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Summary. An unusual stabilized finite element is presented and analyzed
herein for a generalized Stokes problem with a dominating zeroth order
term. The method consists in subtracting a mesh dependent term from the
formulation without compromising consistency. The design of this mesh de-
pendent term, as well as the stabilization parameter involved, are suggested
by bubble condensation. Stability is proven for any combination of velocity
and pressure spaces, under the hypotheses of continuity for the pressure
space. Optimal order error estimates are derived for the velocity and the
pressure, using the standard norms for these unknowns. Numerical experi-
ments confirming these theoretical results, and comparisons with previous
methods are presented.

Mathematics Subject Classification (1991): 65N30

1 Introduction

Numerical solution of Stokes-like systems presents a major difficulty, name-
ly, the need for a compatibility condition (the inf-sup condition, see [13], [5],
and the references therein) relating the discrete spaces used to approximate
the velocity field u and the pressure p. It is a well known fact that equal
order interpolation spaces for velocity and pressure, which are the most
attractive spaces from an implementational point of view, fail to satisfy this
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condition. To overcome this difficulty, in the mid eighties Hughes et.al.
[18], [17] and Brezzi et. al. [7], [6] introduced a new formulation based on
a Petrov-Galerkin idea that consists in adding a mesh dependent term to the
formulation in order to make stable pairs of spaces that weren’t stable. This
new formulation received the name of Stabilized Finite Element Methods.
An error analysis was performed in all previous references based on a H1-
type seminorm for the pressure, analysis that was improved in [11] where
optimal order approximation results were obtained using theL2-norm of the
pressure.

On the other hand, stabilized finite element methods for problems with
zeroth order terms have been derived in the last few years. In [15] a stabi-
lized finite element method was proposed for the advective-diffusive equa-
tion with a production term. In [21] a Streamline Diffusion Finite Element
Method (SDFEM) was proposed and analyzed for a Stokes problem with a
zeroth order term and under the presence of convection (and also the anal-
ysis of the method was performed for the full Navier-Stokes equation). On
the other hand, in [10] the connection of Stabilized methods with Galerkin
methods enriched with bubble functions (connection first pointed out in
[19], [2] and [4]) was used to derive a new kind of stabilized finite element
method, namely, the Unusual Stabilized Finite Element Method (USFEM).
The particularity of such methods is that the mesh-dependent term is now
subtracted from the formulation to reduce the impact of the zeroth order term
without compromising the consistency of the method. The method from [10]
has been recently improved in [12] where an advective-diffusive-reactive
equation is treated (see also [16] where the extension to the case of a negative
zeroth order term is considered).

The purpose of this work is to derive, analyze and test a new unusual
stabilized finite element method, analogous to the one presented in [12],
for a generalized Stokes problem, this is, a Stokes-like system with a dom-
inating zeroth order term. This kind of problems arise naturally in the time
discretization of a non-steady Stokes problem, or the full Navier-Stokes
equations by means of an operator sppliting technique. The derivation of
the method is sketched in Sect. 2 using an idea from [1] to build a special
bubble space which reproduces the residual of the discrete equations and
then to proceed with the bubble condensation procedure. This calculation
suggests to us the form of the mesh dependent term to be subtracted from
the formulation, as well as the design of the stabilization parameter. The
method is then introduced in Sect. 3 where the stability of the method is
proved and an error analysis based on an H1-type seminorm for the pres-
sure is performed. This estimate is improved in Sect. 4, where a new stability
result is given (based on an inf-sup condition now) and an error estimate
is given, this time using the L2 norm of the pressure. Finally, in Sect. 5 we
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report some numerical experiments that confirm our approximation results
and the absence of oscillations for the pressure for a wide range of physical
parameters.

2 Preliminaries: The effect of bubbles

Let Ω be a bounded open subset of R
2, f ∈ L2(Ω)2 and σ a positive real

number (typically, σ ≈ 1
∆t where∆t is the time step in a time discretization

procedure). Then, our generalized Stokes problem reads: Find (u, p) ∈
H1(Ω)2 × L2

0(Ω) such that:

σu − ν∆u + ∇p = f in Ω

∇·u = 0 in Ω(1)

u = 0 on ∂Ω ,

where L2
0(Ω) := {q ∈ L2(Ω) : (q, 1)Ω = 0}, and (·, · )D denotes the L2

inner product in L2(D) (or in L2(D)2, L2(D)2×2, when necessary). The
weak form of this problem reads: Find (u, p) ∈ H1

0 (Ω)2 × L2
0(Ω) such

that:
a(u,v) − (p,∇·v)Ω + (q,∇·u)Ω = (f ,v)Ω ,(2)

for all (v, q) ∈ H1
0 (Ω)2 × L2

0(Ω), where

a(u,v) := σ(u,v)Ω + ν(∇u,∇v)Ω .(3)

Let Vh and Qh be finite dimensional subspaces of H1
0 (Ω)2 and L2

0(Ω),
respectively. Then, the usual Galerkin scheme reads: Find (uh, ph) ∈ Vh ×
Qh such that:

a(uh,vh) − (ph,∇·vh)Ω + (qh,∇·uh)Ω = (fh,vh)Ω ,(4)

for all (vh, qh) ∈ Vh × Qh. This problem is well posed only if the inter-
polation spaces are compatible in the sense of the inf-sup condition (see
[13], [5]). The addition of bubble functions to the velocity space has been
proved to be a way of building stable pairs of spaces, and this is why we
now introduce a suitable velocity space which contains bubbles. Let Th be
a triangulation of Ω made up of triangles, and let us suppose that this trian-
gulation is shape regular (for the details, see [8]). We denote by BK a space
of bubble functions, subspace of H1

0 (K). We define the spaces

B :=
⊕

K∈Th

BK ⊂ H1
0 (Ω) ,(5)

and
Vh := [V1 + B]2,(6)
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where V1 := {v ∈ C0(Ω)/v
∣∣∣
K

∈ P 1(K) ,∀K ∈ Th}, and we seek a

solution of (2)-(3) belonging to Vh × V1. Hence, what we look for is a
solution of the form

uh = u1 +
∑

K∈Th

uK
B ,(7)

where u1 belongs to [V1]2 and uK
B belongs to [BK ]2, for all K ∈ Th.

