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Abstract.  In this work we investigate the modeling of heterogeneous pltes, where the
length scale of the heterogeneity can be much smaller than # area of the plate's middle
surface. We derive a two-dimensional model for the originaproblem, and the resulting PDEs
not only have rough coe cients but also depend on the thickness, resulting in a singularly
perturbed problem. We employ asymptotic techniques to showthat, as the plate thickness
tends to zero, our model converges to the exact solution. Toame the numerical troubles of
the resulting model we use nite elements methods of multisale type.

1. Introduction

The challenge of solving PDEs in beams, plates and shells Hastorically attracted re-
searchers from di erent elds, not only because of the impd¢ance of the physical problems
demanding such task, but also because of the beautiful prebhs arising from the endeavor.
Focusing on plates, the rst necessary step is to perform s@rsort of dimension reduction,
i.e., model a three-dimensional problem with a two-dimermnal model. Hopefully, the re-
sulting equations are easier to solve, and the nal solutioapproximates in some sense the
exact solution of the original problem.

There are basically three known ways, not always exclusive, obtain plate models. Proba-
bly the most common arguments are based on physical propediof the underlying problem,
often combined with some mathematical reasoning. It is algmossible to derive the models
using asymptotic techniques, usually with a sound mathemagl basis, and the results easier
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to justify a posteriori. The asymptotic arguments consist in taking the plate thickess to
zero and nding \limit problems.” For instance, linearly elastic plates have as limit bihar-
monic equations [12]. For heterogeneous materials howevan extra issue arises. There
are situations when the attempts of homogenizing the matexl may lead to di erent models,
depending on which limit is considered rst, i.e., homogemation rst and then dimension re-
duction, or the other way around [10,13]. This happens everhen stationary heat problems
are considered [9].

To avoid such undesirable peculiarity, we shall ushkierarchical modeling. In such ap-
proach, the solution can de ned for instance as the minimizeof the potential energy in
the subspace of functions that are polynomials in the transvse direction. The higher the
polynomial order, the better is the model. Likewise, the tminer is the plate, the better is
the approximation [2,21].

In this work we consider the heat equation in a heterogeneopfate of thickness 2 given
by P® = x(—=§,3), where [RFP is a bounded open domain with Lipschitz boundary
9. Let aP? = 0 x (—9,d) be the lateral side of the plate, anddP® =  x {—3,8} its
top and bottom. We denote a typical point ofP® by X = (X, X3), where X = (Xy,Xp) [
Accordingly, we write [_=1( [, dd) = (04,02, d3), where 0; indicates the partial derivative
with respect to X;. Also, d;; = 0;0;.

Let u® CHY(P?) be the weak solution of

—div A [0 = f° in P?,
D uw=0 in oP?, a33%—L;]6 =¢® inoP?,

wheref® : P® _ Randg®:0P% - R. The matrix A:P® - R332 is such that
o

a(x 0
A=
- 0 ass(x)
wherea : - R3/Z,andag @ - R. We also assume thaty;;, f°, and g® are C!
functions, and that there exist constantsa and 3 such that
(2) aEPEE-AXE & A(XN < B EIEHL]

for all §, n CRP, and for all x CPP. The norm [=1Ci$ the Euclidian norm in R3. Note that
the heterogeneity is in the horizontal direction. This modemimics a plate with transverse
inclusions.

We next describe the contents of this paper. In Section 2, wesdve dimensional reduced
Partial Di erential Equations (PDESs) for the Poisson problem in a heterogeneous plate using
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hierarchical modeling. The resulting PDEs depend on two sriigparameters, the thickness
and the length scale of the heterogeneity, and pose nonti@inumerical challenges [2{4].
Next, in Section 3, we show that our model iasymptotically consistent, i.e., it converges in

a proper sense to the solution of the original problem as thdate thickness goes to zero.
Modeling error estimates come by after a somewhat lengthyyasptotic analysis of both the

exact and approximate solution. A comparison between the leged asymptotic expansions
yield error estimates in several norms [2], but we restrictunselves to aH?! estimate in a

properly scaled plate.

