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In this paper we propose a way to analyze certain classes of dimension reduction models
for elliptic problems in thin domains. We develop asymptotic expansions for the exact
and model solutions, having the thickness as small parameter. The modeling error is then
estimated by comparing the respective expansions, and the upper bounds obtained make
clear the influence of the order of the model and the thickness on the convergence rates.
The techniques developed here allows for estimates in several norms and semi-norms,
and also interior estimates (which disregards boundary layers).

1. Introduction

Much investigation has been done in the recent and not so recent past to take
advantage of the small thickness to solve or approximate elliptic problems in thin
domains. Indeed it is tempting to use dimension reduction, i.e., to pose and solve a
modified problem in a region with one less dimension and then extend the reduced
solution to the more general domain. It is reasonable to expect that the new problem
will be simpler than the original one, but it is not easy to predict how far apart are
the two solutions. In this paper we analyze the approximation properties of some
classes of models for elliptic problems in thin domains, not only as the thickness
of the domain goes to zero, but also as the “degree” of the models increases, in a
sense that we will make clear.

We assume that the thin domain is a three-dimensional plate of the form P =
Q x (—¢,¢€), where Q is a two-dimensional smoothly bounded region and ¢ < 1
is a small positive quantity. For simplicity, we analyze the Poisson problem with
vanishing Dirichlet boundary condition on the lateral boundary 9Qx (—¢, ), despite
the fact that other equations and conditions are also of interest. Let 0P; = 02 x
(—¢,¢€) be the lateral boundary of the plate and OP§ = Q x {—¢,¢} its top and
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2 Asymptotic Estimates of Hierarchical Modeling

bottom. We define then u® € H'(P¢) as the weak solution of
—Au® = f* in P¢,
ou*®
5 = g°  on 9P, (1.1)
u® =0 on OP;,

where f€: P — R and ¢° : 9P — R. In general, the solution of (1.1) will depend
on ¢ in a nontrivial way. In fact the above problem is a singularly perturbed one,
and as € goes to zero it “loses” ellipticity. This results in the onset of boundary
layers, as we make clear below.

Projecting the exact solution of (1.1) into the space of functions with polynomial
dependence in the transverse direction results in a whole hierarchy of models that
approximate the original problem with increasing accuracy as the semi-discrete
space gets richer, and maintain the lower dimensional character. For symmetric
elliptic problems, one possibility is to use a Ritz projection,?! deriving the minimum
energy models. 203414
Characterizing the solution of (1.1) as the minimizer of the associated energy

functional, i.e.,

1
u® = argmin J(v), where J(v) = 5/ |V o]*dz — favdz—/ g“vdz,
veV(Pe) pe Pe oPs
and V(P?) = {v € H'(P®) : v =0 on OPf}, we aim to find a “good” approxima-
tion for u® searching for

u*(p)=  argmin  J(v), (1.2)
vEH (QPp(—¢,€))

where H(€;P,(—¢,¢)) is the space of polynomials of degree p in (—¢, €) with coef-
ficients in H(2). It immediately follows from its definition that u®(p) is the Ritz
projection of u® into fll(Q;Pp(—s, €)), and (1.2) characterizes a minimum energy
model. Observe that using higher polynomial degrees, i.e., higher order models, we
obtain a hierarchy of models that furnish increasingly better solutions.
As an example, we write the model explicitly for p = 1. Rewriting (1.2) in
variational form, it is not hard to check that if u*(1)(2°) = wo(2°) +w1(x%)z5, then
2
—Aspwy = fO+e ¢, _E_A2DW1 +w = fl4g' in (),
3 (1.3)
wy=w; =0 on 0,

where Aop = 011 + O2 and
1 [* 1 [
P =g [ Faaas Pe) =g [ Faasds,
—& —E&

[9°(z%, ) + ¢° (2%, —¢)], g'(z°) = %[ga(g‘i e) —g°(z%,—¢)].

DN | =

9°(z%) =

~
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Note that the two differential equations in (1.3) are independent of each other.
We can express in a unique way any function defined on P¢ as a sum of its even
and odd parts with respect to 5. The even parts of f°, g° appear only in the
equation for wp, and the respective odd parts show up in the equation for ws.
Also, the equation determining w; is singularly perturbed, but this is not the case
for the equation determining wg. If higher order methods were used, we would
have two independent singularly perturbed systems of equations, corresponding to
the even and odd parts of u®(p). A similar splitting also occurs for the linearly
elastic isotropic and homogeneous plate, where the equations decouple into two
independent problems corresponding to bending and stretching of the plate.

The natural question of how close u®(p) is to u® is not easy to answer due to the
complex influence of € in both the original and model solutions. Several authors
investigated various aspects of this and other related problems. For a review of the
literature, see the Ph.D. thesis of Madureira.'® It is worth mentioning nevertheless
the work of of Vogelius and Babugka. In a series of three remarkable papers,2!:22:23
they investigated various aspects of minimum energy methods for scalar elliptic ho-
mogeneous problems in a n-dimensional plate, with Neumann boundary condition
on the top and bottom of the domain. They started by showing how to optimally
choose the semi-discrete subspace that characterizes each model. This space de-
pends only on the coefficients of the differential equation, and a truncated outer
asymptotic expansion (i.e., ignoring boundary layer terms) of the exact solution
belongs to it. Then they estimated the rate of convergence of the model solution
(with respect to the thickness, in the energy norm). To do this they assumed that
the volume loads vanished and that the surface loading was such that boundary
layer effects were of higher order than the first truncated term of the outer ex-
pansion. They then estimated the difference between the exact solution and the
truncated expansion. As this quantity is certainly bigger than the error of the min-
imum energy model in the energy norm, they then obtained an upper bound for the
modeling error. This procedure was extended by Miara!” to linearly elastic plates,
again with strong restrictions on the volume and surface loads. In this case the
optimal subspace might depend on the data, a clear disadvantage. Recent work by
Ovaskainen and Pitkiranta'® used similar ideas to obtain more refined estimates
for minimum energy methods applied to a thin linearly elastic strip under traction.
Some limitations of this approach are that it is not clear how to extend it to models
that are not energy minimizers, nor how to obtain sharp estimates in norms other
than energy or in the interior of the domain.