What we do now is to give an expression of the bubble part of the solution
uK

B in terms of its linear part u1, pressure p, and f , and then plug this
representation into the equations to build a new method. This process is
called bubble condensation procedure. To this end, we first test (4) against
a function (vK

B , 0) in each K, with vK
B ∈ [BK ]2, and we arrive at

a(u1,vK
B )K+a(uK

B ,v
K
B )K−(p,∇·vK

B )K =(f ,vK
B )K ∀vK

B ∈ [BK ]2 ,(8)

for all K ∈ Th, where the subscript K indicates integration over K. Now,
we note that, integrating by parts and using the fact that u1 ∈ P 1(K)2 and
vK

B ∈ H1
0 (K)2 we have

(∇u1,∇vK
B )K = 0 ,(9)

(p,∇·vK
B )K = −(∇p,vK

B )K .(10)

Hence, (8) reduces to

a(uK
B ,v

K
B )K = (f − σu1 − ∇p,vK

B )K ∀vK
B ∈ [BK ]2 ,(11)

or, written in another way

a(uK
B ,v

K
B )K = (PK

B (f − σu1 − ∇p),vK
B )K ∀vK

B ∈ [BK ]2 ,(12)

where PK
B is theL2-projection from P 1(K)2 onto [BK ]2. We point out now

that, for simplicity of the presentation, we have restricted ourselves to the
case f ∈ P 1(K)2 ∀K ∈ Th, and hence our residual f − σu1 − ∇p belongs
to P 1(K)2. Now, to set our problem in the notations used in [1] we define
the operator SK

B : [BK ]2 → [BK ]2 as SB(ψ) = b, where b is the (unique)
solution of

a(b,vK
B )K = (ψ,vK

B )K ∀vK
B ∈ [BK ]2.(13)

With this notation we see that the bubble part of uh is given by

uK
B = SBP

K
B (f − σu1 − ∇p) ∀K ∈ Th.(14)

Our objective is to give an expression for uK
B in terms of u1, p and f simpler

than the one given in (14).
Now, for the sake of the derivation of a stabilized finite element method,

we will suppose that there exists a bubble space BK reproducing the linear
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operator µ[IP 1 ]2 (where IP 1 is the identity operator on P 1(K) and µ > 0
will be specified later); this is, a bubble space BK such that PK

P 1SBP
K
B =

µ[IP 1 ]2, PK
P 1 being the L2-projection from [BK ]2 onto [P 1(K)]2. The de-

tailed proof of this fact can be found in [3], where the same construction

from [1] § 3.1 is used, obtaining the constant µ = C1h2
K

σh2
K+C2ν

, where C1 and

C2 are positive constants depending only on the shape of triangleK. Hence
(14) leads to

PP 1(uK
B ) =

C1h
2
K

σh2
K + C2ν

(f − σu1 − ∇p) .

Finally, we rewrite (4) with this choice of bubble part. Using (9) we get,
for all v1 ∈ [V1]2

a(uh,v1) = a(u1,v1) +
∑

K∈Th

a(uK
B ,v1)K

= a(u1,v1) +
∑

K∈Th

C1h
2
K

σh2
K + C2ν

(f − σu1 − ∇p, σv1)K ,(15)

and, analogously

(q,∇·uh)Ω = (q,∇·u1)Ω +
∑

K∈Th

(q,∇·uK
B )K

= (q,∇·u1)Ω −
∑

K∈Th

C1h
2
K

σh2
K + C2ν

(f − σu1 − ∇p,∇q)K .(16)

Hence, adding (15) and (16) we arrive at the following “bubble con-
densed” Galerkin scheme: Find (u1, p) ∈ [V1]2 × V1 such that:

a(u1,v1) − (p,∇·v1)Ω + (q,∇·u1)Ω

−
∑

K∈Th

C1h
2
K

σh2
K + C2ν

(σu1 + ∇p, σv1 − ∇q)K

= (f ,v1)Ω −
∑

K∈Th

C1h
2
K

σh2
K + C2ν

(f , σv1 − ∇q)K .(17)

3 The stabilized finite element method

In this section we present the stabilized finite element method that we are
going to use, and state stability and approximation results.
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First, based on the calculations made in previous section, we introduce
the following unusual stabilized finite element method: Find (uh, ph) ∈
Vh ×Qh such that:

B((uh, ph), (v, q)) = F(v,q) ∀ (v, q) ∈ Vh ×Qh ,(18)

where Vh := [Vk ∩H1
0 (Ω)]2, Qh := Vl ∩ L2

0(Ω), k, l ≥ 1, and where, for

k ≥ 1, Vk := {v ∈ C0(Ω)/v
∣∣∣
K

∈ P k(K) , ∀K ∈ Th}. In (18), B and F
are given by

B((uh, ph), (v, q)) := σ(uh,v)Ω + ν(∇uh,∇v)Ω − (ph,∇·v)Ω

+ (q,∇·uh)Ω −
∑

K∈Th

τK (σuh − ν∆uh

+ ∇ph, σv − ν∆v − ∇q)K ,(19)

F(v, q) := (f ,v)Ω −
∑

K∈Th

τK (f , σv − ν∆v − ∇q)K .(20)

Here, the stabilization parameter τK is given by

τK :=
h2

K

σh2
Kξ(λK) + 4ν

mk

,(21)

where

λK =
4ν

mkσh
2
K

,(22)

mk = min{1
3
, Ck} ,(23)

Ckh
2
K ‖∆v‖2

0,K ≤ ‖∇v‖2
0,K ∀ v ∈ Vk ,(24)

ξ(λ) = max{λ, 1} .(25)

Remark 3.1 The design of the stabilization parameter has been done in order
to have no free constants to set, which is a common fact in Stokes flow
stabilization (see, for example [18], and [21]). Indeed, the only non explicit
constant in the design of the parameter is mk, which varies from one kind
of element to another one, but these constants have been tabulated in [14].
We also remark that, even if the derivation of the method has been done
using equal order interpolation spaces for the velocity and pressure, the
method can be used for different order interpolation spaces, as long as we
use continuous interpolations for the pressure. �
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Remark 3.2 If k = 1 (i.e., in the case in which we use piecewise linear
elements for the velocity), then our method is much simpler, with m1 = 1

