hK�hK2� (9)� (PeK) = ( PeK ; 0 � PeK � 11 ; P eK � 1 (10)jajp = 8>>><>>>:  NXi=1 j ai jp! 1p ; 1 � p <1maxi=1;N j ai j ; p =1 (11)mk = min� 13 ; 2 ~Ck � (12)~Ck XK2Ch h2K k�v k20;K � krv k20 ; 8v 2 Wh (13)REMARKS:1. For the case when � = 0; the method above di�ers from the Galerkin-least-squares method as tested in [4],[8], because the additional contribution of theGalerkin-gradient-least-squares method does not go to zero. The numericalresults presented in section 4 indicate that the present generalization has thesame good features as the methods proposed before.2. A similar remark can be done when a = 0: The method will be di�erent tothe GGLS method in [3], but again good numerical results are attainable evenwith the addition of the GLS contribution.3. The key feature in the stability parameters design is their relative size. Notethat for PeK � 1 when either the zero or the �rst order terms is dominant,we have � = O(h ) for the GLS term and 
 = O(h3 ) for the GGLS term.3



4. Combining the GLS and GGLS methods have been recently proposed inde-pendently by Harari and Hughes [6]. Their contribution has di�erent designconsiderations for the stability parameters and di�erent signs on the pertur-bation terms.5. To deal with �rst and zero order terms, Franca and Farhat [5] have recentlyintroduced a method with a single additional term. The method is promptedby a relationship with the Galerkin method enriched with bubble functions.The advantage of that method is that the second modi�cation due to GGLSis unnecessary.3 Error analysisIn this section we consider a global convergence analysis. First note that fromthe stability parameters design, either�(PeK(x))PeK(x) = 1 , 0 � PeK � 1or �(PeK(x))PeK(x) = 1PeK(x) � 1 , PeK � 1then �(PeK(x))PeK(x) � 1 (14)Also, either mk = 13 ) mk � 2 ~Ckor mk = 2 ~Cktherefore mk4 ~Ck � 12 (15)4



The following stability result is immediate:Lemma 1 (Stability) Assume a(x) and �(x) to satisfyi) r:a(x) = 0 ; 8x 2 
ii) �(x) = � = const > 0 ; 8x 2 
ThenB(v; v) � 16 �� k vk20 + � krvk20 + 


 � 12�v


20 + 


 � 12a:rv


20+ XK2Ch 


 
 12 ��rv + (rrv)T a � �r�v�


20;K1A ;8v 2 WhProof. Integrating by parts and using (i) and (2) it follows that(a:rv; v) = 0 ; 8v 2 WhBy (14) we get for each K 2 Ch:� (x; P eK(x)) = hk2 �jajp + � hK��(PeK(x))= mkh2K4� �(PeK(x))PeK(x)� mkh2K4� (16)and 
 (x; P eK(x)) = h3k4 �jajp + � hK��(PeK(x))= mk h4K8� �(PeK(x))PeK(x)� mk h4K8� (17)
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XK2Ch 


� 12��v


20;K � mk�4 XK2Ch h2K k�vk20;K (by (ii) and (16))� mk4 ~Ck� krvk20 (by (13))� �2 krvk20 (by (15)) (18)Therefore by (5) it follows thatB(v; v) = � k vk20 + 0 + � krvk20 + 