Our approach differs significantly from the aforementioned ones. We estimate
the modeling error not by comparing the exact and model solutions directly, but
rather by first looking at the difference between the solutions and their truncated
asymptotic expansions, and then comparing the asymptotic expansions. This is
possible because the projection used to define each model can be used to find terms
of the asymptotic expansion of the model. This allows the comparison between
corresponding terms of the expansions. Schematically, this is how it works:
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Asymptotic
ut <> .
Expansion of u®
Asymptotic
ut(p) €<——=> yHp

Expansion of u®(p)

Although we also use asymptotic expansion techniques, we do not rely on the
fact that our solution minimizes the potential energy. In fact our arguments work
for saddle point models as well.'® In addition to the flexibility to tackle different
models, we are also able to obtain sharp estimates in different norms and interior
estimates.

We consider the Poisson problem as it contains the same basic characteristics
and difficulties of more complex elliptic equations, but is still simple enough so
that technicalities do not overshadow the main aspects of our analysis. We avoid
nonetheless using specificities of the problem, and the arguments employed here
extend in a natural way to the analysis of hierarchical models for linearly elastic
plates. Indeed, based on the asymptotic expansions developed by Monique Dauge
and her collaborators,3?

We now briefly introduce and explain some basic notation that we use through-

a similar kind of study can be performed.

out this paper. For an integer p and a positive real number a, we define P,(—a, a)
as the space of polynomials of degree p in (—a,a). If s is a real number and D an
open set, then H*(D) is the Sobolev space of order s, and H*(D) is the closure in
H*#(D) of the set of smooth functions with compact support in D. For m € N and
a separable Hilbert space E, we denote H™(D; E) as the space of functions defined
on D with values in F such that the F-norm of all partial derivatives of order less
or equal to m are in L2(D). Also, L?(—a, a) is the set of square integrable functions
with mean value zero in the domain (—a, a), for a positive number a. Finally D(D)
denotes the space of C* functions in D with compact support, while D’(D) denotes
the space of distributions.

As we have already hinted, we use one underbar for 3-vectors and one undertilde
for 2-vectors. We can then decompose 3-vectors as follows:

()

We denote by lowercase ¢ a generic constant (not necessarily the same in all oc-
currences) which is independent not only of € and p, but also of f and g, while
we use uppercase C' when the constant may depend on f and g, more precisely on
Sobolev norms of f and g, but not € and p. We denote a typical point in P* by
2° = (z°,25), with 2° = (27, 25) € .

Next, we outline the contents of this paper. In Section 2 we develop an asymp-
totic expansion for the solution of (1.1), presenting upper bounds for the difference
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between the exact solution and truncated asymptotic expansions. The following
section contains the same sort of development, but this time concerning the hierar-
chical model solution. We present modeling error estimates in Section 4. Finally,
many issues involving the boundary correctors are discussed in the appendix, in-
cluding existence, uniqueness and exponential decay of solutions, approximation by
polynomials, and corner singularities.

2. Asymptotic Expansions for the Exact Solution

We start this section by developing an asymptotic expansion for u®. As in
Ciarlet’s book,” we define an e-independent domain P = Q x (—1,1). A point
x = (z,x3) in P is related to a point 2° in P* by = = 2%, 3 = ¢ '25. We
accordingly define 9Py, = 992 x (—1,1), and 9Py = Q x {—1,1}.

In this new domain we define u(e)(z) = u®(z®), f(z) = f°(2°), and g(z) =
e~ 1g%(2®). We infer from (1.1) that

Aspu(e) + e 2033u(e) = — f in P,
e _ 2y on Py, (2.4)
on

u(e) =0 on OPr.

We assume that f, g are e-independent, but this restriction could be relaxed, for
instance by assuming that f and g can be represented as a power series in &, plus a
small remainder.'® Furthermore, how exactly f and ¢ scales with respect to ¢ is im-
material since we are considering a linear problem and the final rates of convergence
are in relative norms.

Consider the asymptotic expansion

u® + g2 + etut 4 - (2.5)
and formally substitute it for u(e) in (2.4). Grouping together terms with same
power in € we have

6_283311,0 + (A QDUO + 333u2) + 62 (A 2Du2 + 83311,4) + = —f, (26)
ol Lou? out

- - R P, — 2
o +e o +e o + ey on OP1. (2.7)
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It is then natural to require that

833U0 = 0, (28)
Os3u” = —f — Azpu’,

Dszu* = —A opu?F2, for all k > 1, (2.10)
along with the boundary conditions

au2k

Pl Ox1g on P4, for all k € N. (2.11)
n

Note that Eqs. (2.8)—(2.11) define a sequence of Neumann problems for z3 € (-1, 1),
parametrized by z € (1. If the data for these problems is compatible then the
solution can be written as

u?*(z) = 0% (z) + C%(g), for all k € N, (2.12)

where

1
/ @z, 03) dog = 0, (2.13)
-1

with 4% uniquely determined, but ¢?* an arbitrary function of z only. As we shall
see, the (?* will be determined using the condition of compatibility of the data for
the Neumann problems. From the Dirichlet boundary condition in (2.4), it would
be natural to require that u?* = 0 on OPy. This is equivalent to imposing

k=0 onoQ, (2.14)
w* =0  ondPp. (2.15)

However, in general, only (2.14) can be imposed and (2.15) will not hold. We shall
correct this discrepancy latter. Now we show that the functions ¢2*, 42* (and so
u?*) are uniquely determined from (2.8)-(2.14). In fact, (2.8) and (2.11) yields
4% = 0. From the compatibility of (2.9) and (2.11) we see that

1
BanC'(@) = =5 [ fandss = Flale ) +oe ) (216)
which together with (2.14), determines ¢° and then, from (2.12), u°. In view of the
compatibility condition (2.16), 42 is fully determined by (2.9), (2.11), and (2.13).
Next, the Neumann problem (2.10), (2.11) admits a solution for £ > 1 if and only
if AopC?*=2 = 0. But in view of (2.14), this means ¢2*=2 = 0, for k¥ > 1, and then
42k is uniquely determined from (2.10), (2.11). Note that u® = ¢° and u?* = 42*
for kK > 1.
Observe that u® = 0 on the lateral boundary of P, since 4° = 0 and so (2.15)
holds for k = 0. However, u?, u*, etc, will not in general vanish on 9Py, (although
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their vertical integrals do). Thus (2.5) does not give a complete asymptotic expan-
sion of u(e) and we seek a boundary corrector U, which should satisfy

AspU + 672(933(] =0 in P,

oU (2.17)
8_:() on OPy, U~e2u?+etut+--- on OPy.
n

To study this singular perturbation problem, we define a system of boundary-fitted
horizontal coordinates. In this new system, a point close to the boundary 0f) has
as coordinates its distance to the boundary and the arclength along the boundary
to its nearest boundary point. We follow the notation of Chen.® Suppose that 0
is arclength parametrized by z(0) = (X (0),Y (0)). Let s = (X', Y'), n = (Y', - X")
denote the tangent and the outward normal vectors to 92, and define

Q={z-pn:2€000<p<p},

where pg is a positive number smaller than the minimum radius of curvature of 9f2.
With L denoting the arclength of 02, then

z(p,0) = z(0) — pn(0).

is a diffeomorphism between (0, pg) x R/L and €. Extending n and s to 2 by

n(p,0) =n(0),  s(p,0)=s(0), (2.18)
then, for o =1, 2:
s
8(19 = _Ot7 aoz = Na,
7(0) e

where J(p,0) = 1 — pr(#), and k is the curvature of 9. Finally, a change of
coordinates yields

Oaf = 00 f0a8 + 0, fOup, fora =1, 2.

