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Abstract. This work proposes a new local projection stabilized finite element method

(LPS) for the Oseen problem. The method adds to the Galerkin formulation new fluctuation

terms which are symmetric and easily computable at the element level. Proposed for the pair

P1/Pl, l = 0, 1, when the pressure is continuously or discontinuously approximated, well-

posedeness and error optimality are proved. In addition, we introduce a cheap strategy to

recover an element-wise mass conservative velocity field in the discontinuous pressure case,

a property usually neglected in the stabilized finite element context. Numerics validate

the theoretical results and show that the present method improves accuracy to represent

boundary layers when compared with alternative approaches.

1. Introduction

The Oseen equation, or linearized incompressible Navier-Stokes equations, consists of find-

ing the velocity and pressure (u, p) as the solution of

(∇u) a − µ ∆u + ∇p = f , ∇·u = 0 in Ω ,(1)

u = 0 on ∂Ω ,

where µ ∈ R
+ is the fluid viscosity, and a and f are given regular enough data, a being

supposed solenoidal in Ω. Adopting standard notations for Sobolev spaces, the weak form

associated to (1) reads: Find (u, p) ∈ H1
0 (Ω)2 × L2

0(Ω) such that

A((u, p), (v, q)) = (f , v)Ω for all (v, q) ∈ H1
0 (Ω)2 × L2

0(Ω) ,(2)

where

A((u, p), (v, q)) := ((∇u) a, v)Ω + µ (∇u,∇v)Ω − (p,∇ · v)Ω + (q,∇ · u)Ω .(3)

Stabilized finite element methods for the Oseen equation must handle two combined nu-

merical difficulties: the first is the well known inf-sup condition (see [15]), which prevents
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some of the most interesting and easy to use low order pairs of finite elements from being

used by the Galerkin method. In addition, boundary layers ought to be accuratly captured

if we want to avoid non-physical spurious oscillations on solutions. In general, a stabilized

finite element method adds extra terms to the Galerkin formulation to circumvent both

cited shortcomings. The usual way to achieve this has been adding suitable mesh dependent

terms, which can be residual, as in the SUPG (or SUPG/PSPG, or SDFEM) method (see

[11, 18, 20, 19]), or non-residual as in the Orthogonal Subscales method (see [8]), CIP meth-

ods (see [7]), or Local Projection Stabilization (LPS) (cf. [4]). The latter method adds to

the Galerkin formulation symmetric, term-by-term fluctuation terms which are responsible

for the stability. Unlike standard residual-based stabilized methods, these terms disregard

cross products between pressure and velocity derivatives at the price to relax consistency

(see [5] , [13], and [19] for a recent review). For a thorough review of different stabilized

finite element methods for the Oseen problem we refer to [6].

Recently, a new family of residual-based stabilized methods, called RELP (Residual Local

Projection) has been proposed and analyzed in [2, 3]. As a result of a Petrov-Galerkin

enrichment (see [1, 12] for the idea applied to the Darcy problem), a new kind of fluctuation

terms arises as part of a static condensation procedure, which prevents additional degrees

of freedom. Consequently, the RELP method allows us to adopt low order polynomials for

velocity and pressure while keep fluctuations contributions element-wise computable.

This work takes advantage of the additional terms of the RELP method and relaxes

consistency to propose a LPS method easily implemented at the element level. In fact,

unlike ”traditional” LPS, the present approach does not need nested meshes or extra degrees

of freedom to compute the fluctuation terms for low order elements. It results in a term-

by-term method for the pair P
2
1/Pl, l = 0, 1, which contains only few of the symmetric

additional terms composing the RELP method. Moreover, some of the properties of the

residual approach are inherited by the present one such as to be locally mass conservative

(for discontinuous pressure cases) and free of priorly fixed parameters. Such simplicity makes

the implementation of the method straightforward in a standard node-based finite element

code and improves accuracy in comparison with LPS and SUPG.

The plan of the paper is as follows. In Section 2 we present the method, which is mathe-

matically analyzed in §3. In §4 several numerical results attest the good performance of our

method in comparison with other stabilized methods. We end by laying down conclusions

in Section 5.