3 .
In fact, it reduces to the formulation (17) from § 2, with τK instead of the
quotient used there. On the other hand, in the case of a diffusive dominated
flow ( 4ν

mk
≥ σh2

K), and of course for the Stokes flow as a limit when σ → 0,
we recover the GLS method from [17], with the following stabilization
parameter

τK =
mkh

2
K

8ν
.�

Remark 3.3 We recall the formulation of the SDFEM method from [21]:
Find (uh, ph) ∈ Vh ×Qh such that:

Bδ((uh, ph), (vh, qh)) = Fδ(vh, qh) ∀(vh, qh) ∈ Vh ×Qh ,(26)

where

Bδ((uh, ph), (vh, qh)) := σ (uh,vh)Ω + ν (∇uh,∇vh)Ω

− (ph,∇·vh)Ω + (qh,∇·uh)Ω

+
∑

K∈Th

δh2
K

ν
(σuh − ν∆uh + ∇ph,∇qh)K ,

Fδ(vh, qh) := (f ,vh)Ω +
∑

K∈Th

δh2
K

ν
(f ,∇qh)K ,

and δ is a positive real constant. There are two major differences between
the SDFEM method and our method. First, the design of the stabilization
parameter which has a constant to set in the SDFEM method. Moreover, the
constant δ for the SDFEM method must depend onσ to have stability. Indeed,

in [21] stability is proved under the assumption
δσh2

K
ν ≤ 1

2 and δ ≤ Ck
2 . The

other difference with our method is the absence of σvh − ν∆vh on the test
function term, which is not present in (26). �

Remark 3.4 From now on, ‖· ‖l,D and |· |l,D will denote the norm and semi-
norm onH l(D) (or inH l(D)2 when necessary), respectively, with the usual
convention H0(D) = L2(D). Also, the following seminorm will be useful
later:

|p|h :=





∑

K∈Th

τK ‖∇p‖2
0,K






1
2

.(27)

Now, since we are looking for continuous approximations of the pressure
(since we demand l ≥ 1), the space in which we are looking the discrete
pressure for is a subspace of H1(Ω)/R, space in which |· |h is a norm.
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Further, we state two inverse inequalities which will be useful later on.
First, using an inverse estimate analogous to (24) (see [8]) we easily obtain

|p|h ≤ C(l)
1√
4ν

‖p‖0,Ω .(28)

Secondly, by the definition of τK , the inverse inequality (24) and the fact
that mk

Ck
≤ 1, we obtain

∑

K∈Th

ν2τK ‖∆v‖2
0,K ≤

∑

K∈Th

ν ‖∇v‖2
0,K .(29)

Finally, we point out the fact that, since we are interested in an error estimate
for k and l fixed, C(l) (a constant depending only on l) and mk are treated
as simple constants. Moreover, we have mk ≤ 1

3 . �

3.1 The stability of the method

The main result concerning numerical stability of our method is stated as
follows.

Lemma 3.1 There exists a constant CΩ > 0 (depending only on Ω) such
that

B((v, q), (v, q)) ≥ CΩν ‖v‖2
1,Ω + |q|2h ,

for all (v, q) ∈ Vh ×Qh.

Proof. Let us first remark that, since ξ(λK) ≥ 1, we have the following
bound for τK

τK ≤ mkh
2
K

mkσh
2
K + 4ν

.(30)

Also, by the definition of mk (cf. (23)) we have mk ≤ Ck. Now, using
Schwarz’s inequality and (24) we see that (denoting with the subscript K
the integration over K)

B((v, q), (v, q))K = σ ‖v‖2
0,K + ν ‖∇v‖2

0,K + τK‖∇q‖2
0,K

− σ2τK ‖v‖2
0,K + 2σντK (v, ∆v)K − τKν

2 ‖∆v‖2
0,K

≥ (σ − σ2τK) ‖v‖2
0,K + ν ‖∇v‖2

0,K + τK‖∇q‖2
0,K

− 2σντK ‖v‖0,K‖∆v‖0,K − ν2τK h−2
K

Ck
‖∇v‖2

0,K .
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Now, since 2ab ≤ 1
γa

2 + γb2 with γ > 0, we see that (taking a =√
σντK‖v‖0,K and b =

√
σντK‖∆v‖0,K), applying once more (24)

B((v, q), (v, q))K ≥ (σ − σ2τK) ‖v‖2
0,K + τK‖∇q‖2

0,K

+

(
ν − ν2τKh

−2
K

Ck

)
‖∇v‖2

0,K

−
(
σντK
γ

‖v‖2
0,K +

γσντKh
−2
K

Ck
‖∇v‖2

0,K

)

= (σ − σ2τK − σντK
γ

) ‖v‖2
0,K + τK‖∇q‖2

0,K

+

(
ν − ν2τKh

−2
K

Ck
− γσντKh

−2
K

Ck

)
‖∇v‖2

0,K .

Using (30) and the fact that mk
Ck

≤ 1 we arrive at

B((v, q), (v, q))K

≥
(
σ − σ2mkh

2
K

mkσh
2
K + 4ν

− σνmkh
2
K

γ(mkσh
2
K + 4ν)

)
‖v‖2

0,K

+
(
ν − mkν

2

Ck(mkσh
2
K + 4ν)

− mkσνγ

Ck(mkσh
2
K + 4ν)

)
‖∇v‖2

0,K

+ τK‖∇q‖2
0,K

≥
[
σν(4γ −mkh

2
K)

γ(mkσh
2
K + 4ν)

‖v‖2
0,K +

3ν2 + σν(mkh
2
K − γ)

mkσh
2
K + 4ν

‖∇v‖2
0,K

+ τK ‖∇q‖2
0,K

]
.