The expression for the Laplacian in these new coordinates follows:

K 1 pK'
AspU = 8ppU — japU + ﬁ899U+ ?(%U
=0, U+ p (a{apU + a}dpoU + agan) . (2.19)
7=0

where we formally replace each coefficient with its respective Taylor expansion,’

and

i+

of = —WOP, =G+ DO, o =2 kO 0).
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Defining the new variable p = ¢~!p and using the same name for functions different
only up to this change of coordinates, we have from (2.19) that

AopU = 205U + Y (ep) (a{g—laﬁU + alOpeU + agagU) , (2.20)

Aiming to solve (2.17), we insert the asymptotic expansion
Un~eU? 4+ U340+ (2.21)

n (2.20), and collect together terms with same order of €. This leads us to pose a
sequence of problems in the semi-infinite strip ¥ = R* x (—1,1), for k& > 2:

(055 + 033)UF = F,  in %,

ouk

a—n =0 on R+ X {—1, 1}, (222)
U*(0,0,x3) = u*(0,0, 23) for z3 € (—1,1),

where

Fe =" (alopU" 7" + ahagU" 72 + af0yU" 772,
7=0

with the convention that u* = 0 for k odd and U® = U' = 0. Note that the problem
described by (2.22)—we show that it is well-defined further ahead—is parametrized
by 6, and that the geometry of € plays an important role through the coefficients
ol b, al.

Combining (2.5) and (2.21) we obtain the formal asymptotic expansion

Z&_Qk 2]{} 7 —l 8 _ ZEkUk p79 5_1 8) (223)

Here x(p), is a smooth cutoff function which is identically one if 0 < p < p/3 and
identically zero if p > 2pg/3. (This does not turn out to be a significant source of
error since U decays exponentially to zero in the normal direction.)

Although our reasoning has been formal so far, we shall rigorously justify this
asymptotic expansion in Theorem 2.1. Before doing that, we first study the terms
entering into the expansion.

We use the following notation:

vl (mon, Py = IV Em Qi (<1,1)), W @), p = 1 fll(m,0,) + lgllzm oy ) -

In the lemma below, the bounds follow from standard regularity estimates for
Egs. (2.16), (2.9)-(2.11).
Lemma 2.1 Suppose that f and g are smooth functions on P and Py, respec-

tively. Then the functions u®, u?,--- on P are uniquely determined by (2.8)—(2.14),
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and u®(z) = ¢°(x) is independent of x3. Moreover, for m a nonnegative integer and
s a real number such that s > 2, there exists a constant c¢ independent of f and g
such that

¢ sy < ell(fs 9 llm—1,p
(2, M ae-1,1) < el f (@ ) m-2-1,1) + lg(z, =D+ g(z,1)]),
||U2H(m,s,P) < c(”f”(m,sz,P) + ”gHHm(BPi))-

The next lemma, whose proof we postpone to the appendix, guarantees the exis-
tence, uniqueness, and exponential decay of solutions for (2.22).

Lemma 2.2 Assume, for a fized positive integer k, that u* is defined as above.
Then, for each 8, there exists a unique weak solution U*(-,0,-) € HY(X) to (2.22).
Also, there exist positive constants C and « such that

/ / (UM)?2 + (9;U%)? + (05U%)? das dp < Ce™ ™, (2.24)

for every nonnegative real number t. The constant o may depend on 0 and k, but
is independent of f and g, while the constant C may depend on Q, k, f, and g.
Although (2.23) is a formal expansion, a rigorous error estimate shows that the
difference between the exact solution and a truncated asymptotic expansion is of
the same order of the first term omitted in the expansion. In fact, define

esn () = Za% k(2% e ag) + x(p ZskU’“ 1p,0,e7125). (2.25)

In the theorem below we bound the H'(P?) norm of €5 .

Theorem 2.1 For any positive integer N, there exists a constant C such that the
difference between the truncated asymptotic expansion and the original solution mea-
sured in the original domain is bounded as follows:

HegHHl(Ps < 02, ||€§N||H1(Ps) < CePNHL (2.26)

Since the domain P¢ depends on ¢, the interpretation of the convergence estimates
given in Theorem 2.1 is not straightforward. The relative error is more informative
in this case. For this we may use (2.26) and the triangle inequality to obtain a lower
bound on the H'(P¢) norm of the solution. The leading term of the asymptotic
expansion for u® is ¢°, unless ¢° is identically zero, that is, unless the quantity

1
~3 | faas)das = 3lo(e.1) + o(z. ~1) (227)

appearing on the right-hand side of (2.16) vanishes. Assuming momentarily that
¢ does not vanish, then we easily conclude from (2.26) and the triangle inequality
that there exists a strictly positive constant C depending on f and g, such that
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||| g1 (pey > Ce/? for all e sufficiently small. If, on the other hand ¢° vanishes,
but f and g do not both vanish identically, then it can be seen from (2.9) and (2.11)
that u? does not vanish. Applying the second estimate of (2.26) with N = 1 and
using the triangle inequality, we conclude ||u®| 1 (pey > Ce%? in this case. Thus in
any case (as long as f and g do not both vanish identically) we have

1, °#£0
u® o > Crel/?, here v =<’ ’
” ”HI(P ) = v e, (°=o0.
Thus,
H€8||H1(p5) -1 HEENHHI(PE) —1,.2N+1/2
T =0("'¢), ————— =0 ‘¢ ), N=12....
[[us [z (pe) [uell 1 (pey

It is easy to estimate the convergence in some other norms as well. For instance, in
the L?(P¢) norm, we have from the triangle inequality that

||6§N||L2(P€) < H€§N+2||H1(PE) + ||€§N+2 - 6§N||L2(P€)-
Since

(e3n 12 — €5n)(27) = — e lp,0,e71xf)

| g2N+2 [U2N+2(£a78—1x§) — U2 1p,0,e7125)], (2.28)

52N+1U2N+1(

we easily conclude from a scaling argument that ||e5y||2(psy = O(e?VF2), for N
positive.

