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A new stabilized finite-element method is presented for the Stokes problem. The method is of a Douglas—
Wang type, and includes a positive jump term controlling the residual of the Cauchy stress tensor on
the internal edges of the triangulation. A priori error estimates are obtained in the natural norms of
the unknowns and an a posteriori error estimator is proposed, analysed and tested through numerical
experiments.
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1. Introduction

The use of equal-order interpolation for the pressure and the velocity for the Stokes problem, or the use
of piecewise linear elements for the velocity and piecewise constant elements for the pressure, do not
lead to stable finite element methods since these choices do not satisfy the discrete Babuska—Brezzi
(or inf-sup) condition (see Girault & Raviart, 1986, and the references therein). In order to overcome
this problem, several stabilized finite-element methods have been proposed in the last two decades,
including those of Brezzi & Pitkédranta (1984), the first consistent SUPG/SD-method (Hughes et al.,
1986), GLS methods (Hughes & Franca, 1987; Franca & Stenberg, 1991), bubble condensation-based
methods (Baiocchi et al., 1993; Barrenechea & Valentin, 2002), projection methods (Codina & Blasco,
2000; Dohrmann & Bochev, 2004), etc. For an overview on stabilized finite-element methods for the
Stokes problem, see Franca et al. (1993) and Barth et al. (2004), and the recent book Elman et al.
(2005). Among all the possible methods, the absolutely stabilized finite-element method (or Douglas—
Wang method), Douglas & Wang (1989) presents a number of advantages, both from a theoretical
and a practical point of view. Indeed, the possibility of having a stable method for any value of the
stabilization parameter is desirable, since, in general, the value of this parameter is bounded above by a
constant related to an inverse inequality (cf Hughes et al., 1986; Franca & Stenberg, 1991).
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The original Douglas—Wang method includes the possibility of using discontinuous pressure spaces,
where a pressure jump term on the inter-element boundaries is added to stabilize the pressure. This jump
term is the same as the one in the GLS method (see Hughes & Franca, 1987; Franca & Stenberg, 1991).
In recent work (cf Araya et al., 2006), the authors have proposed a multiscale enrichment of the velocity
space leading to a family of stabilized finite-element methods containing jump terms on the internal
edges of the triangulation. One of the proposed methods involved the jump of the Cauchy stress tensor,
which are the jump terms appearing in a natural way in residual-based a posteriori error estimators, but
the stabilization parameter involved was subject to a restriction in order to obtain optimal order error
estimates.

The aim of this work is to present a new method, preserving all the good features of the original
Douglas-Wang method, in particular, the stability independent of the stabilization parameter, but con-
taining jump terms including the residual of the Cauchy stress tensor. The proposed method leads to a
positive formulation controlling also the jump of the Cauchy stress tensor in the inter-element bound-
aries, a fact that will be exploited to obtain optimal-order error estimates in all the terms involved in the
formulation. Based on previous considerations, we propose an a posteriori error estimator of a residual
type for this method, which is shown to be equivalent to the discretization error.

The plan of the paper is as follows: in Section 2, we present the model problem and the finite-
element method to be used. An a priori error analysis is carried out in Section 3, and an a posteriori
error estimator is proposed and justified in Section 4. Numerical experiments confirming the a priori
error estimations and the performance of the a posteriori error estimator are presented in Section 5, and
some final remarks and conclusions are given in Section 6.

2. Themodel problem and the finite-element method

Let © be an bounded open domain in R? with polygonal boundary and let f € L2(Q)2. Our Stokes
problem reads: find (u, p) € H1(2)? x L3(Q) such that

—VvAu+Vp=f, V.u=0 ingQ,
u=0 onoQ,

where v € R* is the fluid viscosity and LS(Q) = {q € L%(Q): (q,1)o = 0}, where (-, -)p stands
for the inner product in L?(D) (or in L2(D)? or L?(D)?*?, when necessary), and we denote by ||-||s.p
(I-ls.p) the norm (semi-norm) in HS(D) (or HS(D)?, if necessary). As usual, H%(D) = L?(D) and

Ilo,o = IIllo,D-
The usual variational formulation for problem (2.1) is given by: find (u, p) e V x Q := Hol(.(.))2 X

L3(€) such that

2.1)

B((u, p), (v,q)) =F(v,q) VY(v,q) eV x Q, (2.2)

where
B((u, p), (v,q)) :=v(Vu, VW)o — (p, V- V)o — (q, V - U)o, (2.3)
Fv,q) = f,v)o. (2.4)

Now, it is well-known (cf Girault & Raviart, 1986) that (2.2) has a unique solution (u, p) € V x Q.
Moreover, it may be shown that there exists C > 0, independent of v, such that

1 B((v, q), (w,t
oo + —=ldlloe <C (, 9, . 1)
N W.0eVxQ-(0) VVIWILQ + =[]0,

Y(v,q) eV x Q. (2.5)
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Let {9 }nh~0 be a family of regular partitions (meshes) of Q. For simplicity, we will restrict ourselves
to triangular meshes, with elements K with boundary 6K, hx := diam(K) and h := max{hk: K € 9}
(even though most of the results below are also valid for quadrilateral meshes). Let also &, be the set
of internal edges of the triangulation and, for F € &g, let hg := |F|. With these notations, for k > 1
and | > 0, we introduce the following finite-element spaces:

Vi = {v € C%Q): v|k e PX(K)VK e Fh, (2.6)

where PX denotes the set of polynomials of total degree less than or equal to k, and denote by Vp :=
[Vi N HE (2)]? the finite-element space for the velocity, and by

Qn:={q € L3(Q): qlk € P'(K)VK e G}, (2.7)

the finite element space for the pressure, and state our discrete problem as follows: find (un, pn) €
Vi x Qp such that

where
B ((Un, Pn), (V. Gh)) = B((Un, Pn), (Vh.Gh)) — D 7k (=vAUK + V Ph, vAVh + Vah)K
Ke. %,
— > e ([—véntn + pnl - n]l, [vénvn + dnl - nDF, (2.9)
Fe&o
Feh,an) == (F,vne — D wc(f,vAVh + Van)k, (2.10)
Ke.Zh
where [[o]|r stands for the jump of » across F, and the stabilization parameters are given by
h2
K = a—<, (2.11)
V
h
=", (2.12)
Vv

with a, f > 0.

REMARK 2.1 The present method exhibits some differences compared with existing stabilized finite-
element methods that include discontinuous pressure interpolations. For example, in Kechkar &
Silvester (1992), pressure jump terms are included to stabilize the lowest order pair, but a subdivision
of the domain into macro elements was necessary, making the adaptive refinement procedure compli-
cated. Also, in Dohrmann & Bochev (2004) and Bochev et al. (2006), projection terms are added to
the formulation in order to stabilize the pressure, preserving locality of the method without the need
to implement jump terms, but, at the same time, the implementation of such methods for higher-order
pressure interpolations is not yet clear.

REMARK 2.2 In the case in which continuous approximations of the pressure are used (i.e. if Qn =
Vi N L3(2) with V; defined in (2.6)), the bilinear form B, reduces to

B ((Un, Ph), (Vh, Gh)) := B((Un, Pn), (Vh, Gh)) = D K (VAU + V Pn, vAVh + V0h)k
KeZh

— Z 7F ([—vonun]l, Ivonval)F,

Fe&o
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with jump terms similar to those in Araya et al. (2006). However, this does not mean that for continuous
pressure elements the two methods coincide, unless we use piecewise linear elements for the velocity,
due to the change of sign in the Avy term.

3. Stability and a priori error analysis

From now on, C will denote a positive constant independent of h and v, but possibly depending on a
and S (unless otherwise stated), and which may change its value in different occurrences.
Defining the mesh-dependent norm

Nl

Ivh. an)lln = | vivalZ o + D tkltnlfx + D elll—véavn +anl 0115 | . (31
KeZh Fefo

we have the following stability result.
LEMMA 3.1 Let (vh, gn) € Vi x Qp. Then, the bilinear form B, satisfies

B: ((Vh. Gh). (Vh, =0n)) = C|I(Vh, dn)lI3. (32)
where C > 0 is independent of h, v and f.

Proof. First, the definition of B, leads to

B:((Vh. Gh). (Vh, =Gn)) =vIvnlf o + D 7kl = vAvh + Vel «
KeZh

+ > e ll[=vénvh + dnl - n]IIG -
Fe&o
Next, using the following inverse inequality (cf Ern & Guermond, 2004):
Vhlz,k < CkhicMIVhlik Wk € Vi, (3.3)

where the constant Cx > 0 depends only on k, 2ab < yaZ + y ~1b2 with y > 1, and the definition of
7K, We arrive at

2 2
S o + D Tkl = vAVh + Vanli§«
KeZh

=vvhlf o+ D tkllvAVKIG « — 20 AVh, Van)k + [anlf k]
Ke. %

1
>vvnlig+ D [(1—y)||vAvh||3,K +(1—;) |qh|iK}

KeZh

1
> > <1+2a<1—y)ck2)v|vh|i,<+(1——) > wlanli k

KeZh Ke.Zh

2 2
>C V|Vh|1,g+ Z TK|Qh|1,K s
Ke. %
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-2 -1
where y has been chosensothat 1 < y < (1 + S 2“ ), and the result follows from the definition

of [I-[In. [

REMARK 3.1 It is worth remarking that the most characteristic feature of the Douglas—Wang method,
namely the fact that it is stable for any positive value of stabilization parameters « and £, is also valid
for our method, and hence, the method is stable independent of the constants involved in its definition.
Unlike the proof given in Douglas & Wang (1989), this property is valid for a norm not containing the
Laplacian of the velocity. This fact was first remarked in Franca et al. (1992) for continuous pressure
interpolations.

REMARK 3.2 We further remark that we can obtain a separate control on both the jump of o,v, and
gn across the inter-element boundaries, but this imposes a restriction on the value of g. In fact, using
the Cauchy—Schwarz inequality, the mesh regularity, a local trace inequality (see (3.7) below) and the
inverse inequality (3.3), we arrive at

> el —vénvh +anl - NG

Fe&o
= > eIl - vonvalllg.r — 2([vonval. [anDF + ILan]i ]
Fe&o
1
> > rF [n[[vanvh]lné,F — yalllvonvalli§ £ + (1 - —) ||[[qh]1||%,p]
Fefo n
1
> —Cipyvvnlig + D F [n[[vanvh]lné,F + (1 — H) ||[[qh]]||S,F] :