 � 12� v


20 + 


 � 12a:rv


20 � 2 XK2Ch (�v; � ��v)K�2 XK2Ch (a:rv; � ��v)K + XK2Ch 


 � 12��v


20;K+ XK2Ch 
 


�rv + (rrv)T a � �r�v


20;K� � k vk20 + � krvk20 + �1� 1�1�


 � 12� v


20 + �1� 1�2�


 � 12a:rv


20+(1� �1 � �2) XK2Ch 


 � 12��v


20;K + XK2Ch 
 


 �rv + (rrv)T a � �r�v


20;K� � k vk20 +  32 � �1 + �22 !� krvk20 + �1 � 1�1�


 � 12�v


20 + �1 � 1�2�


 � 12a:rv


20+ XK2Ch 
 


�rv + (rrv)T a � �r�v


20;K (by (18))� 16 �� k vk20 + � krvk20 + 


 � 12� v


20 + 


 � 12a:rv


20+ XK2Ch 
 


�rv + (rrv)T a � �r�v


20;K1Awhere we selected �1 = �2 = 43 . 2Before starting the next Lemma recall that by standard aproximation theory [2],there exists an interpolant ~uhjK 2 Qk(K) to u 2 Hk+1(K) such thatk u� ~uhjK km;K � ~Chk+ 1�mK j u jk+1;K ; 0 � m � k + 1The following can now be established.6



Lemma 2 (Interpolation Estimate) Assume that the solution to (1)-(2) satis-�es u 2 Hk+1(
)\H10 (
) and that the assumptions of Lemma 1 hold. Denoting by� = ~uh � u the interpolation error for each K 2 Ch :1. if PeK(x) � 1 ; 8x 2 K then


 �� 12 � 


20;K + � k �k20;K + � kr� k20;K + 


 � 12 � �


20;K + 


� 12 a:r�


20;K + 


 � 12���


 20;K+ 


 
 12 ��r� + (rr�)T a � �r���


20;K � C (sup ja jp + � hK )h2k+1K juj2k+1;K2. if 0 � PeK(x) � 1 ; 8x 2 K then


 �� 12 � 


20;K + � k �k20;K + � kr� k20;K + 


 � 12 � �


20;K + 


� 12 a:r�


20;K + 


 � 12���


 20;K+ 


 
 12 ��r� + (rr�)T a � �r���


20;K � C � h2kK juj 2k+1;KTherefore


 �� 12 � 


20 + � k �k20 + � kr� k20 + 


 � 12 � � 


20 + 


� 12 a:r�


20 + XK2Ch 


 � 12���


 20;K+ XK2Ch 
 


�r� + (rr�)T a � �r��


20;K� C XK2Ch h2kK ju j2k+1;K [H(PeK � 1)hK (sup ja jp + � hK ) +H(1 � PeK)�]where H(x� y) = ( 0; x < y1; x � y (19)
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Proof. First note that


 � 12a:r� 


20;K = 





 hK2(ja jp + � hK)�! 12 a:r�





20;K� 





 hK2ja jp �! 12 a:r�





20;K� hk2 





 �ja jp!12 ja j2jr� j2





20;K (by Cauchy-Schwarz)� C1hk2 


 (�ja jp) 12 jr� j2


20;K (by equivalence of norms on RN)and


 
 12 (rr�)T a


20;K = 





 h3K4 (jajp + � hK)�! 12 (rr�)T a 





20;K� 





 h3K4jajp �! 12 (rr�)T a 





20;K� 





 h3K4jajp �! 12 ���(rr�)T ���2 jaj2 





20;K� C2 





 h3K4jajp �! 12 ���(rr�)T ���2 jajp 





20;K (by equivalence of norms on RN )� C2h3K4 



 �jajp �� 12 ���(rr�)T ���2



20;KWe now divide the proof in two parts:
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a) Let PeK(x) � 1 ; 8x 2 K : Then


 �� 12 � 


20;K + � k �k20;K + � kr� k20;K + 


 � 12 � �


20;K + 


� 12 a:r�


20;K + 


 � 12���


 20;K+ 


 
 12 ��r� + (rr�)T a � �r���


20;K� 2hK 



�jajp + � hK�12 �



20;K + � k �k20;K + mk �sup jajp + � hK�hK2PeK kr� k20;K+ 






0@ hK2 �jajp + � hk�1A 12 � � 






20;K + 




 C1hK2 jajp! 12r�




20;K + m2kh3K � sup jajp + � hK�8 k��k20;K+4 





 h3K4 (jajp + �hK)�2! 12 r�





20;K + 4C2h3K4 



 �jajp�12 ���(rr�)T ���2 



20;K+2h5K m2k (sup jajp + � hK)16PeK kr��k20;K� 2 �sup jajp + � hK�hK k �k20;K + � k �k20;K + ~Ck(sup jajp + � hK)hK kr� k20;K + �2 k � k20;K+C1hK2 sup jajp kr�k20;K + ~C2k h3K (sup jajp + � hK) k��k20;K + 4h2K �4 kr�k20;K ++4C2h3K4 sup jajp 