Using similar arguments, it is possible to compute interior estimates, which
achieve better convergence in regions far away from the lateral boundary of the
plate. The reason for the improvement in such subdomains is that the influence of
the boundary layer is negligible. Table 1 presents these interior and various other
error estimates. We assume that f and ¢ are sufficiently smooth functions and we
show only the order of the norms with respect to €. “BL” stands for “Boundary
Layer” and the “Relative Error” column presents the norm of ej, divided by the
norm of u®. In parentheses are the interior estimates, when these are better than
the global estimates.

The remainder of this section contains the proof of Theorem 2.1. In our demon-
stration, we follow the basic steps of a similar proof for an elasticity problem.®
Definition 2.1 Set

ugN (v ZE% *(z), Usn(z ZEkUk '0,0,25).

Some results regarding the boundary layer terms are collected below.
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Table 1: Order with respect to the thickness of the exact solution, the first term
of the boundary layer expansion, and the difference between the solution and a
truncated asymptotic expansion in various norms.

norm us BL | e5n, N2>1 Relative Error
|- lz2cpe Ve o3 €2N+2(E2N+%) -2 2N+%(V—2 2N+2)
10, lz2pey | viez(v2ez) | €2 | 2NHH(E2N+3) | p=3e2N+3 (y-2e2V+2)
106 - || L2(pe) 2t &3 €2N+2(E2N+%) y—2 2N+%(V—2 2N +2)
0 - lL2(Pe) e2 g2 | g2N+1(g2N+3) £2N—3 (2N
I~ |z (pey ves g2 | e2NHL(2N+3) | y=1g2N+5 ()= 12N+1)

Lemma 2.3 For any positive integer N, there exists positive constants C' and «
such that

IX'Uan || L2(py + €llX'0pUan || 12(p) < Ce®2 exp(—ae™). (2.29)

Also, for all v € H*(P) that vanishes on 0Py,

‘/ VUan V(xv) + e 205Usn03(vx) dz| < C*N 0| g1 (py- (2.30)
P

Proof. The inequalities (2.29) follow from a change of coordinates, Lemma 2.2,
and the definition of x. To see that (2.30) holds, first rewrite (2.19) as a finite
series, using Taylor expansion with remainders. Then the result follows from the
definition of Usy, (2.22), and Lemma 2.2 0.
We obtain now a rough estimate for the asymptotic expansion error.
Lemma 2.4 For any positive integer N, let ean(x) = e5n(2%). Then there exists
a constant C' such that
lean |l (py < C.

Proof. We use in this proof that usn solves the Poisson problem up to arbitrary
powers of e. First note that es vanishes on dPr,. Hence, in view of the Poincaré’s
inequality,

||€2N||%{1(P) < C/ | Y€2N|2 + 8_2((9362]\])2 dx, (2.31)
P

and we estimate next the right hand side of (2.31). Let v € H'(P) such that v =0
on OPr. If we define

E(2N,v) = / V(u(e) —uan) Vo + e 205(u(e) — ugn )O3v dz,
P
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then, by construction of the asymptotic expansion, we have
N
E(2N,v) = / fvda + / gudzr — Z g2k / (Vu** Vo + e 205u*05v) da
P ~ oPL — P~ ~ ~

=—€2N/VU2NV’UdCL',
p A

and we conclude that
|[E(2N,v)| < C*N|[v]| g (p).- (2.32)

We also have

‘/ Y(XUQN) Y v — Y Usn Y(X’U) +e72 [83(XU2N)83’U — (93U2N(93(X’Uﬂ dzz
P

< (IX'Vanllz2py + 11X 0pUan 22(py) [0l 111 () -

Hence, by Lemma 2.3
'/ [V(xUzn) Vv + e205(xUan ) 050] dz | < C*N||v] g1 (p).- (2.33)
P

Making v = es we have

/ |Y€2N|2 + 572(8362]\[)2 d£
P

= E(2N, ean) +/ [V(xUan) V ean + £ 295(xUan) 032N ] dz
P
< Ce*Nllean] (),

from (2.32) and (2.33), and the result follows from (2.31) 0.

The estimate in Lemma 2.4 is not sharp. The powers of € can be shown to be
2N + 1/2. We make this improvement when we consider the error on the unscaled
plate Pc.

Proof. (of Theorem 2.1) Assume first that N is positive. From Lemma 2.4, we
immediately obtain ||e5y ||z (pe)y = O(2V~1/2). This result too is not sharp. To
obtain a sharp result, we use the triangle inequality:

HegNHHl(PE) < ||€§N+2 — e;N”Hl(Ps) -+ O(E2N+3/2)7

and then the result follows from (2.28) and a scaling argument. A similar argument
holds for N =0 [0.

3. Asymptotic Expansions for the Model Solution

To develop an asymptotic expansion for the solution of the hierarchical models,
we reason as before, but use weak equations instead of their strong form. We start
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by posing a problem for the solution of the minimum energy model in the scaled
domain P. If we define u(p)(x) = u®(p)(z°), then

/Yu(p)Yv—i—a*Q(%u(p)(%vdg:/fvdg—i—/ gvdz, (3.34)
P P d

Py
for all v € H (€ P,(—1,1)). Considering the asymptotic expansion
w0 (p) + e2u?(p) + e*ut(p) + - - -, (3.35)

and formally substituting it for u(p) in (3.34), we conclude that,

/ dzu (p)dsv dz =0, (3.36)

P

/ d3u’(p)dzv dz = / (f + Aapu’(p))v dz + / gvdz, (3.37)
P P oP

/ d5u* (p)dsv dx = / A spu?* 2 (p)v dz, for k > 1, (3.38)
P P

for all v € H'(Q;P,(—1,1)). Let P,(—1,1) be the space of polynomials of degree
p in (—1,1) with zero average. Repeating the arguments of the expansion for the
exact solution, we set u’(p)(z) = ¢°(z) and u(p)(z,-) as the Galerkin projection

of u*(z, ) into P,(—1,1) for almost every T €Q,ie,

[ g, aontas) dos = [ (1) + Ao (@lolas) da

+g(z, =v(=1) + g(z, 1)v(1), for all v € Py(—1,1).
(3.39)
For any integer k > 2, we define u**(p)(z,-) € Pp(—1,1) by

1 1
/_1 83u2k(p)(£, x3)03v(x3) ders = /_1 A 2Du2k72(p)(§, x3)v(xs) dxs, (3.40)

for all v € P,(—1,1), and for almost every z €.