Finally, it suffices to take γ = mkh2
K

4 to obtain

B((v, q), (v, q))K ≥ 3ν
4

‖∇v‖2
0,K + τK‖∇q‖2

0,K ,

on each K, and the proof is finished by adding over K ∈ Th and applying
Poincaré’s inequality. �

Remark 3.5 From the proof of Lemma 3.1, we note that we have not used
the fact that q ∈ L2

0(Ω), and therefore this lower bound for B is valid also
in Vh × Vl. This fact will be exploited in the proof of the error below, in
which we will use an interpolate of p which does not necessarilly belong to
L2

0(Ω). �
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3.2 Error Analysis

Let k, l be integers with k, l ≥ 1. We suppose the existence of interpolation
operators Ik

h : (C0(Ω))2 → [Vk]2 and I l
h : C0(Ω) → Vl (the Lagrange

interpolate, see [8]) such that the approximation of u by ũh := Ik
h(u) and

p by p̃h := I l
h(p) can be estimated as follows

|ηu|m,K := |u − ũh|m,K ≤ Chs−m
K |u|s,K ∀u ∈ Hs(K)2 ,(31)

|ηp|n,K := |p− p̃h|n,K ≤ Cht−n
K |p|t,K ∀p ∈ Ht(K) ,(32)

for allK ∈ Th, with 0 ≤ m ≤ 2 and max{m, 1} ≤ s ≤ k+1, and 0 ≤ n ≤
1 and max{n, 1} ≤ t ≤ l+1. Further, we define h := max{hK : K ∈ Th},
and from now on, we will suppose that h ≤ 1.

Now we state the main result of this section, result analogous to the one
given in [12] for an advective-reactive-diffusive equation.

Theorem 3.1 Let us suppose that the solution (u, p) of (1) belongs to
(Hk+1(Ω) ∩ H1

0 (Ω))2 × (H l+1(Ω) ∩ L2
0(Ω)). Then, there exists C > 0,

independent of h, such that the error (eu, ep) := (u − uh, p− ph) satisfies

‖eu‖1,Ω + |ep|h ≤

C
max{σ + 1, ν + 1, 1√

4ν
}

min{CΩν, 1} [hk |u|k+1,Ω + hl+1 |p|l+1,Ω] .

Proof. Let eu
h := uh − ũh and eph := p − p̃h. Then, from Lemma 3.1, the

definition of B and the consistency of the method we have

min{CΩν, 1}(‖eu
h‖2

1,Ω + |eph|2h)

≤ CΩν ‖eu
h‖2

1,Ω + |eph|2h
≤ B((eu

h , e
p
h), (eu

h , e
p
h))

= B((ηu, ηp), (eu
h , e

p
h))

= σ(ηu, eu
h)Ω + ν(∇ηu,∇eu

h)Ω − (ηp,∇· eu
h)Ω + (eph,∇· ηu)Ω

−
∑

K∈Th

τK (σηu − ν∆ηu + ∇ηp, σeu
h − ν∆eu

h − ∇eph)K ,

but, since ηu vanishes on ∂Ω (since u belongs to H1
0 (Ω)2), we have after

integration by parts

min{CΩν, 1}(‖eu
h‖2

1,Ω + |eph|2h)

≤ σ(ηu, eu
h)Ω + ν(∇ηu,∇eu

h)Ω − (ηp,∇· eu
h)Ω − (∇eph, η

u)Ω

−
∑

K∈Th

τK (σηu − ν∆ηu + ∇ηp, σeu
h − ν∆eu

h − ∇eph)K
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≤




∑

K∈Th

σ‖ηu‖2
0,K + ν ‖∇ηu‖2

0,K + ‖ηp‖2
0,K +

1
τK

‖ηu‖2
0,K

+ τK ‖σηu − ν∆ηu + ∇ηp‖2
0,K

] 1
2

·




∑

K∈Th

σ‖eu
h‖2

0,K + ν ‖∇eu
h‖2

0,K + ‖∇· eu
h‖2

0,K + τK ‖∇eph‖2
0,K

+ τK ‖σeu
h − ν∆eu

h + ∇eph‖2
0,K

] 1
2

≤ C




∑

K∈Th

(
σ + σ2τK +

1
τK

)
‖ηu‖2

0,K + ν ‖∇ηu‖2
0,K

+ ν2τK ‖∆ηu‖2
0,K + ‖ηp‖2

0,K + τK ‖∇ηp‖2
0,K

] 1
2

·




∑

K∈Th

(σ + σ2τK) ‖eu
h‖2

0,K + (ν + 1) ‖∇eu
h‖2

0,K

+ ν2τK ‖∆eu
h‖2

0,K + τK ‖∇eph‖2
0,K

] 1
2

.(33)

Now, we use (29), the fact that σ2τK ≤ σ and ν2τK ≤ Cν h2
K and we

obtain from (33)

min{CΩν, 1}(‖eu
h‖2

1,Ω + |eph|2h)

≤ C




∑

K∈Th

(
σ +

1
τK

)
‖ηu‖2

0,K + ν ‖∇ηu‖2
0,K + νh2

K ‖∆ηu‖2
0,K

+ ‖ηp‖2
0,K +

h2
K

4ν
‖∇ηp‖2

0,K

] 1
2

·




∑

K∈Th

σ ‖eu
h‖2

0,K + (ν + 1) ‖∇eu
h‖2

0,K + τK ‖∇eph‖2
0,K





1
2

≤ C
√

max{σ, ν + 1}




∑

K∈Th

(
σ +

1
τK

)
‖ηu‖2

0,K + ν ‖∇ηu‖2
0,K



664 G.R. Barrenechea, F. Valentin

+ νh2
K ‖∆ηu‖2

0,K + ‖ηp‖2
0,K +

h2
K

4ν
‖∇ηp‖2

0,K

] 1
2

·
[
‖eu

h‖2
1,Ω + |eph|2h

] 1
2 ,

and hence, dividing by the last term we get

‖eu
h‖1,Ω + |eph|h

≤ C

√
max{σ, ν + 1}
min{CΩν, 1}




∑

K∈Th

(
σ +

1
τK

)
‖ηu‖2

0,K + ν ‖∇ηu‖2
0,K

+ νh2
K ‖∆ηu‖2

0,K + ‖ηp‖2
0,K +

h2
K

4ν
‖∇ηp‖2

0,K

] 1
2

.(34)

Finally, since eu = ηu − eu
h and ep = ηp − eph, we have thanks to (34)

and triangular inequality

‖eu‖1,Ω + |ep|h ≤ ‖eu
h‖1,Ω + |eph|h + ‖ηu‖1,Ω + |ηp|h

≤ C

√
max{σ, ν + 1}
min{CΩν, 1}




∑

K∈Th

(
σ +

1
τK

)
‖ηu‖2

0,K + ν ‖∇ηu‖2
0,K

+ νh2
K ‖∆ηu‖2

0,K + ‖ηp‖2
0,K +

h2
K

4ν
‖∇ηp‖2

0,K

] 1
2

+ ‖ηu‖1,Ω + |ηp|h

≤C
√

max{σ, ν + 1}
min{CΩν, 1}




∑

K∈Th

(
σ+ 1+

1
τK

)
‖ηu‖2

0,K +(ν + 1)‖∇ηu‖2
0,K

+ νh2
K ‖∆ηu‖2

0,K + ‖ηp‖2
0,K +

h2
K

4ν
‖∇ηp‖2

0,K

] 1
2

.(35)