Fe&o

where y1 > 0 and hence, recalling the proof of Lemma 3.1, we have

Bz ((Vh, Oh), (Vh, —0h))

=vVhlf o+ D, tkll —=vAVh + Vanl§ + D trlll—véavh +dnl - n]I§ ¢
KeZh Fefo

1
> (14 2a(1—y)CE = Cifyvivali o + (1 -~ —) > wklanlik
KeZh

+ > [n[[vanvh]lné,F + (1— %) ||[[qh]]||é,F]

Fe&o

>CudvivnlZ g+ D wlanldx + D ellTvanvallig ¢ + ITandI5 61§ -
KeTh Fe&o

provided that g is bounded above by a suitable constant. This fact is more precise than the bound we
actually obtain, but it imposes an undesirable restriction on the stabilization parameter g. Finally, we
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remark that a positivity result, involving only the jump of the pressure, could be obtained independent
of f.

The next result states the consistency of the proposed method.

LEMMA 3.2 Let (u, p) € [H3(2) N H3 (2)]1? x [H1(2) N L3(2)] be the weak solution of (2.1) and
(un, pn) the solution of (2.8). Then,

B:((U—un, p—pn), (Vh,an)) =0 forall (vh,qn) € Vh x Qn. (3.4)
Proof. The result follows from the definition of the continuous problem and noting that
[—vonu+ pl -n] =0,

a.e. across all the internal edges. O

3.1 Anpriori error analysis

3.1.1 Preliminaries. First, for K € 9 and F € &%, we denote by .4 (K) and .4 (F) the set of
nodes of K and F, respectively, and by & (K) the set of sides of K. Also, for K € 9 and F € &, we
define the following neighbourhoods:

oK = U K', @k = U K’,

E(K)NE (KA N (K)NA (K0
wF = U K', &F = U K’
Fed(K’) K/NF 0

In order to perform the numerical analysis of (2.8), we will consider the Lagrange interpolation op-
erator I: CO(Q) — Vi (if v = (v1, v2) € C%(2)2, we denote Ih(v) = (In(v1), In(v2))) to approximate
the velocity. Then, it is well-known (cf Ern & Guermond, 2004) that for all K € .7}, and all F € &(K),
we have

o = 1h(@)lmk < ChiM[ols k., (3.5)

b = Ih@)l.r < ChE 2, (3.6)

forallv e H3(K),and 0 <m < 2,0 <t <1, 2<s < k+ 1. Let us remark that in order to obtain
the second estimate mentioned above, we have used the following local trace theorem (for a proof, see
Thomeée, 1997): there exists C > 0, independent of h, such that

1
lol5 sk <C (Wuvné,K + hK|o|§,K) : (3.7)

forall v € HY(K).

For the pressure approximation, we have to consider two separate cases:
First case: | = 0: To treat this case, we denote by I7h: L2(Q2) — Qn the L2(£Q)-projection operator
onto Qp. This operator satisfies (cf Ern & Guermond, 2004)

9 = IIn(@)llo.e < Chlgl1,0, (3.8)
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if g € H1(2). Hence, using the local trace theorem (3.7) and the regularity of the mesh, we obtain

|: > hellla - Hh(Q)]]||é,F:| < Chigly,e, 3.9)

Fe&o

forallq e HL1(Q).
Second case: | > 1: To treat this case, we will consider the Clément interpolation operator (cf Clément,
1975; Ern & Guermond, 2004) %h: LZ(Q) — V), satisfying forall K € 7, and all F € &,

g — Gh(@Im,x <Ch} ™1als.a » (3.10)

_1
19 — Gh(@)llo.F <Chy 2[qls.6p (3.11)

forallg e HS(Q),andall0 <m < 1,1 <s <.

LEMMA 3.3 Let, forl > 1,s =landforl =0,s = 1. Let (v, q) € H*"1(Q2)2 x H$(Q) and let us
denote Gy == %h(q) — B2 ¢ Qy il > 1and Gy == ITh(q) if | = 0. Then,

SE V= hWIGE + D [tV = hW1F « + vhE ANV = (W) 115 ]
Fe&o KeZh

1 ~ ~ hZS
+ =119 = nlig.o + (v = Th(v),a = Gn)llf < C (h2kv|v|ﬁ+1,g + 7|q|§,g).

Proof. For both cases, | = 0 and | > 1, the first three terms are bounded using (3.5)—(3.6). Now,
for I = 0 the proof follows using the definition of |-||n and (3.8)-(3.9). For | > 1, we remark that

la —dnllo,e < ld = %h(@)llo,e and |g — Ghlr,e = |19 — %h(d)]1,0, and (3.10)-(3.11) hold, and the
proof follows from the definition of the norm. O

3.1.2 A convergence result.

THEOREM 3.1 Lets = | ifl > 1ands = 1if | = 0. Let us suppose that (u, p) € [HK*1(Q) N
H3 (2)1? x [H3(2) N L3(2)] is the solution of (2.1) and (up, pn) is the solution of (2.8), and let us
denote (", eP) := (u — up, p — pp). Then, the following error estimates hold:

hS

1", eP)lIn < C (h*Wlulksr0 + —=Ipls.o ), (3.12)
Jv

lePllo.o < C(h*vlulks1,0 + h®Ipls.0)- (3.13)