The ansatz (3.35) does not satisfy the Dirichlet boundary conditions at 0P
and we use then boundary correctors U*(p). These functions are polynomial in the
transverse direction, and are defined in the semi-infinite strip 3. We need to define
the spaces

V(E,p) ={veD'R"Pp(-1 1)) : [ VolLa(e) + [0(0,)]L2(-11) < oo},
Vo(2,p) = {veV(Z,p) : v(0,:) =0}
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For any positive integer k, let U*(p) € V(X,p) be the solutions of

/ 03U (p)9zv + OsU* (p)Osv dp das = / Fr(p)vdpdxs for all v € (2, p),
) )

U*(p)(0,0,x3) = uF(p)(0,0,23)  for all z3 € (—1,1),
]i}—
Fi(p) =Y 7 (aiaﬁU’“*jfl(p) +a 09U 772 (p) + aéan’“*j’z(p)) :

=

—

<

(3.41)
where u* = 0 for k odd and U°(p) = U'(p) = 0.
A result analogous to Lemma 2.2 holds for U*(p) as well, guaranteeing existence,
uniqueness and exponential decay, with the same decaying rate.'® This implies in
particular that there exist constants C' and « such that

/E[X/(Eﬁ)U2(p)]2 dpdxs < Cexp(—ae™t). (3.42)

The above inequality will be of use further on. Similarly to (2.23), we have that

ua(p)( +Z€2k 2k 8,6_1$§)—x(p)Z£kUk(p) E p76. e 1 a)
k=2

where (Y solves (2.16).

We present next an estimate, in the H'(P¢) norm, of u®(p) minus its truncated
asymptotic expansion. Since the proofs of the previous section work here with minor
modifications, we refrain from repeating them. We would like to remark that this
result gives a bound that is uniform in p, and that the bound is the same (up to a
constant) as in Theorem 2.1.

Theorem 3.2 For any positive integer N, let

esn(p)(z°) = Za% #(p)(f e ag)+
2N
p)ZakUk(p) (e71p, 0,71 3).

Then there exists a constant C' such that ||e5y (p)| g1 (pey < Ce*N T, for all p € N,

4. Estimates for the modeling error

In this section, we estimate the modeling error. As we mentioned before, this is
done by comparing the asymptotic expansions of the exact and model solution. A
key point is to estimate the difference between terms of the respective expansions.
We need the following definitions.
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Definition 4.2 For a nonnegative real number s, let

as = || fllrz@ms (1.1 + 19l z20psy,  ab = | Fllm @mrs—1,1)) + 9l mrops),

1/2
at = < /6 G Lo~ D + o 1)|2d§> .

The comparison between u?(p) and u? is straightforward since the former is
a Galerkin projection of the latter. Indeed, let 7%117 be the orthogonal projection
operator from H'(—1,1)NL?*(—1,1) to P,(—1,1), with respect to the inner product
that induces the norm || 1(_1,1). The next classical result,® estimates the projection
erTor.
Lemma 4.5 For any nonnegative real number s, there exists a constant C' such
that if 0 <r <1<s, then

16— 726l 11y < COollme(rny  for ¢ € HY(=1,1) N E3(~1,1). (4.43)

From (2.9), (2.11)~(2.14), and (3.39), we gather that u*(p) = pu?, for all z € Q.
From Lemmas 4.5, and 2.1, we conclude the following result.

Lemma 4.6 For any nonnegative real number s, there exists a constant ¢ indepen-
dent of €, p, f, and g, such that

[u® = w?(p)llL2(py < ep™*as,
| Vu? = Vu*(p)llp2py < cp~? *ay,

S

”az3u2 - a9653“'2(p)||L2(P) < Cp_l_ Qs.

Bounding the difference U? — U?(p) is harder due to the presence of corner singu-
larities. Since both U2 and U?(p) are originally defined in the semi-infinite strip ¥,
it is natural to investigate the approximation properties in this domain, and such
is done in the appendix. We apply these approximation results to estimate the
difference between boundary correctors in P€.

Definition 4.3 Let x € 99, and let s be a nonnegative real number. Let

N(s)=max{n € Z : 2n < s}. (4.44)
If sup,,er—1,1y [9(z, 23)| # 0, set m = 1. If |g(z, —1)| = |g(z,1)| = 0 and
N(s+5/2) ‘
sup >[0T ()| £ 0, (4.45)
I3E{—1,1} j=2

let m be the minimum integer in {2,...,N(s+5/2)} such that
sup }|3§m_3f(§,l‘3)| # 0.

rzze{—1,1

We define in both cases p(z,s,6) = min{dm — 2 — &,s + 3/2}. If |g(z,-1)| =
lg(z,1)| = 0 and (4.45) does not hold, then define u(z,s,d) = s+ 3/2. Finally, set

f(s,0) = flengﬂu(g, $,0).
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Remark 4.1 Four our purposes, the minimum value that [i(s,d) can assume is
2 — ¢, since we will always impose s > 3/2.

We postpone the proof of the next lemma to the Appendix B.

Lemma 4.7 Let Z(2f) = x(p)[U? — U?(p)](e 'p,0,e " x5). For any nonnegative
real number s such that s+ 1/2 is not an even integer, and for any arbitrarily small
0 > 0, there exists a constant ¢ independent of €, p, f, and g, such that

|\6,,Z||L2(ps) + ||a$§Z||L2(P5) < Cp_ﬁ(s’[s)ag.

Finally, we present the convergence results for the hierarchical models. Let P§ =
Qo x (—&,¢), here € is an open domain such that Qo C €. This new domain is
useful to obtain interior estimates.

Theorem 4.3 For any nonnegative real numbers s and s* such that s* + 1/2 is
not an even integer, and for any arbitrarily small § > 0, there exist constants ¢ and
C independent of € and p, with ¢ also independent of f and g, such that the error
between u® and its approzimation u®(p) is bounded as

[u = uf(p)[| 2(pey < cePp? *as + CE2,
10, [u" = w* (P)]l| 2 (pey < ep~ P Va4 C2,
196[u® — u=(P)]|| 2Py < c£™*p~**a . Ly oed,
|V u = Vs (p)l|p2(pey < c®/?p 2" Sa; + Ce%2,
[0psu® — Busus ()| p2(pey < c®/2p~ " %a, + C<2,
[uf — u(p)|| 1 (pey < e®/Pp~ ' *a, + CE

Moreover, if f =0, then [[u® — uf(p)|| g1 (pey < ce?p P9 ab, 4 Ced/2.