Our model is given by an uncoupled system of two equations,roesponding to the even
and odd parts of the solution (with respect to the middle sudce). The rst part is a di u-
sion equation with rapidly varying coe cients that does not depend on the plate thickness.
The second equation is of reaction-di usion type with osdatory coe cients on its di usive
part, and the predominant \reaction" part depends on the thckness. Thus both equations
pose formidable numerical troubles, and to tame them we engyl nite elements methods of
multiscale type. We describe these methods in Section 4, apdrform computational exper-
iments using the Residual Free Bubbles (RFB) Method and the Mtiscale Finite Element
Method in Section 5. In the Appendix, we outline the derivatbn of the model.

2. Derivation of the model

To derive our model for (1), we rst characterize the exact dation u® in an alternative
way. Let

V(P% = {v CHYP?): Vlgp, =0}

Then u?® minimizes the potential energy inV (P?), i.e.,
Z Z Z

. 1
u® =argmin 1(v), wherel(v)= = [VIA [Cvdx —  fovdx+ g°v dx.
V2V (P ) 2 p - -7 P - oP -

Our model solution®, which approximatesu?, is de ned as the minimizer of the potential
energy in the space of functions in of (P?®) which are linear in the transverse direction, i.e.,

#° = argmin 1(v),
v2Vi(P )

and V1(P?) = {v II(P®) : v(X,X3) = Vo(X) + XaV1(X), Vo,vi CH() }.
If we write

(3 (X, X3) = Wo(X) + Xawy(X),



4 A. CARIUS, A.L. MADUREIRA

then wp, w; [HJ}() are weak solutions for
Z )
(4) —25div a(x) Clg =  F3(x, X3) dxs + g3(x, 8) + g’(x,—8) in
0
(5)
3 Z 0

—% div a(x) [Cnal + 2dags(X)w; = 5(x, X3)X3 dxs + 8[g°(x, 8) — g°(x, —8)] in
5

Although the above system is simple to obtain, it apparentlyever appeared in the literature,
so we outline its derivation in the Appendix.
3. Modeling error estimate

In this section we estimate the modeling error with respecbtthe plate thicknessd. Note
that this is a nontrivial question since the domain itself dpends on such parameter. Thus
we scale the domain to remove such dependence, and compase gblutions in a plate with
xed thickness [12]. Let

P= x(=11), 0P =0 x(—11), oP = x{-11}
Making the change of coordinates & (x,8 *x3), and de ning
u@)®) = u'(x), FR= ), g& =15 ‘g°x),

it follows that
div a(%) Cu(d) + 9 203 azz(X)osu(d) = —F in P,
(6)
u@®)=0 on dP., & lags(%)0su(d) = d%3g onoP .

Assuming that f and g are d-independent, and considering the asymptotic expansion
(7) u(®) Cud+ d%ur+ s+ -+,
we formally gather that
(8) 8 203 as3(X)0sup +div a(X) Clgl + 03 azs(X)dsu, + ---= —F in P,
(9) & lags(%)0sUp + dasz(X)0su, + - - = 8%3g onadP .
Equating terms with same power ob, we have that onP,
(20) 03 az3(X)ozug =0,
(11) 03 ag3(X)0su; = —F —div a(%) [uel,
(12) 03 az3(X)0zuy = —div a(X) [k , forall k=2
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The boundary conditions ondP are
13) asz3(X)0osug =0, asz3(X)0su, = X30, asz3(X)0suy =0 for all k = 2.

Equations (10){(13) de ne a sequence of Neumann problemstiirespect to X; in (—1, 1),
parameterized byx* [ 1Next we decompose

(14) Uak(&) = Un(&) + Lx(®) for all k [N,

where Z,
ng(k, kg) dkg =0.
1

From the Dirichlet condition in (6), we would like to imposeuy =0 on 9P, i.e.,

(15) (k=0 onad ,
(16) Uy =0 on 0P,.