Proof. We first prove the result for | > 1. Let us denote (34, #P) := (U—1,(u), p—(%h(p)—(%“(lp%))
and (g, eﬁ) ‘= (Uh—In(u), ph—(%h(p)—((’”p“(lp%)). From Lemma 3.1, the consistency of the method
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(cf Lemma 3.2), integration by parts and the Cauchy—Schwarz inequality we have

ClIel, e)IIZ < B (e}, ef), (e}, —el)) = B (1", nP), (e}, —e]))

=v(Vy',Veho — (1, V-eh)o + Z [—(Vel, 1"k + €f1 - n, 1) ok]

Ke.Zh
— D wk(=vAp" + VP, vAdy — Vel)k
Ke. %
+ > we([—vonn" + nP1 -], [-vaneh +efl - nl)F
Fe&o

1 —1
<120 v+ P+ e I Ik el = v AR+ VPG
Ke.Zh
1
2

-1
+ D telll—vann" + 2 nlIG £ + 72 1" 15
Fe&o

2 2 P2 P2
X E V|e\l~J||1,K +v||V- qlf.HO,K + Tk |ep |1,K + TK||VAe\l~J| — Ve, ”0,K
Ke %

Nl

+ > elll-vaneh + el - nliig ¢ + ¢ ITef1 - n]I5
Fe&o

1
< [n(n“, ) + =171

Nl

+ DO eI G + e lv A IS I+ D w2t IG e
KeZh Fe&o

2 2 2 2
x 1> viehldk +vIV -l +rxleflf  + e lvAel — Vel 13
Ke. %

Nl

+ > tell—veneh +efl - nll5 ¢ + cellleft - nlIG e | - (3.14)
Fe&o

Now, from the inverse inequality (3.3) and the definition of 7k, we obtain

2 2 2 2
> wlvagy — Vel <C D Ivlehlix + Vel lI§ «1 < Clitel, eDlif-
KeZh KeZh
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On the other hand, using the mesh regularity, (3.7) once again, and (3.3) we obtain
> welleft - nlige <2 D wrlll-voneh +eft Qg e +2 D zell-vonehll§ ¢

Fe&o Fe&o Fe&o

< 2|l(eh, ez +C D vhiclionghllf ok
KeTh

<C|l@E.eDir+ D vhehillens +hK|qh‘|%,K)}
Ke.Zh

<cCll@E.eDir+ > thh;Hq:‘liK}

KeZh

< Cli&h, eP)llh.

Hence, the last term in (3.14) may be bounded by C||(€}, eﬁ)nh, and then applying Lemma 3.3 we ar-
rive at

hl
lIeh, eflin < C (ﬁhklulkﬂ,g + ﬁ|p|l,9) , (3.15)

and the first estimate follows from (e, eP) = (4, #°) — (e}, eﬁ), the triangle inequality and applying
Lemma 3.3 again.

For the estimate on the pressure, from the continuous inf-sup condition (see Girault & Raviart,
1986), there exists w € H}(2)? such that V-w = p — pp in @ and [w|z,0 < C[lp — pnllo,o. Let
Wh = Ch(w) € [V1 N H(2)]? be the P1-Clément interpolant of w. Then, applying the consistency of
the method and the Cauchy—Schwarz inequality, we obtain

Ip=pnlldo=(V-W,p—pno=(V-W=Wn),p—pne+(V W p—pne

= > [-W—wh, V(p— pn)Kk + W —Wh, (p = pn)l - Mak]
Ke %

+ (VU= Un), VWi)e — D r([—véa(u — un) + (p — pr)l - n]l, [vanwn e
Fe&fo

1%
Ke.Zh Fe&o

h2
< [ > Eip—pnlik+ D wrllp—p)l - nlI5 e +viu—unl,

+ Z 7 |[[—von(u — un) + (p — pn)l - n]]||8,|::|

Fefq

%
2 -1 2 2
x| 20 Iw=whlG + > T IW = Whllg e + viwniZ o
Ke7n K Fefo
1

+ > rFu[[vanWh]]né,F} . (3.16)

Fe&o
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Now, using the local trace theorem (3.7), (3.10) and (3.11) we obtain

1
2

v

2 -1 2 2 2
E n W —Whllg.k + E T IIW — Whllg g +vIWhT o + E e llvonwn ]G, ¢
Ke.Zh K Fe&o Fefo

< CVvIwl,e < CVVIIp = prlloe-
Hence, dividing in (3.16) by ||p — pnllo,o, using the definition of the norm ||-||5 and (3.12), we have

Ip — phllo.o <CVV [ II(U—un, p—pu)llf+ D zrllven(u —un)]ilf ¢
Fe&o

2

h2l
<CVv [ vh WUl o+ —Ipf o+ 2 trlllvan(u — un)TiG e
Fe&fo

1
2

It only remains to bound last term above. Applying the definition of 7, mesh regularity, the trace
inequality (3.7), the inverse estimate (3.3) and (3.15), we arrive at

Z r|:||[[v8n(u—uh)]]||%,|:
Fefo
phk
<C D S lvan(u— un)lif o

%
Ke. %,

phkv?  _
<C > = —Ihitiu—unlf  +hklu—unl3 ]
KeZh

N
(@)