LOW ORDER LPS METHOD FOR THE OSEEN EQUATION 3

1.1. Notations. Let {Th}h>0 be a family of regular triangulations of Ω, built up using

triangles K with boundary ∂K and characteristic length hK := diam(K), and h := max{hK :

K ∈ Th}. For simplicity, we suppose the boundary of Ω to be polygonal. Associated to

this triangulation, the discrete space for the velocity Vh is the usual space of vector-valued

piecewise linear continuous functions with zero trace on ∂Ω. To approximate the pressure we

use Ql
h, l = 0, 1, the space of piecewise polynomial functions of degree l with zero mean value

in Ω. If l = 1, the space of pressures may contain continuous or discontinuous functions.

The set of internal edges F of the triangulation is denoted Eh with hF = |F |. We denote by

n the normal outward vector on ∂K; also, JvK stands for the jump of v across F , and ΠS,

where S ⊂ R
2, is the orthogonal projection onto the constant space, i.e., ΠS(q) := (q,1)S

|S|
.

Finally, for D ⊆ R
2, ‖ · ‖s,p,D stands for the norm in W s,p(D), and for p = 2, ‖ · ‖s,D stands

for the norm in Hs(D).

2. The finite element method

The method proposed in this work reads: Find (u1, pl) ∈ Vh × Ql
h such that

B((u1, pl), (v1, ql)) = (f , v1)Ω ∀(v1, ql) ∈ Vh × Ql
h ,(4)

where the bilinear form B(., .) is given by B(., .) := A(., .) + BT (., .) + BE(., .), with

BT ((u1, pl), (v1, ql)) :=
∑

K∈Th

αK

µ

[

(χhpl, χhql)K + (χh(x· (∇u1) a), χh(x· (∇v1) a))K

]

+
γK

µ
(χh(a·x∇ · u1), χh(a·x∇ · v1))K ,

BE((u1, pl), (v1, ql)) :=
∑

F∈Eh

τF (ΠF (JplK), ΠF (JqlK))F ,

and χh := I − ΠK is the fluctuation operator. The positive piecewise constants αK and γK

are given by

αK := max {1, P eK}−1 and γK := max

{

1,
P eK

24

}−1

,(5)

where PeK := |a|KhK

18 µ
and |a|K :=

‖a‖0,K

|K|
1
2

.

We use the stabilization parameter from [3], given once and for all by τF = hF

12 µ
if |a| = 0,

else,

τF =
1

2|a| −
1

|a|PeF

+
1

|a|(ePeF − 1)
,(6)
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where, for F = K+ ∩ K− ∈ Eh,

PeF =
|a| hF

µ
,(7)

and |a| := 1

h
1/2

F

‖ {a} ‖0,F , {a} := 1
2
(a|K+ + a|K−).

Remark. From (6), for large PeF we can approximate τF as follows

τF ≈ 1

2|a| −
1

|a|PeF

.(8)

This simplified form helps to avoid overflows in the dominated convection regime (i.e., when

PeF is large). �

Remark. At this point, the following remarks may be done:

1. The stabilizing terms in (4) include those used in [9] to stabilize the Stokes problem

plus terms meant to stabilize the convection. These convective terms are different

from those used in the LPS method (see, for example, [5]), and this fact appears as

the main difference between the present method and previously existing alternatives,

such as [16] and [14], for the Navier-Stokes equations.

2. Furthermore, the shape of the fluctuation terms allows us to compute them in an easy

way at the element level (see the beginning of §4), without the need of an enrichment

of the finite element space as in [13], or any patch-wise computation as in [4]. Another

distinctive feature of the present method is the stabilization parameter used, which

differs from previous choices (cf. [6]).

3. When the pressure is approximated by piecewise constant functions, the stabilization

of the inf-sup deficiency of the P
2
1×P0 pair relies on the jump term

∑

F∈Eh
τF (Jp0K, Jq0K)F ,

since (χh(p0), χh(q0))K vanishes. In the case of linear discontinuous pressures, the

jump terms present a minimal stabilization needed to control a norm of the pressure.

