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ABSTRACT. In this paper we perform an error analysis for a multiscale finite element method
for singularly perturbed reaction—diffusion equation. Such method is based on enriching the
usual piecewise linear finite element trial spaces with local solutions of the original problem,
but do not require these functions to vanish on each element edge. Bubbles are the choice for
the test functions allowing static condensation, thus our method is of Petrov—Galerkin type.
We perform convergence analysis in different asymptotic regimes, and we show uniform
convergence in an appropriate norm with respect to the small parameter. Numerical results

show that the new method is able to compute solutions even on coarse meshes.

1. INTRODUCTION

It is well known that standard Galerkin method is inadequate to solve singularly perturbed
problems. Indeed, the method is not uniformly stable and the solution presents spurious
oscillations in the presence of boundary layers (e.g., see [24] and references therein).

Specially refined meshes, such as Shishkin meshes (see [22, 27], and references therein)
can ameliorate this situation. Nonetheless, such strategy becomes increasingly complex for
complicate geometries, and can be prohibitive to treat realistic three-dimensional problems.
Adaptivity is another possibility and consists on associating a posteriori estimators to the
Galerkin method in order to built refined meshes (see for instance [1, 3], and references
therein).

Previous papers [11, 12, 18, 19, 28] carried out more stable and accurate formulations
based on stabilized methods for the reaction—diffusion model, using coarse meshes. The
stabilized methods are based on modified variational formulations, but still employ piecewise
polynomials. These modifications involve nontrivial mesh-dependent stability parameters,
and also depend on the residuals of the governing differential equation.

Partial justification of these ideas were made possible by relating stabilized methods to the

Galerkin method using piecewise polynomials enriched with “bubble” functions, as illustrated
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in [4, 5, 6]. To systematically treat various singularly perturbed problems, residual-free
bubbles were introduced in [8, 13, 14, 15, 16, 17]. These bubbles are functions with local
support which solve, exactly or not, differential equations at the element level, involving the
differential operator of the problem. The right hand sides of these local problems are the
residuals due to the polynomial part of the solution. The other ingredient is the requirement
that the bubble part vanishes on element boundaries for second order problems. Convergence
results for linear and bilinear elements can be found in [7, 23, 26]. It turns out that such
construction for the reaction—diffusion problem yields a poor approximation. Assuming the
bubble part of the trial solution to be zero across element edges introduces inaccuracies.

In a previous work, Franca, Madureira and Valentin [10] have explored a new strategy,
without the zero boundary value restriction on each element, conjugate with a Petrov-
Galerkin method. They let the test space to be enriched with residual-free bubble functions,
but the functions in the trial space have boundary values determined by edge restrictions
of the governing differential operator. Such restrictions yield ordinary differential equations
that can be solved a priori. Even more importantly, the modification is computable at the
element level. Related ideas were proposed by [25] in the context of spline theory, and by
Hou, Wu and Cai [20, 21] for PDEs with oscillatory coefficients.

The present work is devoted to develop error estimates for the multiscale finite element
method proposed in [10]. We perform convergence analysis in two different asymptotic
regimes, and we point out sufficient conditions to obtain uniform convergence with respect
to the small parameter in an appropriate norm. Moreover, we show that we recover the
standard Galerkin energy norm error estimates when the mesh is fine enough.

The paper is organized as follows. In Section 2 we revisit our Petrov-Galerkin formulation.
In Section 3 we derive error estimates in different asymptotic regimes, and next in Section 4

we perform numerical tests. Finally in the Appendix we present some auxiliary results.

2. THE MULTISCALE METHOD

Let 2 be a bounded domain in R? with polygonal boundary 9. We consider u € H(£2)

the solution of the reaction diffusion equation
(1) Lu:=—cAu+ou=f inQ, w=0 on o,

where ¢ and o are positive constants. We assume f piecewise linear, thus (1) is well-posed.

The usual weak formulation of problem (1) consists on finding u € H} () such that

(2) a(u,v) = (f,v), for all vin H}(S),
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where the bilinear form a : Hj(Q) x H}(Q) — R is given by
(3) a(u,v) == e(Vu, Vo) + o(u,v).

As usual (+,-)p denotes the inner product in L*(D) where D is a open set of . The norm
induce by such inner product is denoted by ||.|lo.p. To simplify the notation, we write (-, -)
and ||.|lo when D = €. Similarly the L>°(D) norm is denoted by ||.||oc,p. The weak problem
(2) is well-posed thanks to the coercivity of the bounded bilinear form a(-, -) over Hg(£2) and
the Lax-Milgram Theorem.

Let 7, be a regular triangulation of domain €2 into elements K with boundary 0K such
that

where the intersection of two elements is either a vertex, or an edge, or empty. We define

V), as the set of edges Z belonging to 7, we denote by hx a characteristic length of K € 7,

and we set h = }?af—({hK}' By Qgyer, we denote the set of elements in 7;, which boundaries
€lp

have nontrivial intersection with 0f2, and we define
QO - Q/ﬁlayera

and hy = max {hg}. Inthe sequel C, Cy, Cy, Cy, ... will denote generic positive constants,

layer

independent of h, € or o, but whose value may vary in each occurrence. Moreover, we write

b ~ d meaning that
b<(Cdandd<Chb.