2 2 2 2
viu—unlZ o +v D hkn'k +1ehl5 k)
KeIh

2 2 (h2k—=21,,12 —21U12
<C v|u—unly o +v Z hi (hi [Uli41.k + hy lenlT k)
Keh

1
2 2k, 12 2l 2
gC Ulu—uhll,g +Vh |u|k+l,Q+;h |p||’_Qi|,

and the result follows from (3.12).
Finally, the proof for I = 0 follows by defining #P := p — Iy (p) and applying the same arguments
as above. O

REMARK 3.3 Theorem 3.1 gives an optimal convergence result for the mesh-dependent norm (3.1)
containing, in particular a control on the H1(£2) semi-norm of the velocity error, as well as the following
bound on the jump of the stress tensor

2
hS
> wrlll-venu—un) + (p— p)l - nlIG e | < C(hVvlulsre + —=Iplse ). (317)

Fe&o
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which is exclusive to this formulation. Also, since (3.1) defines a horm which does not involve the
natural norm of the pressure, a convergence result for the pressure in its natural norm (i.e. the L2(£2)
norm) is given.

COROLLARY 3.1 Let us suppose the same regularity assumptions as in Theorem 3.1. Then, there exists
C > 0 such that

Nl

1
Vvlu—uplLo + 5P = Prlloo + > zelllvane TN ¢ + I[ePTIE ]
Fe&o

hs
<C (hk«/;|u|k+l,9 + %”ﬂs.@) )

wheres =1 ifl >1ands =1ifl =0.

Proof. By virtue of Theorem 3.1, it remains to bound the term containing the jumps. First, using mesh
regularity, the local trace inequality (3.7) and Theorem 3.1 we arrive at

hk
2 2
2 FllefTIg e <C >0 el o

Fe&o Ke. %

hk ., _
<C D It IePId k + hiclePl ]
KeTh

1
2 2
<C | SlePlfu + 2 wxlePli

KeZh
hZS
<C|h#vluf o+ —IplEo ). (3.18)
The bound on the remaining jump term arises from the triangle inequality, (3.17) and (3.18). O

REMARK 3.4 We end this section by remarking the fact that if we suppose a more regular pressure we
may obtain a higher order error estimate. Indeed, if we fix | and suppose that p € H'*1(Q), then, the
interpolation inequalities (3.10)—(3.11) read

g — h(@)Im.k < ChIE™(qlL 1.6y
l+1-2
19 — % (@llo.F < Chp 2|dli+1.00-

forall g € H't1(©), and hence Lemma 3.3 reads

St iv=thWIG e + D eIV = IhWIIE k + vhg ANV = Th ()15 k]
Fefo KeTh

1 = 12 ~ 2 2k 2 h2|+2 2
+ ;”q - qh”O,Q +(v—=1In(v),g=dn)lly <C{h V|V|k+1,g + T|q||+1,g ,
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leading to the following error estimates:

hl+l

I, e”)In < C{ h*VVlulks1.0 + —=Ipli+se ) (3.19)
NG

lePllo,e < C*vlulkss,e +h'Fplits0). (3.20)

which are optimal if | + 1 = k.

4. A posteriori error analysis

In this section, we propose and analyse a residual-based a posteriori error estimator for the method
introduced in Section 3. Throughout this section we will suppose, for simplicity of the presentation, that
f is a piecewise polynomial function.

Since we are interested in treating problems without any extra regularity, we will suppose that
(u, p) € V x Q is the solution of (2.2) rather than the solution of the strong formulation (2.1) of
the problem.

4.1 Preliminaries: bubble functions
For all K € 9, we define the ‘element bubble function” bk by

bk =27 ] ix (4.1)
xe N (K)

where 1y denotes the barycentric coordinate associated with node x. Let K be the standard reference
element, with vertices i1 = (1, 0), i = (0, 1) and i3 = (0, 0). Set

~

b 224:13/11 on K,

£

where F = {(t,0) € R%: 0 <t < 1}. Next, let F € &g, let us suppose that wp = Kj U Kz and let
GF.; be the (orientation-preserving) affine transformation defined in Fig. 1 such that G ; (K) = Kjand

/

Fi1G. 1. Affine transformation G j, i =1, 2.
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GrF.i (If) = F,i =1, 2. We then define the bubble function associated with F by

b oGzt onKi,i=1,2,
br ::[ FTR ' (4.2)

on Q\we.

Let 77 := {(x,0): x e R} and let Q: R? — I7 be the orthogonal projection from R? to /7. We
introduce the lifting operator Pz : PX(F) — PX(K) by

S Pe(®) =$0Q.
Let Ki C wF. We define the lifting operator Pg i, : PX(F) — PX(K;) by
Pr.ki () = Pz(s 0 GFi) 0 GF5.
Using these notations, we can define a lifting operator Pg : PX(F) — PX(wr) by

PF,K1 (S) in K1,

k —
s e P°(F) —> Pge(s) == [PF,KZ(S) in Ko

and, for s = (s1, s2) € PX(F)2, we denote

Pr(S) = (Pr(s1), PF(s2)). (4.3)

4.2 A residual error estimator
For each K € % and each F e &g, we define the residuals
Rk (= (f+vAun — Vpn)lk, (4.9
RE (= [—vonun + pnl - nlk. (4.5)
REMARK 4.1 From the definition of these residuals, (element-wise) integration by parts leads to
B((€'.e”), (v.0) = > Rk.Vk + D (RE.V)E+(d, V- Un)e, (4.6)
Ke.Zh Fe&o
forall (v, q) € V x Q. Next, from the definition of Rk, R and the stabilized method (2.8), we see that,
forall vy € [V1 N HEH(2)1%,
B((e", eP), (vh,0)) = (f, vh)2 — B((un, pn), (Vh,0))