However, this is not possible in general since only (15) cam lmposed. Thus (16) does not
hold in general, making necessary the introduction of comtors.

Note now that (p, Uy, and thus uy, are uniquely determined from (10){(15). In fact,
from (10) and (13), we gather thatup, = 0. To impose compatibility condition on (11) and
(13), then

YA 1 Z 1
div a(X) Llelk) dis = — (X, Rs) dRs —[9(%, 1) + g(%, —1)],
1 1
and from (15),
z 1
—2div a(®) [lx) = — F(&,R)dRs—[g(%, 1)+ g(%,—-1)] in
@an 1
(=0 ono .

Sinceug = 0, then ug = (.
In general, from (12) and (13) withk = 2,

—div a(X){x 2(x) =0 in ,

(xk 2=0 ono ,

thus (o » =0 for all k = 2.
From (12), (13),

Uo = o, U, = u, 0, Us = Ug, etc.
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Thus
(18) u® g+ 8%up + d%uy + -

Note that the rst term in the asymptotic expansion (18) matcheswy, solution of (4).
Sinceuy, does not vanish ordP_, we introduce the boundary corrector

U 33, + 8%Us+ -,

whereU,, [CH(P) solves
—52div a(%) [0k — as3(X)d33Ux =0 in P,
(19) AUy
on
We nally conclude that the asymptotic expansion foru(d) in P is

=0 onodP , U = Uy oONnOoP..

U(d) g+ 852Uy — 82U, + 8%y — 8%Ug + - -

Next we show some results that are necessary to estimate theaeling error. The result
below follows from classical estimates. The constants arergerally denoted byc, even if they
are not the same in di erent occurrences. These constantseamdependent ofd but might
depend ona, azz, and also on Sobolev norms off and g. We also assume thag, asz; are
smooth. Of course such hypothesis are not appropriate in mtécal applications, but they
allow for an explicity rate of convergence. See the remarktef Theorem 9 for a discussion
on how one can proceed in the nonsmooth case.

The following classical regularity estimates follow.

Lemma 1. Let {y and uy, be de ned as above, fok [CN. Then there exists a constant
such that

(20) (L, + Ll =c.

To estimate (19), we consider now the problem of nding [CH!(P) such that

—5%div a(%) [ 1—as3(%X)dss =0 in P,
(21) 0

— =0 oP = oP,.
3 on w onoP_

R
Lemma 2. Let asin (21). Assume also that 11 W(X,%3) d%; = 0 on dP_. Then there
exists a constantc such that

LIhdp) =cldd Ldp).
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R
Proof. From the Neumann conditions orndP , it follows that 11 033 dR3=0in . Thus,

integrating the rst equation in (21) with respect to %3, we gather that
yA 1

—5% div a(%) [ 1d&;=0 in
1

and then
—3%div a(k) L1 =0 in =0 on 0 ,
where B Z,
(AX) = (AX, kg) dkg
1
Thus  =0in . Then, from Poincae's inequality, [104p) <cldd L[4, .

Lemma 3. Let be the solution of (21), where w W1 (P). Then there exists a constant
¢ such that

[T T dp) <cd Y20llpha (py.
Proof. As in [18], letx [Ct () such t8hat

<1 if dist(k,0) <3,

X(%) = o
- 0 if dist(%,0) > 29,
and
c
(22) XIFdp) < 5, (XS p) < 5
Let

Vw(P) = {v CAYP) : v|op, = w}.

Since —xw LVI(P),
z z

62 a(’®%) C A 1—xw)d&+  as(X)03 0s( — xw)dk=0.

P P
Thus, using (22),

8 LI Tdpy + [0 [
< ¢ (il LTdp) CIOX T p) + 8% LI LW Ap) (XLdp) + 03 05w L) IXLA(e)
< c6¥2 Wk (py CIXd(p + 82 (AW (p) (B3 [ e
< VAR TR + (@ B, VW (o).