Now, we have to separate two cases:
i).- λK < 1. In this case, we have 4ν < mkσh

2
K and hence

1
τK

=
mkσh

2
K + 4ν

mkh
2
K

< 2σ ,

and then (35) becomes

‖eu‖1,Ω + |ep|h

≤ C

√
max{σ, ν + 1}
min{CΩν, 1}




∑

K∈Th

(σ + 1) ‖ηu‖2
0,K + (ν + 1) ‖∇ηu‖2

0,K
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+ νh2
K ‖∆ηu‖2

0,K + max{1,
1
4ν

}(‖ηp‖2
0,K + h2

K ‖∇ηp‖2
0,K)

] 1
2

≤ C
max{σ + 1, ν + 1}

min{CΩν, 1}




∑

K∈Th

‖ηu‖2
0,K + ‖∇ηu‖2

0,K + h2
K ‖∆ηu‖2

0,K

+ max{1,
1
4ν

}(‖ηp‖2
0,K + h2

K ‖∇ηp‖2
0,K)

] 1
2

≤ C
max{σ + 1, ν + 1, 1√

4ν
}

min{CΩν, 1} [hk |u|k+1,Ω + hl+1 |p|l+1,Ω] .

ii).- λK ≥ 1. In this case, we have 4ν ≥ mkσh
2
K and hence

1
τK

=
mkσh

2
K + 4ν

mkh
2
K

≤ 8ν
mkh

2
K

.

In this case, (35) becomes

‖eu‖1,Ω + |ep|h ≤ C

√
max{σ, ν + 1}
min{CΩν, 1}


∑

K∈Th

max{σ + 1, ν}h−2
K ‖ηu‖2

0,K + (ν + 1) ‖∇ηu‖2
0,K

+ νh2
K ‖∆ηu‖2

0,K + max{1,
1
4ν

}(‖ηp‖2
0,K + h2

K ‖∇ηp‖2
0,K)

] 1
2

≤ C
max{σ + 1, ν + 1}

min{CΩν, 1}




∑

K∈Th

h−2
K ‖ηu‖2

0,K + ‖∇ηu‖2
0,K

+ h2
K ‖∆ηu‖2

0,K + max{1,
1
4ν

}(‖ηp‖2
0,K + h2

K ‖∇ηp‖2
0,K)

] 1
2

≤ C
max{σ + 1, ν + 1, 1√

4ν
}

min{CΩν, 1} [hk |u|k+1,Ω + hl+1 |p|l+1,Ω] .

Both cases i) and ii) finish the proof. �

4 An improved error estimate

The approximation result presented in previous section has two drawbacks.
First, it does not guarantee convergence for the case in which p ∈ H l(Ω),
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which is an interesting case, specially when l = 1. Second, it considers only
the error in the norm |· |h for the pressure, norm which is not the natural
norm for the pressure space L2

0(Ω).
Based on these considerations, in this section we perform an improved

error analysis based no longer on the ellipticity of bilinear form B, but on
an inf-sup condition, which is valid for the L2-norm for the pressure.

4.1 A new stability result

Throughout all this section (and the following one), C and Ci, i > 0 will
denote positive constants independent of h, but who may depend on the
physical parameters σ and ν. Moreover, the value of C may vary whenever
it is written in two different places.

In the proof of the inf-sup condition below, we will use the following
technical result, which is a slight variation of Lemma 3.2 in [11] (see also
[20], and [22], where the original idea can be found).

Lemma 4.1 There exist C1, C2 ∈ R
+ such that

sup
0�=v∈Vh

(∇·v, p)Ω

‖v‖1,Ω
≥ C1‖p‖0,Ω − C2

√
σ + 4ν |p|h ,

for all p ∈ Qh.

Proof. Sincep ∈ L2
0(Ω), there exists (cf. [13]) a nonvanishingw ∈ H1

0 (Ω)2

such that
(∇·w, p)Ω ≥ C3 ‖p‖0,Ω‖w‖1,Ω .(36)

Furthermore, there exists (cf. [13] pp.109-111) an interpolant (the Clément
interpolant, originally proposed in [9]) w̃ ∈ Vh such that





∑

K∈Th

h−2
K ‖w − w̃‖2

0,K






1
2

≤ C4 ‖w‖1,Ω ,(37)

and
‖w̃‖2

1,Ω ≤ C5 ‖w‖2
1,Ω .(38)

Hence, using the fact that p ∈ Qh ⊆ C0(Ω) and (36) we can integrate by
parts to arrive at

(∇· w̃, p)Ω = (∇· (w̃ − w), p)Ω + (∇·w, p)Ω

≥ −
∑

K∈Th

(w̃ − w,∇p)K + C3 ‖p‖0,Ω‖w‖1,Ω
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≥ −




∑

K∈Th

1
τK

‖w − w̃‖2
0,K





1
2

·




∑

K∈Th

τK ‖∇p‖2
0,K





1
2

+C3 ‖p‖0,Ω‖w‖1,Ω .

Now, we have that

1
τK

=
σh2

Kξ(λK) + 4ν
mk

h2
K

≤






C6
4ν
h2

K
if λK ≥ 1

C6
σ+4ν
h2

K
if λK < 1 ,

(39)

keeping in mind that we have supposed that hK ≤ 1. Thus we arrive at

(∇· w̃, p)Ω

≥ −C6




∑

K∈Th

(σ + 4ν)h−2
K ‖w − w̃‖2

0,K





1
2

·




∑

K∈Th

τK ‖∇p‖2
0,K





1
2

+C3 ‖w‖1,Ω‖p‖0,Ω

≥ C6





−C4

√
σ + 4ν




∑

K∈Th

τK ‖∇p‖2
0,K





1
2

+ C3‖p‖0,Ω





‖w‖1,Ω

= C6
{
−C4

√
σ + 4ν |p|h + C3‖p‖0,Ω

}
‖w‖1,Ω .