= (f,Vh)@ — B:((Un, pn), (vh,0)) — D~ ¢ (RE, [vaavaD)e
Fe&o

=— > wRe, vavar < D tlIRelo.rllvonvillor.  (4.7)

Fe&fo Fe&o

It is worth remarking that (4.7) has been obtained without using the consistency of the method, and
hence not assuming any extra regularity of the solution.
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Our residual-based error estimator is given by

N

=1 > nk{ - (4.8)

Ke

where, in each K e %, we have defined

1
ik =Rl +5 2 tFIREIGE + VIV -unlG i (4.9)
Fed(K)Néo

REMARK 4.2 A similar estimator may be found in Verfiirth (1989, 1991), applied to specific discretiza-
tions. In fact, the equivalence result below may be seen as a generalization of the corresponding result
in the above references. For a detailed survey of existing a posteriori error estimators for the Stokes
problem, see Ainsworth & Oden (2000) (and the references therein) and Kay & Silvester (1999), where
an a posteriori error analysis of a stabilized finite-element method for the Stokes problem is performed.

THEOREM 4.1 Let (€, eP) := (U — up, p — pn), where (u, p) € H}(2)? x L3(Q) is the solution of
(2.2) and (up, pn) € Vh x Qp is the solution of (2.8). Then, there exist two positive constants, C1 and
C», independent on h and v, such that

1
WleLo + —vllepllo,g < Can,

7

1
Conk < V1€ lLwx + —=11€Pllo,vx -

NG

Proof. Upper bound: Let (v,q) € H}(2)? x L3(Q) and let vy := %h(v) € [V1 N HI(Q)]? be the
PP1-Clément interpolant of v. First, (4.6) applied to (v — vy, q) leads to

B((eheP), (v—vh,q) = D Re,V=Vi)k + D> (RF,V=Vh)F + (0, V- Un)o

Ke.Zh Fe&o
< D IRk lox IV =Vhllok + D IREllo.F IV —Vnllo.F
KeTh Fe&o
+ llallo.ellV - unllo.e- (4.10)

Then, from (4.10), (4.7) and (3.10)—(3.11), we arrive at
B((e", eP), (v, )

= B((e", eP), (v = vh, Q) + B((e", eP), (vh, 0))

< D IRklloklv=Vhllok + D IIREllo.FlIV—Vallo.F
KeIh Fefo

+ lallo.2llV - unllo.e + D zrlRelo.Fll[vénvallo.F
Fe&o
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1
<C| > hilRkllok Vg + > hEIREloF IV
KeTh Fe&o

+lldllo.2llV - unllo.e + D rrlIREllo.rI[vanvalllo.r
Fe&o

<C1 > wlRkl§k+ D, wrIREIGE +vIV - unllf o

Ke. % Fe&o
1
1 2
2 2 2 2 2
X1 2 WM+ 2 VG +Sllalf o + D weviilanvellge p o (410)
Ke.%, Fe&o Fe&o

Next, applying the mesh regularity and the local trace theorem (3.7), we obtain

2 2 2 2
DU, + D vivIfs + D tevililavallls
Ke.%h Fe&o Fe&o

2 2
< C VlVll’Q + Z VhK”anvh”O’{}K
KeIh

2 -1 2 2
<C|viviig+v D hilhivalf k + hiIvals k]
KeZh

<CylvE 5. (4.12)

Hence, from (2.5), (4.11) and (4.12), we arrive at

1 B((e", eP), (v,
VIglLe + —=lePlloo <C sup ) T )
v vaevxQ-0) VVIVlLe + J=lallo.e

1
n{vIViZ o + L1913 5}

w0VxQ-0 VVIVILe + llallo.e

<C

< Can. (4.13)

Lower bound: Forall K € Z and F € &p, let bk and bg be the element and edge bubble functions
defined in (4.1) and (4.2), respectively. Let also bk := bk Rk . Then, from Araya et al. (2005) (see also
Verfiirth, 1998 for the original result in the scalar case) we know that

CIRk I8« < (Rk,br)k < IRk« (4.14)
CIRFI3 ¢ < (Re,brERE)F < [RFI3 ¢ (4.15)
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On the other hand, since bk € Hol(K)Z, using the inverse inequality (3.3) and the definition of 7k, we
obtain

(R, bk = > (Rks, b))k =B((U—un, p — ph), bk, 0))
K’e. %
= I)(V(U - Uh), VbK)K - (p — Pn, V. bK)K

1
2 1 2 |?
<C V|U—Uh|1,K+;||p_ ph”o’K «/;|bK|1,K

1
1 2
2 2 -1
vIU—Unlg i + =P = Pnllgk | VVhiclIbkllo.k

N
(@)

1 _1
2 2
<C V|U_Uh|1’K+;||p_ph||0,K TKZHRK”O,K,

which, combined with (4.14) leads to
1 1
¢ IRk llo,xk <C [ﬁlu —Unlik + ﬁllp - ph||0,K] . (4.16)

On the other hand, since u € H}(£2)? we have V - u e L3(«2) and then from (2.2) we obtain that
V .u=0ae.in Q. Using this fact, (4.14) (applied to V - up) and bk € H&(K), we arrive at