Thus, CI_Tdp) < ¢§ Y2 [Wlwh: .

We need another technical result before proceeding with oestimates.
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Lemma 4. Let F [(IP(P)and [H(P) weak solution of

—5%div a(%) [ 1—as(%X)dss = F inP,

0
— =0 oP , =0 oP, .
an on on L

Then there exists a constant such that
Dm(p) =cd ZEE@(p).

Proof. Note that [VI(P) is such that
Z Z Z

82 a(%) [C1- [vd&+ as(X)ds 0vdRk = Fvd& forall v C\MI(P).
P P P

Making v = , from (2) and the Cauchy-Schwartz inequality we have that

8?CI_Midpy + (08 [py < c[EILAp) (10 Ap).

Since |sp, =0, the Poincae's inequality holds and LT, 4p) < ¢d 2 [FIL3py. The result
follows from another application of the Poincae's inequidy.

Using Lemmas 2 and 3, we obtain an estimate for the solution$ (19).
Corollary 5. Assume thatUy, k [N, solve (19). Then

[MOby [l py < ¢ Y2

We next estimate the residuar = u® — ({p + 8%u,). We rst note that

_62 div a(k) |I|_3.33(&)633r = 64333(&)633U4 in P,

or
—= P = —5° P..
i 0O onoP , r d0°u, onoP.

The following result holds.

Theorem 6. Let r as above. Then there exists a constant ¢ such that

(23) [Tl p) < c3¥/2.

Proof. From Lemmas 4, 2, and 3, it follows that
m(p) = C(6 1/2[63U2 IV (P) + 9 2[&3(&)633U4 @(p)) = C53/2,

and then the result holds.
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The following result presents an estimate for the di erencéetweenu® and the rst term
of the asymptotic expansion.

Corollary 7. Let u® be the solution of (1), and, be the solution of (17). Then

Iﬁ - Zo m(p) = C63/2.

Proof. Adding and subtracting 32u?, and using (20) and (23), we gather that
M — GoGalpy < M — (Lo + 3%Up) il (py + 82 B Ll (py < 8% + 3%

To estimate the modeling error, we need the following resut].
Lemma 8. Let w; [H}() be the solution of (5). Then

mm() < cdV2,

Remark. It is also possible to show the above result by modifying therpofs of Lemmas 4
and 3.

From Lemma 8, we have that[d®sw; [l (p) < cd¥2. Let
H(3)(X) = () = Lo(%) + SRaw1 ().
Thus
[E(8) — u(d) Ll py < [EH0) — Lo Ll (py + (D) — LoLd(py < c8¥2 + ¢6¥% < c3¥/2.

Thus, we can nally conclude the convergence of our continus plate model with respect
to the plate thickness.

Theorem 9. Let u(d) be the solution for (6) and &(d) the model solution. Then there exists
an d-independent constant such that

[EH(5) — u(8) [l py < CO¥2.

Remark. Although the estimate of Theorem 9 requires the coe cientsa be unduly smooth,
a convergence result follows from [11, Theorem 1] (see aSpHroposition A.1]), and assum-
ing (2) is su cient then. However, using such result, the raé of convergence with respect
to 0 does not come out naturally.
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4. Multiscale numerical schemes

The plate problem we consider here has rough coe cients, aritie reduced model inherits
such characteristic. Thus, although the PDEs in (4), (5) arenuch easier to solve than their
original three-dimensional counterparts, they still posa tough computational challenge. In
fact, for highly heterogeneous materials, the coe cientsaa(-) and ass(-) can be oscillatory,
making the traditional nite element and di erence methods almost useless. In (5) a new
di culty arises since the PDE is singularly perturbed with respect tod.