Finally, using (38) we arrive at

(∇· w̃, p)Ω

‖w̃‖1,Ω
≥ (∇· w̃, p)Ω√

C5‖w‖1,Ω

≥ −C6C4√
C5

√
σ + 4ν |p|h +

C6C3√
C5

‖p‖0,Ω ,(40)

which finishes the proof. �

Now we are ready to prove the second result on stability of the method,
namely, the inf-sup condition.

Lemma 4.2 There exists a constant C = C(σ, ν) > 0 such that

sup
0�=(v,q)∈Vh×Qh

B((u, p), (v, q))

(‖v‖2
1,Ω + ‖q‖2

0,Ω)
1
2

≥ C (‖u‖2
1,Ω + ‖p‖2

0,Ω)
1
2 ,

for all (v, q) ∈ Vh ×Qh.
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Proof. Let w ∈ Vh be a function for which the supremum in Lemma
4.1 is obtained, and let us assume that ‖w‖1,Ω = ‖p‖0,Ω . Then, using the
bilinearity of B, Schwarz’s inequality and Lemma 4.1 we arrive at:

B((u, p), (−w, 0))
= −B((u, 0), (w, 0)) − B((0, p), (w, 0))

≥ −




σ‖u‖2
0,Ω + ν ‖∇u‖2

0,Ω +
∑

K∈Th

τK‖σu − ν∆u‖2
0,K






1
2

·




σ‖w‖2
0,Ω + ν ‖∇w‖2

0,Ω +
∑

K∈Th

τK‖σw − ν∆w‖2
0,K






1
2

+C1 ‖p‖0,Ω‖w‖1,Ω − C2
√
σ + 4ν |p|h‖w‖1,Ω

−





∑

K∈Th

τk‖∇p‖2
0,K






1
2




∑

K∈Th

τk[σ2‖w‖2
0,K + ν2‖∆w‖2

0,K ]






1
2

.(41)

Now, applying (29), the fact that ‖w‖1,Ω = ‖p‖0,Ω and στK ≤ 1, (41)
becomes

B((u, p), (−w, 0))

≥ −C7

{
σ‖u‖2

0,Ω + ν ‖∇u‖2
0,Ω

} 1
2 ·
{
σ‖w‖2

0,Ω + ν ‖∇w‖2
0,Ω

} 1
2

+C1 ‖p‖2
0,Ω − C2

√
σ + 4ν |p|h‖p‖0,Ω

−C8 |p|h





∑

K∈Th

[σ ‖w‖2
0,K + ν ‖∇w‖2

0,K ]






1
2

≥ −C7 max{σ, ν}‖u‖1,Ω‖w‖1,Ω + C1‖p‖2
0,Ω − C2

√
σ + 4ν|p|h‖p‖0,Ω

−C8 |p|h





∑

K∈Th

[σ ‖w‖2
0,K + ν ‖∇w‖2

0,K ]






1
2

≥ −C7 max{σ, ν} ‖u‖1,Ω‖p‖0,Ω + C1 ‖p‖2
0,Ω

−C2
√
σ + 4ν |p|h‖p‖0,Ω − C8 max{σ, ν} 1

2 |p|h‖p‖0,Ω .

Now, using the inequality ab ≤ 1
2γa

2 + γ
2 b

2 , γ > 0, in all the terms which
involve a product of norms above, we arrive at

B((u, p), (−w, 0))
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≥ − C7

2γ1
max{σ, ν} ‖u‖2

1,Ω

+
(
C1 − max{σ, ν}

2
[C7γ1 + C8γ2] − C2(σ + 4ν)

2
γ3

)
‖p‖2

0,Ω

+
(

− C2

2γ3
− C8

2γ2

)
|p|2h

≥ −C9 max{σ, ν}‖u‖2
1,Ω + C10‖p‖0,Ω − C11|p|2h ,(42)

with C9, C10, C11 > 0, if γ1, γ2 and γ3 are chosen small enough.
Finally, we denote (v, q) := (u − δw, p), δ > 0. Combining Lemma

3.1 and (42) we have

B((u, p), (v, q))
= B((u, p), (u, p)) + δB((u, p), (−w, 0))
≥ CΩν ‖u‖2

1,Ω + |p|2h
+ δ [−C9 max{σ, ν}‖u‖2

1,Ω + C10‖p‖2
0,Ω − C11|p|2h]

= (CΩν − δC9 max{σ, ν}) ‖u‖2
1,Ω + δC10‖p‖2

0,Ω

+ (1 − δC11) |p|2h
≥ C (‖u‖2

1,Ω + ‖p‖2
0,Ω) ,

when choosing 0 < δ < min
{

CΩν
C9 max{σ,ν} ,

1
C11

}
. Finally, we ramark that

‖v‖2
1,Ω + ‖q‖2

0,Ω = ‖u − δw‖2
1,Ω + ‖p‖2

0,Ω

≤ 2 ‖u‖2
1,Ω + (2δ2 + 1) ‖p‖2

0,Ω

≤ C (‖u‖2
1,Ω + ‖p‖2

0,Ω) ,

which finishes the proof. �

4.2 Error Analysis

Let k, l be integers with k, l ≥ 1. We use the interpolation operator Ik
h :

(C0(Ω))2 → [Vk]2 used in previous section, whose interpolation error sat-
isfies (31). We will denote again ũh := Ik

h(u). Now, for the pressure we
define p̃ as being the Clément interpolate of p. Denoting now by η̃p := p− p̃,
we have (cf. [13])

‖η̃p‖n,Ω ≤ Cht−n ‖p‖t,Ω ∀p ∈ Ht(Ω) ,(43)

with 0 ≤ n ≤ 1 and max{n, 1} ≤ t ≤ l + 1.
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Remark 4.1 The Clément interpolate of p does not necessarily belong to
L2

0(Ω), and that poses a problem in the proof of our error estimate below.
This is why we consider a modified interpolate to p given by

p := p̃ − 1
|Ω| (p̃, 1)Ω ,

which belongs to L2
0(Ω), and which satisfies also

‖q − q‖0,Ω ≤ ‖q − q̃‖0,Ω ,

‖∇(q − q)‖0,K = ‖∇(q − q̃)‖0,K ∀K ∈ Th ,

for all q ∈ H1(Ω), and thus the interpolation error ηp := p− p associated
to this interpolate satisfies the same approximation properties than η̃p (cf.
(43)). �

The main result concerning approximation is now stated.