4. The discrete velocity u1 itself is not locally mass conservative, but there is an easy

way to post-process it to build a locally mass conservative velocity field. To this end,

let ϕF be the local basis function for the lowest order Raviart-Thomas finite element

space given by ϕF (x) = ± hF

2|K|
(x− xF ) , and xF is the node opposite to the edge F .

Let also unc be the Raviart-Thomas field given by

unc :=
∑

F⊆∂K∩Ω

τF ΠF (JplK)ϕF .(9)

Then (see Lemma 3 below for the details)

∇ · (u1 + unc)
∣

∣

∣

K
= 0 ,
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in each K ∈ Th. We remark also that, once the discrete solution (u1, pl) is computed,

the computation of unc does not involve any further computational cost.

5. The methods, as well as the analysis presented below, may be naturally extended to

cover affine quadrilateral meshes and three-dimensional problems. �

3. Error analysis

From now on, C will denote a generic positive constant, independent of h, µ and a, whose

value may change in every occurrence. Also, to avoid unnecessary technicalities we suppose

that a ∈ W 1,∞(Ω). Let ‖ · ‖h be the mesh-dependent norm given by

‖(v, q)‖2
h :=µ |v|21,Ω +

∑

K∈Th

αK

µ

[

‖χh(x· (∇v) a)‖2
0,K + ‖χhq‖2

0,K

]

+
γK

µ
‖χh(a·x∇· v)‖2

0,K

+
∑

F∈Eh

τF ‖ΠF (JqK)‖2
0,F ,(10)

for all (v, q) ∈ Vh × Ql
h. Finally, we do not make distinctions between continuous and

discontinuous pressure interpolations, the analysis presented below covers both cases.

Remark. When a |K ∈ R
2 for each K ∈ Th, we can use scaling arguments (cf. [10]) to show

that the norm ‖.‖2
h is equivalent to the following stabilized-like norm

µ |v|21,Ω +
∑

K∈Th

αK h2
K

µ

[

‖(∇v) a‖2
0,K + ‖∇q‖2

0,K

]

+
γK ‖a‖2

0,K

µ
‖∇· v‖2

0,K +
∑

F∈Eh

τF ‖ΠF (JqK)‖2
0,F ,

for all (v, q) ∈ Vh × Ql
h. �

We present the following stability result, which includes also a bound for the consistency

error. From now on, we denote α := maxK∈Th
αK , and γ := maxK∈Th

γK .

Lemma 1. There exits C such that, for all (v1, ql) ∈ Vh × Ql
h

B((v1, ql), (v1, ql)) = ‖(v1, ql)‖2
h ,(11)

and thus (4) has a unique solution. Moreover, let (u, p) ∈ H2(Ω)2 × H1(Ω) be the solution

of (2) and (u1, pl) the solution of (4). Then, for all (v1, ql) ∈ Vh × Ql
h, there holds

|B((u − u1, p − pl), (v1, ql))| ≤ C

√
α h ‖a‖1,∞,Ω√

µ
(‖u‖2,Ω + |p|1,Ω) ‖(v1, ql)‖h .(12)
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Proof. The ellipticity of B(., .) follows directly from its definition. To prove (12) we first

note that JpK = 0 (since p ∈ H1(Ω)). Then, using the definition of B(., .), (2) and (4) we

arrive at

B((u − u1, p − pl), (v1, ql)) =
∑

K∈Th

αK

µ

[

(χh (x· (∇u) a), χh (x· (∇v1) a))K + (χh p, χh ql)K

]

.

The result follows using the Cauchy-Schwarz inequality and the approximation properties of

ΠK (cf. [10]). �

We now present the main error estimate for the method (4).

Theorem 2. Let us suppose that (u, p), solution of (2), belongs to H2(Ω)2 × H1(Ω), and

let (u1, pl) be the solution of (4). Then, there exists C such that

‖(u − u1, p − pl)‖h ≤ C h

(

max

{

√
µ,

√
h√
µ

,

√
α ‖a‖1,∞,Ω√

µ
,
h ‖a‖∞,Ω√

µ

}

‖u‖2,Ω +
1√
µ
|p|1,Ω

)

.