(rr�)T


20;K + 2 ~C2k h5K (sup jajp + � hK)4 kr��k20;K� C (sup ja jp + � hK )h2k+1K juj2k+1;K
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b) Let 0 � PeK(x) � 1 ; 8x 2 K: Then


 �� 12 � 


20;K + � k �k20;K + � kr� k20;K + 


 � 12 � �


20;K + 


� 12 a:r�


20;K + 


 � 12���


 20;K+ 


 
 12 ��r� + (rr�)T a � �r���


20;K� 2hK 





 jajp + � hK� (PeK) !12 �





20;K + 2�PeKmkh2k k �k20;K + � kr�k20;K + mkh2K4� 4�2Pe2Km2kh4K k �k20;K+C1 hK PeK2 



 �jajp�12 : jr�j2



20;K + h2K mk �4 k��k20;K + 4mkh4K8� 4�2Pe2Km2kh4K kr�k20;K+4C2h3KPeK4 



�jajp� 12 ���(rr�)T ���2



20;K + 2h4K mk�8 kr�� k20;K� 4�mk h2K k �k20;K + 2�mk h2k k �k20;K + � kr�k20;K + �mk h2K k � k20;K + C1�mk kr�k20;K+ ~Ck h2K �2 k��k20;K + �2mk kr�k20;K + C2�h2K2mk 


(rr�)T 


20;K + ~Ck h4K �4 kr�� k20;K� C�h2kK ju j2k+1;Kand therefore the Lemma follows. 2The following (global) convergence estimate can now be established.
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Theorem 1 Under the same hypotheses as in Lemma 1 and 2, the solution uh ofthe method given by (4)-(6) converges to u; solution of (1)-(2) as follows:� kuh � u k20 + � kr (uh � u)k20 + 


 � 12� (uh � u)


20 + 


 � 12a:r (uh � u)


20+ XK2Ch 
 


�r (uh � u) + (rr (uh � u))T a� �r�(uh � u)


20;K� C PK2Ch h2kK juj2k+1;K [H (PeK � 1) hk (sup jajp + �hK) +H (1 � PeK)�]where H(�) is de�ned in (19).Proof. Let eh = uh� euh and e = eh+ �. The convergence proof goes as follows:16 �� k eh k20 + � krehk20 + 


 � 12� eh


20 + 


 � 12a:reh


20+XK2Ch 
 


�reh + (rreh)T a � �r�eh


20;K1A� B (eh; eh) ( by Lemma 1 )= B (e� �; eh)= �B (�; eh) ( by consistency )� jB (�; eh)j= j(� �; eh) + (a:r�; eh) + (�r�;reh)+ XK2Ch (� � + a:r� � ���; � (� eh + a:reh � ��eh))K+ XK2Ch ��r� + (rr�)T a� �r��; 
 ��reh + (rreh)T a � �r� eh��K������
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� j(� �; eh)j+ j(a:r�; eh)j+ j(�r�;reh)j+ ������ XK2Ch (�� + a:r� � ���; � (�eh + a:reh � ��eh))K������+ ������ XK2Ch ��r� + (rr�)T a � �r� �; 
 ��reh + (rreh)T a� �r�eh��K������� 3� k � k20 + j(�;a:reh)j+ 6� kr� k20 + �12 k eh k20 + �24 kreh k20+ XK2Ch �


 � 12� � 


0;K + 


 � 12a:r� 


0;K + 


 � 12��� 


0;K�:�


 � 12� eh 


0;K + 


� 12a:reh


0;K + 


 � 12��eh 


0;K �+ XK2Ch 3
 


�r� + (rr�)T a � �r�� 


20;K+ XK2Ch 
12 


�reh + (rreh)T a � �r�eh 


20;K� 3� k � k20 + 6� kr � k20 + 6 


 �� 12 � 


20+360@


 � 12a:r� 


20+ XK2Ch 


 � 12��� 


20;K + 


 � 12� � 


201A+ XK2Ch 3
 


�r� + (rr�)T a � �r�� 


20;K + �12 k ehk20 + �24 krehk20+ 112 


 � 12a:r eh


20 + 112 


 � 12� eh 


20 + �24 XK2Ch h2K ~Ck k�ehk20;K+ XK2Ch 
12 


�reh + (rreh)T a � �r�eh 


20;KUsing the inverse estimate (13) and Lemma 2 we get112 �� k eh k20 + � krehk20 + 


 � 12� eh


20 + 


 � 12a:reh


20+ XK2Ch 
 


�reh + (rreh)T a � �r�eh


20;K1A� C XK2Ch h2kK ju j2k+1;K [H(PeK � 1)hK + (sup ja jp + � hK)H(1� PeK)�](20)Since by Lemma 2 we also have 12



112 �� k �k20 + � kr�k20 + 


 � 12� �


20 + 


 � 12a:r�


20+XK2Ch 
 


�r� + (rr�)T a � �r��


20;K1A� C XK2Ch h2kK ju j2k+1;K [H(PeK � 1)hK + (sup ja jp + � hK)H(1� PeK)�](21)then the result follows by rede�ning constants in (20) and (21) and using the triangleinequality. 24 Numerical resultsWe employ the test problems presented in [1], [3], [4] to illustrate the applicabilityof the method for di�erent values of the coe�cients. The complex numerical problemis for low values of the di�usivity � and various examples illustrate the suitabilityof the method in these regimes.4.1 High zero order termLet us consider a = 0, � = 1; � =10�6 and f = 1 on a unit square
 = n(x; y) 2 R2 j 0 � x � 1 and 0 � y � 1owith boundary conditionsu (0; y) = u (x; 1) = 1 ; 0 � x � 1; 0 � y � 1u (1; y) = u (x; 0) = 0 ; 0 � x � 1; 0 � y � 113



A uniform mesh with 20 � 20 Q1 (bilinear) elements is used, and the numericalsolutions with the Galerkin and the present methods are given in Figures 1 and 2,respectively. The spurious oscillations present near the boundary layer using theGalerkin method are eliminated when employing the present method.4.2 Advection in a rotating 
ow �eldConsider � = f = 0 and � = 10�6: The problem is de�ned on a unit square ofcoordinates �0:5 � x; y � +0:5 where the 
ow velocity components are given bya1 = �y ; a2 = xsubject to u = 0 on the external boundary and with u = 12 (cos (4�y + �) + 1) atx = 0, �0:5 � y � 0:A uniform mesh with 30 � 30 Q1 elements is used, and the Euclidean norm isadopted in computing jaj2 :In Figures 3 and 4 we display the solutions obtained with the Galerkin and thepresent methods, respectively. Since the exact solution is smooth, both methodsperform well with the Galerkin method with small amplitude oscillations reducedwhen using the stabilized method.4.3 Advection skew to the meshIn this test we employ a constant unitary 
ow �eld, jaj2 = 1; with � = 10�6and � = 10�2: We set a discontinuity in the data at the in
ow boundary that whenpropagated into the domain creates an internal layer of increasing width due to the�-term. See Figure 5 for the problem statement. A uniform mesh of 20 � 20 Q1elements are used and p = 2.The solution using the Galerkin method is highly oscillatory and, consequently,not shown here. The solutions for an in
ow at an angle � = 45o is shown in Figure 6and, with � = 60o, in Figure 7. 14
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Fig.1: High zero order term: Galerkin method solution.16



Fig.2: High zero order term: stabilized method solution.17



Fig.3: Advection in a rotating 
ow �eld: Galerkin method solution.18



Fig.4: Advection in a rotating 
ow �eld: stabilized method solution.19



Fig.5: Advection skew to the mesh: problem statement.20



Fig.6: Advection skew to the mesh: stabilized method solution with � = 45o.21



Fig.7: Advection skew to the mesh: stabilized method solution with � = 60o.22