Proof. We prove the second estimate. Using the triangle inequality, the following
holds:

10p[u" = u(P)llL2(pey < lle5lmrcpey + llez ()l mr(pe)
+2(|Vu® = VP (0)l2(p) + 2110 2| 2(pey.  (4.46)

From Theorems 2.1 and 3.2, we have that |[e5]|g1(pe) + [l€5(p)|| g1 (py < Ce®. The
estimate for ||0,Z||z2(p-) comes from Lemma 4.7. Finally we apply Lemma 4.6 to
bound || Vu? — Vu?(p)||L2(p), and substituting in (4.46) we have the result. The
other estimates follow from similar arguments 0.

Remark 4.2 In the worst case scenario, when g does not vanish identically along
the boundary of 0Py, i.c., SUp,coqmaxe,ei—1,1y19(z,73)] # 0, then fi(s*,6) =
2-4. -

We summarize the convergence results in the table below. We present only the
leading terms of the errors and in parenthesis we show interior estimates if those
are better than the global ones.
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Table 2: Rates of convergence of the model error.

norm u® — uf(p) Relative Error

H . ||L2(P€) 55/21)727saS V7252p72756ls

10, - lz2(pey | e®p~"al (72p™27%ay) | v=3/2e32p~Fa (v=2ep~?"a))

196 - [|2(pe) e%/2p=2%al v2e?pT sy
1025 - |l L2(pe) e3/2p=1=sa, p ' a,
” X HHl(PE) 83/2]?_1_5&5 U_lap_l_sas

The estimates of the table above indicate that the rate of convergence in ¢ is
the same regardless of the value of p. Nonetheless, increasing p does diminish the
modeling error, as expected. It is interesting to see that for the relative error norm,
when ¢ = 0 there is no convergence in ¢, only in p. Finally, if f is polynomial in
the transverse direction, then u? = u?(p) in this case, for p high enough, and it is
possible to obtain better convergence rates with respect to € in all norms of Table 2,
with the exception of the L?(P¢) norm of the normal derivative of the error.!®
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Appendix A

In this appendix, we discuss several issues related to the boundary correctors.
Our first goal is to prove existence, uniqueness and regularity of solutions for Poisson
problems in the semi-infinite strip 3. We also prove that under certain conditions,
such solutions and their approximations decay exponentially. Next, we will study
the properties of a standard Galerkin approximations for the boundary corrector U?
in spaces with polynomial dependence in the vertical direction. We show stability
and convergence results. We do not use the technique of separation of variables,
although it would simplify some of the proofs, because it does not generalize to the
case of linear elasticity.

In this appendix, we denote a typical point in X by z = (21, 22). Tt is useful to
consider the sets

E(t,s)z{geE:t<xl<s}, and vtz{geE:xlzt},

for 0 <t <s<oo. Let V(¥) = {veD(X) : wve LX), Vv e L*(X)}, where
w(z) = (14+x1)~". By means of Hardy’s inequality, it is possible to show that V(%)
endowed with the inner product [, Vu-Vudz + f% wv dzy is a Hilbert space.!®
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We denote V(X)) as the set of functions in V(X) that vanish on ~y. The following
well-posedness result holds.

Theorem A.1 Assume that w=®f € L*(X), where a > 1, and let Uy € HY/?(v).
Then there exists unique U € V(X) such that

/YU-Yvdgz/fvdg for all v € Vp(2), (A1)
by by
U="U on 7. (A.2)

Moreover, there exists a constant ¢ independent of f such that

|U|H1(E) < Hwiafl”Lz(E) + C”UOHHl/z(,YO).

20 —1
With the questions of existence and uniqueness answered, we proceed to further
characterize the boundary correctors. We show that they decay exponentially fast
to a constant, in a sense that we will make clear. Our proof generalizes previous
approaches.? It allows a nontrivial right hand side, and, more importantly, it works
not only for the exact solution of (A.1), but also for some of its approximations.
So, below, U does not necessarily solves (A.1), but it might be the projection of the
solution into some particular space. Similarly, o might be either the gradient of the
solution or its approximation. In our applications, U and o are given by Galerkin or
mixed approximations. As we see below, sufficient conditions for such exponential
decay are that U € L2(%), 6 € L*(X), and that U, 7 satisfy for 0 < ¢ < s < oo

/ |6|2dx:/ fUd:C—/ 51(7dx2+/ 51U dzo, (C1)
S(ts) T T S(t,s) T Iy vs
/ fde/ 51d$2—/ o1 d2, (C2)
(ts) Ve ¥s

—/ z1fdr = / U dxy —|—/ (tor — U) dxa, (C3)

Z(O)t) ~ Yo Yt

_ 1 _ 2
/ U?dzs < cw 6% dxo + = </ Uda:2> for some cy > 0. (C4)

Yt Yt 2 vt

The constant ¢y in the condition (C4) mimics the Wirtinger inequality (the one-

dimensional version of the Poincaré’s inequality'®).
Assume that there exist positive constants cg and M such that

1/2
(o)
3(t,00)

and define

< M exp(—cot) (A.3)

/ (t - 21)f(x) da
3(t,00)

cOO(U)z/Eﬂclf({)dg—i-[mdeg. (A.4)

In the following two lemmas we show that results similar to (C1)—(C3) are valid in
unbounded sections of ¥ as well.
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Lemma A.1  Assume that (A.3) holds, wU € L*(¥), o € L*(X) and that condi-
tions (C2), (C3) are satisfied. Then for t >0

/E(t,oo)fdg = /’h o1 dxa, (A.5)
/%deg =coo(U)+/ (t— 21)f(z) dz. (A.6)

3(t,00)

Proof. If we define P(s) = f% o1 dxa, then in view of (C2) we have that

P(s):/ ald:cg—/ fdx.
Ve S(ts)

Thus P is a continuous function and lims_,, P(s) = d, where d is the constant

d:/oldxg—/ fdac
Tt E(tvoo) ~

Since |g| € L*(X), then P(s) € L*(RT). Hence d = 0 and identity (A.5) follows.
Now, to conclude (A.6), we use (C3) and then Egs. (A.4), (A.5) O.

The proof of the lemma below follows from similar arguments
Lemma A.2 Assume that U, |o| € L*(X) and that condition (C1) is satisfied.
Then, fort >0

/ |o|* dz = —/ 01U dxo +/ fUdz. (A7)
X(t,00) ¥t $(t,00)

We have the following results.
Theorem A.2 Assume that (A.3) holds, that wU € L*(X), ¢ € L*(X) satisfy

(C1)-(C4), and also that coo(U) = 0. Then there exists a constant ¢ depending only
on cg and cy such that

/ U +gfdz <c (1 +/ |0|2dw> exp(—t/c1), (A-8)
£(¢,00) - DR

where ¢; = max{l + cw,1/co}.