To overcome such troubles we employ two nite element methedof multiscale type. We
rst brie y describe the Residual Free Bubbles (RFB) method [7,8, 16, 22], which consists in
enriching the usual nite element space of polynomials witlbubbles, functions that vanish
on the border of each element.

Consider the second order elliptic problem

(24) Lu=f in u=0 ono ,

where the di erential operator L is de ned by one of the equations below:

3
Lv = —div a(x) O] Lv = —% div a(x) [V H 2dazsz(X)v,

cf. (4), (5). Leta: H}() xH3i() - R be the bilinear form associated with (24).
Let Ty, be a regular partition of into nite elements K. Associated with such partition,
let V; [CHE() be the space of continuous piecewise linear functions,ra the bubble space

Ve = {v [H}(): v]|ok =0forall K CT}}.

The residual free bubble method consists in applying the Gakin method inV; [V, i.e,
we search fou, + u,, whereu; V], u, ['\Vk, and

(25) a(up + up, vy + vp) = (F,vy +vy), forall vy + vy V] V4.

The basic idea now is to apply a static condensation trick angvrite u, in terms of u;.
Testing (25) with functions in V; only, we gather thatu, = L *f — L !Lu;, whereL 1 :
L2() - Vgissuchthatifv= L g, forg CLF(), then

Lv=g inK, v=0 on oK,
for all K [CT},. Thus

(26) a.(ul —L 1|_U1,V1) = (f,Vl) - a(L 1f,V1), for all v, V],
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In terms of nite element implementation, if {Y;}}, is a basis oV, where; are the usual
piecewise linear functions, we de n@; such that

L)\i =0 in K, )\i = l.|Ji on oK.

. Pn
Next, if up = ;2; uiy;, then

a(\, Wj)ui = (F,g;) —a(L 05, j=1,...,N.

i=1
The other method that we used to discretize our model is the Miiscale Finite Element
Method (MSFEM) [18{20]. In its present form, the MSFEM conssts in using the Galerkin
method with the subspace generated by functiod\;}I¥, . Actually, both methods are closely
related [22], and yield similar numerical results.

Remark. Regarding the oscillatory reaction-di usion problem (5),an alternative would be
to proceed as in [17], and propose alternative boundary catidns for the multiscale base
functions.

Remark. The computational cost of nding the basis functionsh; is quite a drawback of both
RFB and MsSFEM. Nevertheless, these methods are still cheapthan solving the original
PDE via traditional numerical schemes [20, Section 4.2], spially since the local problems can
be solved in parallel. Moreover, as reported in [20], the aed solution is rather insensitive
to the resolution of the basis functions. Of course, it is aspossible to exploit eventual
periodicities of the coe cients and signi cantly reduce the amount of computation. For
instance, in the tests considered in Section 5, only one ldgaoblem had to be solved.

5. Numerical tests

In the present section, we show some numerical results reddtto the problems (4), (5).

In particular, using multiscale schemes for the double pamzeter problem (4), we show
computational results that we believe are new in the literatre.

We assume in (4), (5) that =(0,1)x(0,1), anda(:) = a(-)l, wherel is the 2% 2 identity
matrix, and that az3(-) = a(:) are periodic with respect tox and y with periodicity €. In all
problems below we use a subgrid of 128128 elements, and always choose the coarse mesh
size as a multiple ofe, allowing considerable computational savings, as pointealt in the
last remark of Section 4. Furthermore, to check the accuraayf the methods we computed
\exact" solutions using overre ned meshes, since we do noae analytical expressions for
them.
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Figure 1. Plot for y — A.

We use both the RFB and MSFEM to approximate (4). We assume

a(Xq, Xo) = gsin(Zn ['x,) cos(21x,) + 131 f©(x)=0

9°(x, 8) + g°(x, —8) = 23,

with € = 1/32. Note that with such choices fof® and g° the solution of (4) does not depend
on the value ofé.