Theorem 4.1 Let us suppose that the solution (u, p) of (1) belongs to
(Hk+1(Ω) ∩ H1

0 (Ω))2 × (H l(Ω) ∩ L2
0(Ω)). Then, there exists C > 0,

independent of h, such that the error (eu, ep) := (u − uh, p− ph) satisfies

‖eu‖1,Ω + ‖ep‖0,Ω ≤ Cmax
{
σ, ν + 1,

1
4ν

}
(hk |u|k+1,Ω + hl ‖p‖l,Ω) .

Proof. Let eu
h := uh − ũh and eph := ph − p. Since eph belongs to L2

0(Ω),
we can use the stability result given by Lemma 4.2 to conclude the existence
of (v, q) ∈ Vh ×Qh such that

‖v‖2
1,Ω + ‖q‖2

0,Ω ≤ C ,

and
‖eu

h‖1,Ω + ‖eph‖0,Ω ≤ B((eu
h , e

p
h), (v, q)) .(44)

Using now the consistency of the scheme we obtain

B((eu
h , e

p
h), (v, q)) = B((ηu, ηp), (v, q)) .(45)

Now, for the right hand side of (45) we have

B((ηu, ηp), (v, q))

≤ C





∑

K∈Th

(σ ‖ηu‖2
0,K + ν ‖∇ηu‖2

0,K + ‖ηp‖2
0,K + ‖∇· ηu‖2

0,K

+ τK [σ2 ‖ηu‖2
0,K + ν2 ‖∆ηu‖2

0,K + ‖∇ηp‖2
0,K ])

} 1
2
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·





∑

K∈Th

(σ ‖v‖2
0,K + ν ‖∇v‖2

0,K + ‖∇·v‖2
0,K + ‖q‖2

0,K

+ τK [σ2 ‖v‖2
0,K + ν2 ‖∆v‖2

0,K + ‖∇q‖2
0,K ])

} 1
2

≤ C





∑

K∈Th

[(σ + σ2τK) ‖ηu‖2
0,K + (ν + 1) ‖∇ηu‖2

0,K

+ ν2τK ‖∆ηu‖2
0,K + ‖ηp‖2

0,K + τK‖∇ηp‖2
0,K ]

} 1
2

·





∑

K∈Th

[(σ + σ2τK) ‖v‖2
0,K + (ν + 1) ‖∇v‖2

0,K + ν2τK ‖∆v‖2
0,K

+ ‖q‖2
0,K + τK‖∇q‖2

0,K ]

} 1
2

.

But, since (v, q) ∈ Vh × Qh, we can use (28) and (29), which, together
with the definition of τK , lead to

B((ηu, ηp), (v, q))

≤ C





∑

K∈Th

σ‖ηu‖2
0,K + (ν + 1) ‖∇ηu‖2

0,K + νh2
K ‖∆ηu‖2

0,K

+ ‖ηp‖2
0,K +

1
4ν
h2

K ‖∇ηp‖2
0,K

} 1
2

·





∑

K∈Th

σ‖v‖2
0,K + (ν + 1) ‖∇v‖2

0,K + ν ‖∇v‖2
0,K

+ ‖q‖2
0,K +

1
4ν

‖q‖2
0,K

} 1
2

≤ C





∑

K∈Th

max{σ, ν + 1} [‖ηu‖2
1,K + h2

K ‖∆ηu‖2
0,K ]

+
∑

K∈Th

max{1,
1
4ν

} [‖ηp‖2
0,K + h2

K ‖∇ηp‖2
0,K ]






1
2
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·
{

max{σ, ν + 1} ‖v‖2
1,Ω + max{1,

1
4ν

} ‖q‖2
0,Ω

} 1
2

≤ C max{σ, ν + 1,
1
4ν

}





∑

K∈Th

[‖ηu‖2
1,K + h2

K ‖∆ηu‖2
0,K ]

+
∑

K∈Th

[‖ηp‖2
0,K + h2

K ‖∇ηp‖2
0,K ]






1
2

,(46)

where we have also used the fact that ‖v‖1,Ω + ‖q‖0,Ω ≤ C.
Finally, we have, since eu = ηu − eu

h and ep = ηp − eph, and thanks to
(46) and the triangular inequality

‖eu‖1,Ω + ‖ep‖0,Ω ≤ ‖eu
h‖1,Ω + ‖eph‖0,Ω + ‖ηu‖1,Ω + ‖ηp‖0,Ω

≤ C max{σ, ν + 1,
1
4ν

}





∑

K∈Th

[‖ηu‖2
1,K + h2

K ‖∆ηu‖2
0,K ]

+
∑

K∈Th

[‖ηp‖2
0,K + h2

K ‖∇ηp‖2
0,K ]






1
2

+C





∑

K∈Th

[‖ηu‖2
1,K + ‖ηp‖2

0,K ]






1
2

≤ C max{σ, ν + 1,
1
4ν

}





∑

K∈Th

[‖ηu‖2
1,K + h2

K ‖∆ηu‖2
0,K ]

+
∑

K∈Th

[‖ηp‖2
0,K + h2

K ‖∇ηp‖2
0,K ]






1
2

≤ C max
{
σ, ν + 1,

1
4ν

}
[hk |u|k+1,Ω + hl ‖p‖l,Ω] ,

which finishes the proof. �

Remark 4.2 The error estimate given by Theorem 4.1 may be improved if
we have a more regular pressure. Indeed, if we suppose that p ∈ H l+1(Ω),
we can apply (43) differently and obtain

∑

K∈Th

[‖ηp‖2
0,K + h2

K ‖∇ηp‖2
0,K ] ≤ Ch2l+2 ‖p‖2

l+1,Ω ,



Unusual stabilized finite element method 673

which leads to the following improved error estimate

‖eu‖1,Ω + ‖ep‖0,Ω

≤ Cmax
{
σ, ν + 1,

1
4ν

}
(hk|u|k+1,Ω + hl+1‖p‖l+1,Ω) . �

5 Numerical experiments

In this section we report two series of numerical results with the unusual
stabilized finite element introduced in Sect. 3. We illustrate the applicability
of the method for different values of the physical coefficients, mainly for

problems in which the quotient
σ h2

K
ν is large.