(13)

Proof. Let (ũ1, p̃l) = (Ih(u), Πl(p)), where Ih is the Lagrange interpolation operator, and Πl

is the L2(Ω)-orthogonal projection onto Ql
h (cf. [10]). Then, defining (w1, ql) := (ũ1−u1, p̃l−

pl), (ηu, ηp) = (u− ũ1, p− p̃l), integrating by parts, using Lemma 1 and the Cauchy-Schwarz

inequality we obtain

‖(w1, ql)‖2
h = B((w1, ql), (w1, ql))

= B((ηu, ηp), (w1, ql)) + B((u − u1, p − pl), (w1, ql))

≤ B((ηu, ηp), (w1, ql)) + C

√
α h ‖a‖1,∞,Ω√

µ
(‖u‖2,Ω + |p|1,Ω) ‖(w1, ql)‖h

≤ ‖(ηu, ηp)‖h‖(w1, ql)‖h − (ηu, (∇w1)a)Ω − (ηp,∇ · w1)Ω + (ql,∇ · ηu)Ω

+ C

√
α h ‖a‖1,∞,Ω√

µ
(‖u‖2,Ω + |p|1,Ω) ‖(w1, ql)‖h .(14)

We bound each one of the terms in (14). First, we start recalling the following result from

[3], Lemma 2 :

hF

µ
≤ C max

{

1,
hF

µ

}

τF and τF ≤ hF

2µ
.(15)
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Then, using the stability of χh and ΠF , the approximation properties of Ih and Πl (see [10]),

(15) and γ ≤ C α we obtain

‖(ηu, ηp)‖h =

{

µ |ηu|21,Ω +
∑

K∈Th

αK

µ

[

‖χh(x· (∇ηu) a)‖2
0,K + ‖χhη

p‖2
0,K

]

+
γK

µ
‖χh(a·x∇· ηu)‖2

0,K +
∑

F∈Eh

τF ‖ΠF (JηpK)‖2
0,F

}
1

2

≤ C

{

µ h2 |u|22,Ω +
∑

K∈Th

αK

µ

[

‖x· (∇ηu) a‖2
0,K + ‖ηp‖2

0,K

]

+
γK

µ
‖a·x∇· ηu‖2

0,K +
∑

F∈Eh

hF

µ
‖JηpK‖2

0,F

}
1

2

≤ C

{

µ h2 |u|22,Ω +
∑

K∈Th

αK + γK

µ
|ηu|21,K ‖a‖2

∞,K +
α h2 + h2

µ
|p|21,Ω

}
1

2

≤ Ch

(

max

{√
µ,

√
α ‖a‖∞,Ω√

µ

}

‖u‖2,Ω +
1√
µ
|p|1,Ω

)

,(16)

and using the Cauchy-Schwarz’s inequality and analogous arguments we obtain

(ηp,∇ · w1)Ω ≤ C
h√
µ
|p|1,Ω ‖(w1, ql)‖h ,(17)

(ηu, (∇w1)a)Ω ≤ C
h2 ‖a‖∞,Ω√

µ
|u|2,Ω ‖(w1, ql)‖h .(18)

There is only one remaining term to bound in (14). For F = K ∩ K ′ ∈ Eh, let ωF =

K∪K ′. Then, integrating by parts, using (15), the aproximation properties of ΠF , |ql|1,∂K ≤
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Ch
− 1