Proof. Let I(t) = f% U dxy. Then, from Lemma A.1 and Eq. (A.3),

()] < M exp(—cot). (A.9)
If we define the function E(t) = fz(tm) 6> dz, then E'(t) = -/, |5|? dzy and
(C4) yields
2
/ U?dry < —cwE'(t) + I(;) , (A.10)
Yt

/ U? d:vg/ (cw/
3(t,00) ~ t 5

1
|g|2d$2 + 5[(,@1)2) dxq
o1 | o (A.ll)
= CwE(t) + 5/ I({E1)2 dzy.
t
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We can now bound the growth of the energy. From (A.9) and (A.11), we conclude
that U € L%(2), and using Lemma A.2 we gather that:

Ve (t,00)

L[ 1 72 72 1 2
< - [ o7dze+ = Usdxs + = Utdz + — frdz

2 Jy. 2/ 5(t,00) 20 J5(1,00) (A12)

1+cw) ., I(t)?  acw a /°° 5 '
< — E'(t E(t — I d
< -y 4 L0 4 2 ) 4 & [T 1
1
f?dax,

+ R
20 Jot,00) "

where (A.10) and (A.11) were used in the last inequality. Choose o = (cw )™t in
(A.12) to conclude that (recall that E’(t) is nonpositive):

aE'(t)<(1+cew)E (t) < —E(t) + G(t), (A.13)
where
2 oo
1 :max{l—i—cw,i}, G(t) = 1) + ! / I(x1)*dey + cw f2da.
Co 2 26W + $(t,00) ~

(A.14)
We estimate now the energy norm. Define W (t) such that
w@) G

W(t) = ===+ =2 W(0) = B(0),

Then

¢
E@t)<W(t) = Cl—lexp(—t/cl)/o exp(x1/c1)G(x1) dzy + E(0) exp(—t/c1). (A.15)
Using (A.14), (A.3), and (A.9) we have that the integral in (A.15) is uniformly
bounded and then E(t) decays exponentially. Combining (A.9) and (A.11), we
have the corresponding decay of [|U|| 12(sy(t,00)) O-

Using the previous theorem, we can decompose a general solution as a constant
term plus a exponentially decaying function, as the result below shows.
Corollary A.1 Assume that (A.3) holds and that U € V(X), o € L*(X) satisfy
(C1)-(C4). Defining coo(U) as in (A.4), we have the decomposition

1

U= 5cOO(U) + U*, (A.16)

where U*, o decay to zero exponentially as in Theorem A.2, ie., (A.8) is satisfied
with U replaced by U*.
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In the rest of this appendix, we investigate how well elements of V (X, p) can
approximate the solution of

AU =0 in X,
Z—Z “0  onRx {11}, (ALT)

U=U, on 7o,

where Uy € H™ () N L?(yo) for some ro > 3/2. The approximation rates are
severely limited by the presence of corner singularities in U. We describe these
singularities explicitly and expose their influence in the convergence rates.

To describe the singular behavior of the solution of (A.17), we introduce in
two polar coordinate systems, (r;,6;), [ = 1,2 relative to the vertices P, = (0,1)
and P, = (0,—1). The convention is that r; gives the distance to P, and the angle
0; € [0,7/2] increases counterclockwise, so points lying on 7o have 6; = 0 and
92 = 7T/2

The next theorem,'® shows a decomposition of the solution U in singular and
smooth parts and it is of paramount importance in future estimates.

Theorem A.3 Let U € V(X) be the solution of (A.17) with ro > 3/2 such that

ro + 1/2 is not an even integer. Then there exist constants c; such that

2 N(’I"[)+1/2) ) )
U=Us+W, Us=xY > ¥ DUy((-1)"+1)], (A.18)
=1 j=1

where X is a smooth cutoff function that equals the identity for x1 < 1 and vanishes
for x1 > 2, N is as in (4.44), and

= [0 cos((2] = 1)61) +logrysin((2] — 1)61) ],
vl = [(g —62) sin((2j — 1)62) + log ra cos((25 — 1)92)]r§2j_1).

(%

Furthermore, [|W || gro+1/2(sy < ¢l|Uol[mro (19) for some constant c.

Remark A.1 Note that v{ = vé = 0 when x1 = 0, and therefore Ug is identically
zero at x1 = 0.

Remark A.2 Since Uy € H™(—1,1) and 2N (ro +1/2) =1 < ro — 1/2, then Usg
is well defined. Also, note that the singular behavior of U depends not only on the
regularity of the Dirichlet data Uy but also on how many derivatives of Uy vanish
at the endpoints —1, 1. For instance, although Uy(y) = y is smooth, it gives rise to

a singular solution.
Let ﬁ;(m” be the operator that acts like 7?11, in each vertical fiber, i.e., if ¢ €

LA(R+; H'(—1,1) N L2(~1,1)), then #p "¢ € L2(R+;P,(~1,1)), and

/ 0a(6 — AN )oypdz =0 for all Y € L2((—1,1); By(=1,1)).
>
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Furthermore, let 7, be the orthogonal L? projection operator from L?(¥) into
L*(R*;Py(—1,1)), and let IT}, be the orthogonal H' projection operator from H' ()
into H'(R*;Py(—1,1)).

To estimate the projection error of the singular function Ug, we apply the ideas
of Dorr,!%!! and the Remark 6.3 of Bernardi and Maday.® See the Madureira’s
thesis!® for a description of how such convergence rates can be obtained.

Lemma A.3 Let v(r,0) = xr*[£1(0) + £2(0)logr], where &1, & € C([0,7/2]),
and o is a nonnegative real number. Then, for every 0, there exists a constant c
such that

[ = 72|15y < ep 2T
The result below estimates approximations given by projection operators, based on
the decomposition (A.18).
Lemma A.4 Assume that U € V(X) solves (A.17) with ro > 3/2 such that ro+1/2
is not an even integer, and that W and Ug are as in (A.18). Then, there exists a
constant ¢ such that

IW = m W) < 27 Ul 170 )
Also, if Ug is not the zero function then for any arbitrarily small § > 0, there exists

a constant ¢ such that

|Us — WZ()IQ)US”Hl(E) < ep 2N T || 7o (40)

where m € {1,...,N(ro + 3)} is the minimum integer such that

05" Uo(=1)| 4195 Uo(1)] # 0.
Remark A.3 Using the work of Babuska and Suri,? it is possible to improve the es-
timate of Lemma A.4 slightly, replacing p~4m+2+9 by p=4m+2(log p), at the expense

of many technicalities.