We start by showing how far the multiscale basis function depts from the traditional
linear function, plotting Y —A in Figure 1 for a xed elementK = [0, 1/16]x[0, 1/16]. Then,
Figure 2 showsA, and Figure 3 shows its level curves. Next, Figure 4 displayke pro le
at x = y of various approximate solutions and also an \exact" solutin, obtained with the
aid of an overre ned mesh. It is possible to see then that thenite element method with
piecewise linear functions fails to deliver a good approxation.

We next consider[ ¥+ 1/64 and consider the convergence of the methods in the range
e<h. Let
2+ psin(21Fxy) | 2+ sin (2nFx,)
2+ pcos (2iCtx,) 2+ psin(2nFx,)’

0°(x,8) + g°(x,—8) = —

a(xa, X2) = fo(x) =0,

for p = 1.8. We compare our the results in Figure 5 in thd®> norm given by [ [zfy =

1/2
!\il Un(xi)?h? . Such norm is equivalent tol-1 4, in V; [6]. We again used a re ned
mesh to nd a well resolved approximation to the exact solutn.
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Figure 3. Level curves forA.

Note that Galerkin with piecewise linear functions simply des not appear to converge
if € < h, while the multiscale methods perform quite well within sut range. Of course, if
h [=/1the convergence curves for the Galerkin method with piecesg linears recover its
usual looks.

We next perform some numerical tests using the MsFEM in (5),gain remarking that, to
the best of our knowledge, such method was never tested indhproblem. Let

9 . 11
a(X1, X2) = a33(Xy, X2) = > sin(2n C'x,) cos(2t %) + > fo(x) =0,
g°(x, =8) = g*(x, 8) = 2,
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Figure 4. Diagonal pro les for exact, RFB, MSFEM and Linear FEM solutons.
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Figure 5. log [l up L2}y for [ 1/64.

where [+ 1/32. Ford = 10 !, we showy — A and A in Figures 6 and 7, for the local
problem in K = [0, 1/16]x [0, 1/16], with a rectangular submesh of 128 128 elements. In
Figure 8 we show the level curves of. Observe the onset of strong boundary layers due to
the singular perturbed avor of the problem.

Finally, in Figure 9, we compare \exact" and approximate saltions for wg+ 6w;, whend =
10 3. The \exact" solution was again obtained using a re ned meshAgain the performance
of the MsSFEM is good, while the traditional nite element method fails.
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Figure 7. Basis functionA.

Remark. The numerical results above are not related to the convergea result in Theorem 9.
Although numerical examples substantiating the approximi@on properties of our model
would be very interesting, that is certainly a daunting comptational task. For the linearly
elastic problem, but with homogeneous materials, such eral@r was considered in [15]. See
also [14].
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Figure 9. Diagonal pro les for exact, MSFEM and Linear FEM solutions.

6. Appendix

From its de nition, ©®(X, X3) solves

Z Z Z
(27) AX) CEIC¥EAX = fowdx+ g®v,dx for all v C\VI(P?®).

P P oP
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Using (3), wherewo, w; [CHE(), and substituting ~v(x,Xz) = Vo(X) + vi(X)xs [ (P?),
in (27), we gather that

Z

P

Z Z Z
A(X) CW(x) + Wa(x)Xs] - DVlx) dx = FO(X)vo(x) dx + 9°(X)Vo(x) dx,
P P aP
Z Z
A(X) CWR(x) + Wi(X)Xs] - [lX)xg]dx = FO(x)va(X)xs dx + g°(X)va(X) X3 dx,

P oP

for all vo, vi [CHZ(). Integrating with respect to xas,

z zZz, z
2 a(x) Cwkx) [Mvelx) dx = FO(X)Vo(X) dxadx +  [g%(x,8) + g°(X, —8)]Vo(X) dX,
550 2 z ZZ,
3 a(x) [wy v bx+206  azs(X)wyvidx = 3(xX, X3)X3V1(X) dX30dx
5
Z

+8 [9°(x,8) — g°(x, —8)]va(x) dx,

and (4), (5) follow.
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