5.1 An analytical solution

We use as domain the square (0, 1) × (0, 1), and we set f to be such as the
exact solution of our problem (1) is given by

u1(x1, x2) = −256x2
1(x1 − 1)2x2(x2 − 1)(2x2 − 1)

u2(x1, x2) = −u1(x2, x1)(47)

p(x1, x2) = 150 (x1 − 0.5)(x2 − 0.5) .

Since all numerical experiences have been performed using conforming P 1

finite elements for velocity and pressure, we have measured the relative finite
element errors

εu(h) :=
‖u − uh‖1,Ω

h
,(48)

and

εp(h) :=
‖p− ph‖0,Ω

h
.(49)

First, we report the case in which we have considered the case σ =
102, ν = 10−3. In this case, the results are contained in Tables 1 and 2, and
they agree with the theoretical results.

In Table 3, we show an evolution of the finite element errors when σ
grows. The interest is to show that the errors are not too much affected by
the presence of the zeroth order term. To do this, we consider the solution
from (47) and a viscosity ν = 10−3. We use uniform meshes of 40×40 and
60 × 60 nodes (≈ 3200 and ≈ 7200 P 1/P 1 elements, respectively).

We observe that the error in the velocity remains bounded while σ grows
and that the pressure error presents a good behavior even in the very large
σ case.
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Table 1. Convergence history of p − ph

h mesh ‖p − ph‖0,Ω εp(h) ‖p−ph‖0,Ω

h2

0.05 × √
2 20 × 20 6.51044 × 10−2 0.92071 13.02088

0.025 × √
2 40 × 40 1.58807 × 10−2 0.44917 12.70460

0.016 × √
2 60 × 60 6.71384 × 10−3 0.28484 12.08492

0.0125 × √
2 80 × 80 3.56025 × 10−3 0.20139 11.39282

0.01 × √
2 100 × 100 2.13122 × 10−3 0.15070 10.65611

Table 2. Convergence history of u − uh

h mesh ‖u − uh‖1,Ω εu(h)

0.05 × √
2 20 × 20 1.026323 14.514407

0.025 × √
2 40 × 40 0.512346 14.491358

0.016 × √
2 60 × 60 0.341159 14.474150

0.0125 × √
2 80 × 80 0.255665 14.462634

0.01 × √
2 100 × 100 0.204416 14.454439

Table 3. Behavior of the Finite Element error when σ grows

40 × 40 mesh 60 × 60 mesh
σ ‖u − uh‖1,Ω ‖p − ph‖0,Ω ‖u − uh‖1,Ω ‖p − ph‖0,Ω

0.1 0.54099 9.8847 × 10−3 0.34409 4.4027 × 10−3

1 0.53931 9.9729 × 10−3 0.34404 4.4278 × 10−3

10 0.52704 1.2339 × 10−2 0.34322 4.7199 × 10−3

100 0.51234 1.5880 × 10−2 0.34115 6.7128 × 10−3

103 0.51194 1.6699 × 10−2 0.34095 7.4121 × 10−3

104 0.51194 1.7435 × 10−2 0.34095 7.6226 × 10−3

Remark 5.1 Similar results could be obtained by using SDFEM method,
but after a very accurate selection of δ. To illustrate this fact, we consider
the viscosity ν = 10−3, use a mesh of 7200 P 1/P 1 elements; we use two
values for δ: first, the (inappropriate for this mesh and viscosity) δ = 1

24
(in order to recover the same stabilization parameter used in Stokes flow
stabilization), and secondly, the value δ = 10−4, correct for this mesh and
viscosity. We have the following behavior of the error: We remark that a
bad choice of δ in SDFEM method has a direct impact on the behavior
of the finite element error, as is shown in Table 4, where the error on the
pressure explodes dramatically with σ for the inappropriate case (the error
on the velocity remains bounded). We see then that the restriction δ ≤ 9

25000
given by Remark 3.3 ( in order fit the stablity condition for all the range of
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Table 4. SDFEM method Finite Element error when σ grows

δ = 1
24 δ = 10−4

σ ‖u − uh‖1,Ω ‖p − ph‖0,Ω ‖u − uh‖1,Ω ‖p − ph‖0,Ω

0.1 0.34419 4.4027 × 10−3 0.34788 5.5502 × 10−3

1 0.34438 4.4279 × 10−3 0.34807 5.5398 × 10−3

10 0.34433 4.7322 × 10−3 0.34778 5.6406 × 10−3

100 0.34289 1.4445 × 10−2 0.34577 5.9609 × 10−3

103 0.34139 0.12598 0.34340 1.0408 × 10−2

104 0.34102 2.65805 0.34228 2.9764 × 10−2

u = 0

u = 0

u = 0

u  = 0
u  = 11

2

Ω

x

x1

2

Fig. 1. Statement of the problem

tested values for σ) is not only a theoretical restriction, but a real numerical
restriction. �

5.2 The lid-driven cavity problem

In this section we treat the lid driven cavity problem and compare the results
from present method with the solution obtained by the SDFEM method.
The problem statement is as in Fig. 1, using f = 0. In all the calculations a
uniform mesh of 441 P 1/P 1 elements was used. We have performed tests
for values of ν going from 10−6 to 1, and values of σ going from 0.1 to
104, and in all of them we observe no oscillations on the pressure, even

considering a very high quotient
σ h2

K
ν . To illustrate this fact, we plot in

Fig. 2 the pressure contours obtained for the case σ = 104, ν = 10−4.
Finally, in Fig. 3 we show a vertical cross section of the tangential velocity

of the lid driven cavity problem with σ = 103 and ν = 10−3, comparing the
solutions of present method and SDFEM method. We observe the presence
of a boundary layer on the velocity that is well recovered by our method,
and that the SDFEM method fails to capture. The calculation has been made
using δ = 0.0001 for the SDFEM method.
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PRESSURE CONTOURS

Fig. 2. Pressure contours for σ = 104, ν = 10−4

PRESENT  METHOD

0.0 0.25 0.5 0.75 1

-0.52

-0.077

0.37

0.81

1.25
SDFEM

0.0 0.25 0.5 0.75 1

-0.52

-0.077

0.37

0.81

1.25

Fig. 3. Vertical cross section of tangential velocity at x1 = 0.5
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