2

F |ql|1,K (cf. [10]) and the mesh regularity we arrive at

(ql,∇ · ηu)Ω =
∑

K∈Th

−(∇ql, η
u)K +

∑

F∈Eh

(JqlK, η
u · n)F

≤
∑

K∈Th

‖∇ql‖0,K‖ηu‖0,K +
∑

F∈Eh

‖JqlK‖0,F‖ηu‖0,F

≤ C
∑

K∈Th

h2
K‖∇ql‖0,K |u|2,K + C

∑

F∈Eh

h
3

2

F (‖JqlK − ΠF (JqlK)‖0,F + ‖ΠF (JqlK)‖0,F ) |u|2,ωF

≤ C h
√

µ
√

max{1, P eK} |u|2,Ω ‖(w1, ql)‖h + C
∑

F∈Eh

h
5

2

F |JqlK|1,F |u|2,ωF

+ C
∑

F∈Eh

√

max

{

1,
h

µ

}

τF hF ‖ΠF (JqlK)‖0,F

√
µ |u|2,ωF

≤ C h
√

µ max

{

1,
√

PeK ,

√
h√
µ

}

|u|2,Ω ‖(w1, ql)‖h + C

{

∑

K∈Th

αK

µ
h3

K |ql|21,∂K

}
1

2
{

∑

K∈Th

µ

αK

h2
K |u|22,K

}
1

2

≤ C h
√

µ max

{

1,
√

PeK ,

√
h√
µ

}

|u|2,Ω ‖(w1, ql)‖h .

(19)

Hence, from (14)-(19) we obtain

‖(w1, ql)‖h ≤ C h

(

max

{

√
µ,

√
h√
µ

,

√
α ‖a‖1,∞,Ω√

µ
,
h ‖a‖∞,Ω√

µ

}

‖u‖2,Ω +
1√
µ
|p|1,Ω

)

,(20)

and the result follows using the triangle inequality and (16). �

Remark. In the above estimate the terms in front of the velocity are not µ-independent,

contrary to some previously existing estimates, as is the case of, for example, [6], in which

an error estimate is derived in a norm similar to (10). It is nonetheless worth remarking

that in (13) the negative impact of the µ− 1

2 term in front of the velocity is compensated by

either an h or an α in the numerator.

If p ∈ H2(Ω), then our estimate improves and (13) becomes

‖(u − u1, p − pl)‖h ≤ C h

(

max

{

√
µ,

√
h√
µ

,

√
α ‖a‖1,∞,Ω√

µ
,
h ‖a‖∞,Ω√

µ

}

‖u‖2,Ω +
h +

√
α√

µ
‖p‖2,Ω

)

.

(21)

This improved estimate is still not as clean as the one from [6]. It is worth mentioning

nevertheless that to derive the estimate in [6] the stabilization parameter in front of the
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pressure fluctuations change according to the regularity of the solution. Hence, some apriori

knowledge of the regularity of the solution is needed before the method is implemented.

Despite the above, we remark that the numerical performance of the method seems to be

robust in the convection-dominated case (see Section 4). �

The next result shows how to easily recover a locally mass conservative discrete velocity,

without undermining the convergence of the method.

Lemma 3. Let u1 be the discrete velocity from (4) and unc be defined by (9). The velocity

field uh := u1 + unc is locally mass conservative, i.e.,

∇ · uh

∣

∣

∣

K
= 0 ∀ K ∈ Th .(22)

Moreover, the following error estimate holds

√
µ

{

∑

K∈Th

|u − uh|21,K

}
1

2

≤ C max

{

1,

√
h√
µ

}

‖(u − u1, p − pl)‖h .(23)

Proof. The proof of the local conservation of the mass is analogous to the one from [2], but

for completeness we include it here. Let K ′ ∈ Th be a fixed element and K another element

of the triangulation, and ql ∈ Ql
h given as follows: ql = 1 in K ′, ql = − |K ′|

|K|
in K, and zero

everywhere else. Then, selecting (0, ql) as test function in the method (cf. (4)) we get

(ql,∇ · u1)K∪K ′ +
∑

F∈Eh

τF (ΠF (JplK), ΠF (JqlK))F = 0 ,(24)

and then, using (9) and integrating by parts we obtain

(1,∇ · uh)K =
|K|
|K ′| (1,∇ · uh)K ′ .(25)