IV - unllf = (V- un, V- )k
< C(V-up, bk V -up)k
=C(V-up,bkV-uno
=C(V-(up —u), bk V-un)e
=C(V-(up —u),bgV-unk
< Clu—unly,k bk V - Unllo,k
< Clu—uply,klIV - unllok,

and hence
VIV - upll§k < Cvlu—unlfg. (4.17)

Finally, let F € &g. Then, using (4.15), the definition of Pg (cf (4.3)), (4.7) and since bg € Hol(a)[:),
we obtain

IRF I, ¢ <C(Re,brRE)E

<C |: > (R, bePe(RE)k — B((U — Un, p — pn), (bFPF(RF):O))j|

KCowfr
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1
<C| > IRkloxlbePe(RE) ok + [ﬁlu — UnlLor + TIID — Phllo.wr
K Cwfr v
X V/VIbEPE (RF)|1L,0p
Next, from Araya et al. (2005) we know that
IbrPE(RF)llo,k < Chk|brPr(RF)I1K, (4.18)
_1
IbrPE(RF)I1,0r < Che?|IREl0,F, (4.19)
and hence applying (4.16) and the definition of zf, we arrive at
, 1/2
h 1
IREIGE<C{ D —EIRkIEk +viu—unl,. + =P = pPnllgo t VVIOEPE(RE) 1.0k
Ko v v
2 1 A AT
SCvlu—tnlfo +>IP=PrlGee - 7F IRElOF,
and the estimate follows from last inequality (summing over all F € &£(K)), (4.16) and (4.17). O

REMARK 4.3 The last result states the equivalence between the norm of the error (", eP) and the error
estimator #. It is worth remarking that we have not used at any moment any extra regularity hypothesis
on (u, p), and that the only dependence of the equivalence on v is given by the norm of the error we are
considering; the equivalence constants are independent of y . In that sense, Theorem 4.1 gives a result
which is independent of v, as will be confirmed by the numerical experiments in Section 5. We finally
remark that the above result does not depend on the choice of the specific discretization, i.e. it is valid
for all polynomial degrees k and 1.

5. Numerical validations

In this section, we present three sets of numerical validations concerning both the a priori error analysis
of the method (2.8) and the performance of the a posteriori error estimator (4.8). Convergence tests have
been performed for both [P1]? x P? and [P1]2 x P! pairs, and, following Araya et al. (2006), we have
setf = 3.

5.1 An analytical solution

For this test case, the domain is taken as the square Q@ = (0,1) x (0, 1) and f is such that the exact
solution of our Stokes problem is given by

uz(x, y) = —256x%(x — 1)%y(y — 1)(2y — 1),

UZ(Xa y) = _Ul(y, X)a
p(x,y) = 150(x — 0.5)(y — 0.5).
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We first depict in Figs 2-3 the convergence history for method (2.8) using v = 1. The results

reproduce our theoretical results showing an O(h) order of convergence for [u—un|1,0, | P— Pnllo,o and
llo-n—on-nlih =1 > zell[-vén(u—un)+ (p— pn)l - nTlIg ¢

Fefg

In order to test the a posteriori error estimator (4.8), in Fig. 4 we depict the error in the norm

1
1", eP)lle, 0 = VVIe"|,0 + ﬁllepllo,g, (CRY)
10: T T T TTITT T T T TTTTT T T Ty 1(]: T T T T T T T TTTTT T Ty
E—— |p-pilho ] E——Ju-uig ]
------ h p—
a3 E 33 E
o 1
) Q
£ B
1} )
01: . 01¢ B E
0.01 Lol Ll L1 0.01 Ll Lol Lo
0.001 0.01 0.1 1 0.001 0.01 0.1 1
h h

F1G. 2. Convergence history for method (2.8).

10: T T T T T T T T TITT T T T Ty
E—o— |lo-n—0y-nlls ]
I h 4
43 E

“ F ]
g L 4
o] = 4
5L 4

01k i

001 Ll L Ll 1 [

0.001 0.01 0.1 1

h

FiG. 3. Convergence history for method (2.8).
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[—
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error
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|
0.001

001
h
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FIG. 4. Error versus n ash — 0.

TABLE 1 Effectivity indexash — 0

h (e, eP)le o n 0

0.25 7.5627 7.0478  0.9319
0.125 3.4651 3.7197  1.0734
6.25x 1072 1.5993 1.9052 1.1912
3.125x1072 0.7659 0.9623  1.2564
7.8125%x 103 0.1860 0.2421  1.3016

as well as the estimator (4.8) as h — 0, using v = 1. We can observe that the two values are in good
agreement, which is confirmed in Table 1 where we show the effectivity index

n
/. —
(e, eP)lle o

which remains bounded, and tends towards a constant as h — 0. Also, in order to study the sensitivity
of the effectivity index as v — 0, we depict in Fig. 5 the behaviour of » and ||(e", eP)| g o for a
fixed mesh (with a fixed h &~ 10~2) and for v = 1,0.1, ..., 1075, We observe that, as was predicted
by Theorem 4.1, the estimator ; follows the same pattern as ||(€", eP)||g, @, and hence, the effectivity
index is unaffected by v, as may be seen in Table 2.