We define the rate of convergence of our approximation result below.

Definition A.1 For Uy € H™(—1,1), and N as in (4.44), if there exists an mini-
mum integer m € {1,...,N(ro+ 1)} such that |95™ " Up(—1)| +103™ ' Uo(1)| # 0,
let y(ro,0) = min{4m — 2 — 6,79 — 1/2}, otherwise let v(ro,8) = ro — 1/2.

We conclude now the following approximation result for U.

Theorem A.4 Assume that U solves (A.17) with ro > 3/2 such that ro + 1/2 is
not an even integer. Then

U = TLU | 1.5y < ep™ "ol 1170 (o)
where v is as in Definition A.1. The constant ¢ depends on ro and d > 0 only.

Proof. Using the best approximation property of Hzl), Theorem A.3 and Lemma A 4,
we have that

U =TU i (s) < |Us = 7§72 Usll sy + W = w2 W | s,
< ep(rod) 1Uoll 770 (o)
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d.

Now we use the above result to estimate the errors due to the Galerkin projec-
tions.
Theorem A.5 For any real number ro > 3/2 such that ro + 1/2 is not an even
integer, and any arbitrarily small § > 0, there exists a constant c¢ such that if

U € V(Z) solves (A.17) with Uy € H™(v0) N L2(v0), and if U(p) € V (X, p) solves
/YU(p)-Yvdg:O for all v € (X%, p),
)

Up) = ﬁzl,UO on Yo,

then
U —=Up)|m (s < CZf’Y(m’é)||UO||HT0("Y0)7

where v is as in Definition A.1.

Proof. Let Uy be the trace of H;U on Yg. Then, from the trace Theorem and
Theorem A .4,

1Uo = Ul gr1/2(4p) < €llU = TU a1 (my < ep™ 7"l 70 ()
Also,
100 = #4300l 117270y < 1100 = Uoll g11/2(v) + 100 = 7 Uoll 11172 (o)
< ep™ | U 7o (40 -

Introduce now U € V(X) such that

VU -Vvdz=0 forallve V(%)

o —

U=Uy  onn,
and also U(p) € V (%, p) such that

/Yﬁ(p)-Yvdg:O for all v € Vy(X, p),
b

U(p) = Uy on o,
Then,

U =Ulrs) +10®) = U®) s
< C||U0 — U0||H1/2('yo) + CHUO — 7%;17U0||H1/2(70) < Cpiﬁ(ro’é)HU()HHm(VO). (Alg)

Now we advance to estimate |U — U(p)|H1(E). Since U(p) — ILU € Vo(X,p), then

00) ~ MU ) = [ T00) - 10) - V(O - 130) da

< |U(p) — H;U|H1(E)|U — H;UlHl(E),
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and therefore, |U(p)—H11)U|H1(E) < |U—H11,U|H1(Z). So, using the triangle inequality

U= U@ <|1U =0 i) + LU = U®) g s <200 - U] 51 5
<2|U = Ulg(sy +2U = TU |1 sy < ep™ 70| Up| v0 () -

from (A.19) and from Theorem A.4. Finally,

U—-U®)|me) <|U-Ulme) +10-00)me) +00) - U®) s
< cp " [Ug|l grro ()

and the result follows .

Remark A.4 [t is interesting to see how the corner singularities spoil an otherwise
good convergence rate. For example, if Uy(y) =y, the Galerkin projection converges
as p~2t9 in HY(X), while if Uy is still smooth but has all derivatives vanishing at
the endpoints, then the convergence is faster than polynomial.'®

Appendix B

In this second part of the appendix, we include proofs of results stated through-
out the paper and which proofs use results developed in the first part of this ap-
pendix.

Proof. (of Lemma 2.2) We use induction on k to prove the result and the relation
/ﬁlaﬁU’f dpdzs = / plU* dpdas =0, 1=0,1,---. (B.1)
by b

Recall that, by convention, U! = 0, and assume that the lemma and (B.1) hold
for k =1,---, K — 1. We show now that the same holds for ¥ = K. From the
definition of F, the hypotheses of Theorem A.1 are fulfilled, and there exists a
unique function UX solving (2.22) such that |0;U*| + |03U%| € L?(¥). To con-
clude (2.24), we first note from Corollary A.1 that UX decays toward the constant
ck(0) = [ pFk (p,0,23) dp dz3+fi1 u (0,0, 23) drs. Our goal now is to show that
this constant is actually zero. Since u® has zero average in each fiber, using the
definition of Fy, it is enough to prove (B.1) for any positive integer {. Using the
formula

/uAvdﬁdzgz/vAudﬁd:c3+/ u@—v%d[}dzg,
» » £ on on

with u = UX and v = p!*2/[(1 + 2)(I + 1)], we get

~|+2
e P p ~
U™ dpdxs = —— Frdpdrs =0
/E” P /E<z+2><Z+1> apeTs

from the definition of Fix and the inductive hypothesis. Similarly, using integration
by parts, we also have that fz ﬁlaﬁUK dpdxs = 0. Hence (B.1) holds and the lemma
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follows O.

Proof. (of Lemma 4.7) From Theorem A.5, with u2(0, 6, -) replacing Uy, we have
that for each 6,

U2 = U2(p) s sy < ep™ 2D [u2(0,0, )| rova 11y (B2)

Changing coordinates, we have that
105Z1172p<)

L L
<c [ [0 - v @I dpdrads +c [ [ WU - 02002 dpdey s
0 > 0 3

S Cp—V(S+2)6)Hu2(Oa 97 ')||H3+2(—1,1)5
where we used Lemma 2.3 and Eqgs. (3.42) and (B.2) in the last inequality. Now,
from the definitions 4.3 and A.1, v(r+2,§) = fi(s, ), and from Lemma 2.1, we have
that

140,60, )| r+2(-1.1) < a2,

and the result follows .

Proof. (of Lemma 4.7) For z € 0N fixed, let 6 be such that z(¢) = z. From
Eqgs (2.22), (3.41), and Theorem A.5, there exists a constant ¢ such that

/ 1051U° = U ()] + 10, [U* = U (p)]|* dp dzy < ep™ " CH2P|[u () || rova 1,1
P
< ep B f (@, W (10 + gz, =) + lg(z, )] (B.3)

Replacing Up(-) by u*(z,-) in Definition A.1, and using (2.9), (2.11), and (2.16),
it is not hard to show that v(s + 2,p) < f(s, ). Integrating (B.3) in 6 and using
Lemma 2.1, we conclude the proof 0.
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