Next, since uh · n = 0 on ∂Ω we have

0 = (1,∇ · uh)Ω =

{

∑

K∈Th

|K|
|K ′|

}

(1,∇ · uh)K ′ ,(26)

leading to (1,∇ ·uh)K ′ = 0. The result follows using that ∇ ·uh ∈ R in each element of Th.
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The error estimate reduces to prove a bound for |unc|1,K . To this end, we apply that

|ϕF |1,K ≤ C, the Cauchy-Schwarz inequality, (15) and JpK = 0 to obtain

√
µ |unc|1,K ≤ √

µ
∑

F⊆∂K∩Ω

τF |ΠF (JplK)| |ϕF |1,K

≤ C
∑

F⊆∂K∩Ω

1√
µ

∫

F

|ΠF (JplK)|

≤ C
∑

F⊆∂K∩Ω

√
hF√
µ

‖ΠF (Jp − plK)‖0,F

≤ C max

{

1,

√
h√
µ

} {

∑

F⊆∂K∩Ω

τF ‖ΠF (Jp − plK)‖2
0,F

}
1

2

,

and the result follows squaring, summing over all the elements and using (13). �

4. Numerical validation

We start this section by making a few comments on the implementation of the pro-

posed method. Let λ1, λ2, λ3 be the barycentric coordinates of the element K, and let

C = (Cij)i,j=1,2,3 be the matrix given by Cij = ((I − ΠK)λi, (I − ΠK)λj)K . Then, an easy

computation shows

C = |K|







1
18

− 1
36

− 1
36

− 1
36

1
18

− 1
36

− 1
36

− 1
36

1
18






,(27)

which is precisely the local matrix for the pressure term (χhp1, χhq1)K , if linear interpolations

for the pressure are used. For the remaining terms, let us first suppose that a is a piecewise

constant and let ϕ1, ..., ϕ6 be the local basis functions for P1(K)2, and x1,x2,x3 the vertices

of K. Then, computing the vectors gi := [ x1 · (∇ϕi)a x2 · (∇ϕi)a x3 · (∇ϕi)a ]t , i =

1, ..., 6, we easily see that

x · (∇ϕi)a =

3
∑

l=1

λlxl · (∇ϕi)a =:

3
∑

l=1

λlg
l
i ,

and then

(χh(x · (∇ϕi)a), χh(x · (∇ϕj)a))K =

(

χh

(

3
∑

k=1

λkxk · (∇ϕi)a

)

, χh

(

3
∑

l=1

λlxl · (∇ϕj)a

))

K

=

3
∑

l,k=1

gk
i (χh(λk), χh(λl))Kgl

j = gt
i C gj ,(28)
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and to assemble these terms we only need the gradient of the shape functions, which is

already available from the assembly of the Galerkin terms. If the convective field is not a

piecewise constant, then two alternatives (leading to almost identical numerical results) can

be considered:

• interpolate the function x · (∇ϕi)a onto P1(K), this is, the vectors gi would be given

by gi := [ x1 · (∇ϕi)a(x1) x2 · (∇ϕi)a(x2) x3 · (∇ϕi)a(x3) ]t , i = 1, ..., 6;

• approximate a|K by its mean value in K, ΠK(a), and build the vectors gi as follows:

gi := [ x1 · (∇ϕi)ΠK(a) x2 · (∇ϕi)ΠK(a) x3 · (∇ϕi)ΠK(a) ]t , i = 1, ..., 6 .

For the div-div term, since the divergence of the basis functions is a constant, then it is

easy to see that

(χh(a · x∇ · ϕi), χh(a · x∇ · ϕj))K =
‖χh(a · x)‖2

0,K

|K| (∇ · ϕi,∇ · ϕj)K ,(29)

and this term is also easily implemented.

Finally, we state that in all the numerical experiments, when the pressure is interpolated

using piecewise linears, continuous interpolations will be supposed.