Finally, we present a brief comparison with the classical Douglas—Wang method (Douglas & Wang,
1989) which considers only pressure jumps. In Fig. 6, we depict the convergence history of the er-
ror [(u —un, p — pn)lle,o (left) and |[[o - n — on - N]l|n (right) for both methods. We observe that
the inclusion of the new jump terms makes the new method a competitive alternative to the classical
Douglas—Wang method without complicating the implementation, and that it is slightly more precise in
the norm of the jumps.

(5.2)

5.1.1 Convergence validation using equal order [P1]2 x P! elements. In this section, we perform
the convergence validation using the equal-order [P1]? x P! finite-element spaces. The solution and
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F1G. 5. Sensitivity of the estimator to v.
TABLE 2 Effectivity indexasv — 0
v 1 01 1072 107% 107* 107% 107°®
0 1.25 1.68 1.77 1.78 1.78 1.78 1.78
10 T IIII\I\‘ T \I\\IH' T T T TTTTT] 10_ T II\\VHl T VVII\I\[ T T T TTTT7]
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F1G. 6. Numerical comparison with Douglas & Wang (1989) for this test case.
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the domain are exactly the same as in Section 5.1. In Figs 7 and 8, we observe the convergence of the
method (2.8) as h — 0 showing that the error behaves as predicted by Theorem 3.1.

5.2 The lid-driven cavity problem

For this case, we use the same domain as in Section 5.1, we set f = 0, and the boundary conditions are
given by u = (1,0)! on (0, 1) x {1}, u = 0o0n (0, 1) x {0} and u(x, y) = (g(y), 0)t on [{0} x (0, 1)] U

1: T T T T T T T TTITT T T T TTTTT 1[): T T T T T T T TTITrT T Ty
E—o— lp-pilog E—o— u-uyig ]
2 B g I
01 F . Ik .
13 1N
0 0
£ £
0 0
001 | p . 01 .
0001 Lol Lol Lol 001 Lol Ll L1l
0.001 0.01 0.1 1 0.001 0.01 0.1 1
h h

FiG. 7. Convergence history for ||p — ppllo, and [u — upl1, 0.
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b o
0 4
0.1 2 4
0[)1 1 L1 111l | 1 L1 1111l | 1 L1 1111l
“0.001 0.01 0.1 1

h

FiG. 8. Convergence history for |[on(u — up)]|n-
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[{1} x (O, 1)], where the function g is given by

0 if y < 0.995,

(y—0.995

9(y) = .

193

FiG. 9. Initial (left) and final adapted (right) meshes for the cavity problem.
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Fi1G. 10. Zoom into [0, 0.1] x [0.9, 1] for the adapted mesh.
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F1G. 11. Initial mesh for the step problem.
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Fi1G. 12. Zooms into the original and adapted meshes for the step problem.

Fi1G. 13. Vertical velocity in the original and adapted meshes.

F1G. 14. Zooms into the adapted mesh and the solution in the step problem. We observe the concentration of the mesh points in

the region close to the singularity.
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For this test (and the following one), we are interested in assessing the adaptive procedure suggested by
our estimator #, since we do not know the exact solution. This adaptive procedure is given by:

(i) Solve (2.8) in an initial mesh % and compute 7k VK € %.
(i) If K e 7 satisfies yx > dmaxge g nk (Where 0 < d < 1), then K is subdivided.
(iii) This process is repeated until a prescribed tolerance is attained.

The meshes are generated using ‘Triangle’, an adaptive mesh generator proposed in Shewchuk
(2002), and from now on all the computations are performed using piecewise linear interpolation for
the velocity and piecewise constants for the pressure.

In this problem, two (numerical) singularities arise at the top corners due to the large gradient in the
boundary condition. This fact is captured by our estimator by refining mostly in those corners as can be
seen in Fig. 9, where the initial and final adapted meshes may be found. In addition, and in order to show
more precisely the local character of this refinement, we depict in Fig. 10 a zoom into the subdomain
[0,0.1] x [0.9, 1] for the final adapted mesh.

5.3 The backward facing step problem

This test case is posed on the backward facing step configuration. The step is located at (x, y) = (2.5, 0),
the entry of the channel is at x = 0 and the exit of the channel at x = 22. The channel width is 1 at entry
and 2 at exit. The boundary conditions are inflow and outflow parabolic profiles set so that problem (2.1)
with f = 0 has a unique solution. In this case, a singularity arises at the step from the re-entrant corner.
Hence, we can expect the meshes to be locally refined around the corner. In Fig. 11 we depict the initial
mesh, and in Fig. 12 we show a zoom into the original and the final adapted meshes (the isovalues of the
vertical component of the velocity are depicted in Fig. 13 for both meshes). We can observe the local
behaviour of the adaptation of the mesh, a fact which is more clear in Fig. 14 where a close zoom into
the final adapted mesh is depicted.

6. Concluding remarks

An extension of the well-known Douglas—Wang stabilized finite-element method for the Stokes problem
has been proposed and analysed. The proposed method includes jump terms containing the residual of
the Cauchy stress tensor on the internal edges of the triangulation that are well controlled by the method
as was seen in the error analysis and the numerical experiments. Finally, the presence of the new jump
terms allowed us to propose in a natural way a residual-based a posteriori error estimator which is robust
with respect to the viscosity v, was theoretically justified for all pairs of elements and was successfully
tested in Section 5.
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