4.1. Convergence validations. We first consider Ω = (0, 1) × (0, 1), µ = 10−2, a =

ex(sin(y), cos(y))t and f and the boundary conditions are such that

u(x, y) =

(

ex sin(y)

ex cos(y)

)

, p(x, y) = −1

2
e2x +

1

4
(e2 − 1) .(30)

The convergence validations are depicted in Figure 1, where we observe a perfect agreement

with the theoretical orders, showing an unexpected second order of convergence for the

pressure if l = 1. In Table 1 we can see that, for the case of P
2
1 × P0 elements, the mass is

locally preserved as soon as the velocity field u1 is updated with unc.

h 0.176777 0.088388 0.044194 0.022097 0.011049

maxK∈Th
|∇· (u1 + unc) |K | 5 × 10−15 1.3 × 10−14 3.6 × 10−14 5.8 × 10−14 1.3 × 10−13

Table 1. Mass conservation property for discontinuous pressure interpolations.
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Figure 1. The errors using P
2
1 × P0 (left) and P

2
1 × P1 elements (right).

4.2. The presence of a boundary layer. We now test the applicability of the present

method to a more challenging problem presenting a boundary layer. We consider Ω =

(0, 1) × (0, 1), a = (1, 1)t and f and the boundary conditions are such that

u(x, y) =







y − 1−e
y
µ

1−e
1
µ

x − 1−e
x
µ

1−e
1
µ






, p(x, y) = x − y .(31)

We compare next the results of the present method with SUPG and other previously

existing alternatives. First, we use the analytical solution (31) with µ = 0.01, and then

boundary layers appear along the regions close to the exit boundary. First, using P
2
1 × P0

elements we compare (4) and the multiscale method from [14] using a structured mesh in

Figure 2 and an unstructured one in Figure 3. The same comparison is carried out for

P
2
1 × P1 elements and we depict the results of our method and the LPPS method from [16],

for structured (see Figure 4) and unstructured (see Figure 6) meshes. We can observe from

these results that, when compared to the exact solution (also plotted in every figure for

reference purposes) the presence of the stabilizing terms associated to the convection makes

it possible to obtain the most accurate results among tested stabilized methods, specially in

the region close to the boundary layer. This fact is particularly striking for P
2
1×P1 elements,

where a cross section has been added to Figures 4 and 6. Furthermore, in Figure 5 we

have included an elevation of the pressure field, where we can see that the present method

provides a smoother profile, avoiding the picks present in the LPPS solution.

Next, we push forward the test and use µ = 10−6, comparing our results with those of

SUPG. Here, we have implemented the version of the SUPG method proposed in [6, 17],

where the original parameter of [11] was generalized. From Figures 7-8 we can observe that
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EXACT MULTISCALE

PRESENT

Figure 2. Elevation of the first component of the velocity for µ = 10−2,using

P
2
1 × P0 elements.

the present approach provides a more accurate approximation of the boundary layer. Finally,

in Figure 9 we have included an elevation of the pressure field, again observing a smoother

profile for the pressure when compared with the SUPG solution.

5. Concluding remarks

A new term-by-term stabilized method has been developed for the Oseen equation. The

method recovered stability for the equal order linear interpolation pairs as well as for the

simplest element, while induced the right dose of numerical upwinding to capture boundary

layers. These features have been theoretically proved and numerically validated throughout

comparisons with LPPS and SUPG methods. Having over performed both approaches,

the present method emerges as a simple low cost alternative to precisely solve the fully

incompressible Navier-Stokes equations. This subject will be addressed in a forthcoming

work.
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cional de Computação Cient́ıfica, partially funded by PCI/MCT grant, and Starter’s Grant,



14 G.R. BARRENECHEA AND F. VALENTIN

EXACT MULTISCALE

PRESENT

Figure 3. Elevation of the first component of the velocity µ = 10−2, using
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at x = 0.5, for µ = 10−6,using P
2
1 × P0 elements.

Department of Mathematics and Statistics, University of Strathclyde, 26 Richmond

Street, Glasgow G1 1XH, Scotland

E-mail address : gabriel.barrenechea@strath.ac.uk
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Figure 8. Elevation of the first component of the velocity and a cross-section

at x = 0.5 for µ = 10−6, using P
2
1 × P1 elements.
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Figure 9. Elevation of the pressure field for µ = 10−6, using P
2
1 × P1 elements.