The space of piecewise linear polynomials P*( K) is used to approximate the exact solution.

We denote by V}, the standard finite element space

(4) Vi, = {v, € H'(Q) | vy, € PYK) for all K € T},
and
V2=V, N H (),
and the Galerkin scheme associated to the continuous problem reads: find u, € V¥ such that
(5) a(ug,v1) = (f,v1), for all v; in V.

It is well known that the Galerkin method (5) is unable to approximate the solution if
e < oh?. To overcome such limitation, we have proposed in [10] a method based on en-

riching the standard finite element space. The idea is to add special functions, also called
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multiscale functions, to the usual polynomial spaces to stabilize and improve the accuracy
of the Galerkin method. For the sake of completeness, we describe the main steps to obtain
our multiscale method.

We start by introducing some new notation. We denote by Hy(7,) and H'(7}) the spaces
of functions on 2 whose restrictions to each element K belongs to HJ(K) and H'(K),
respectively. Given an edge Z belonging to Vy, let P'(Z) the space of linear polynomials on
Z, and let us introduce the operators B : P1(Z) — L?*(Z) defined in the following way:
given a base function ¢; of P*(Z) we associate w; = Bt-q; € L*(Z) such that

(6) Lhew; = —e0ssw; + o;w; = ¢ on Z, w; =0 at the nodes.

The coefficient @; is set as a positive parameter which can depend on |K| and |Z|, and
on the node 7. Such dependence will be specified later (see equation (28)), and we denote
by s a variable that parametrize Z by arc-length. We point out that (6) is well-posed. A
similar boundary condition was used in Hou, Wu and Cai [20, 21] for elliptic problems with
oscillatory coefficients. Now, let M : P}(K) — H'(K) be the linear operator defined as

follows: given v; a base function of P'(K) let b; = M% v; € H'(K) be the solution of the
problem
(7) Lb;=v;in K, b= B%(ﬁfui) on each Z € 0K,

o

where B, are the local operators defined in (6). Since b;|z € L?*(Z) problem (7) is clearly well-
posed in each K € 7;,. Therefore, using (7) we introduce the operator My : P}(K) — H'(K)
defined by

(8) Mg py = ZMZ}((bi)pz‘, pn € PHK),

where p; represents the coefficients of p,. Furthermore, we denote by FEj, the subspace of
H(T3,), called multiscale space, such that E, N VY = {0} and defined by

(9) By = {v. € H'(T},) | ve|,c = My vy for all v € V41,

where M is the operator (8). Hence, we introduce the trial subspace Uy, of H'(7},) defined
by

(10) Up =V, & Ep,
thus an element v, of U, may be uniquely written as

Vp, 1= U1 + Ve,
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where v; € V,? and v, € Ej. The space Ej, is a finite dimensional space and dim(FEj) =
dim(V}). We note from (7) that the functions belonging to E;, may be a priori discontinuous
across the edges of triangles. The continuity is enforced only at the nodes of the triangulation.
Therefore, the method is nonconforming. Our approximation of the exact solution in the
enriched space (10) is defined by the solution of the following Petrov-Galerkin problem: find
up, € Uy, such that

(11) an(up,vp) = (f,vp),  for all v, € Vi) & HY(Ty)

where

ap(u,v) == Z a(u,v)k,

KeT,

and
a(u,v)g = e(Vu, Vo) + o(u,v) k.
From (11) we immediately have that the corresponding u; € Uy, satisfies

(12) an(up,v1) = (f,v1) forall v, € V2,
(13) a(un, vp )k = (f,vf )k for all v € Hj(K).

We postpone to Section 3 the discussion of well-posedness of (11). By integrating (13) by
parts, we immediately have that the enriched part of the solution w;, denoted by u. € Ej,

is the strong solution of the local problem

(14) Lu, = f— Luy; ineach K € Tp,
and hence, from (14) we impose

(15) ue = Mg (f — Luy).

It follows by construction and by (12) that (11) is equivalent to the finite dimensional
problem: find u; € V} such that

(16) ah((I - MKﬁ)UbUl) = (f7 U1) - ah(-/\/lea Ul) for all v, € V}?7

where Z is the identity operator.
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2.1. Corresponding discrete formulation. Let us rewrite (15) in terms of basis functions.

We assume that

(17) Ey, = span{¢; }ier and V, = span{t; }ier,

where ); are the usual hat functions. Then, f and u; are given by

Uy = Z%%‘; f = Z%’fja

il jel
where u; , © € Iy, and f;, j € I, are the nodal values of u and f, respectively. Here I and Iy
are the set of indexes of total and internal nodal points, respectively. It follows from (15),

and from the linearity of the operators £ and Lyx that

(18) Ue = Z Piu; — Z ¢z‘§;

i€ly el

where the basis functions ¢; € Ej,, © € I, satisfy

(19) Lo, =—0cp; in K,
(20) ¢i = p; oneach Z € 0K,

for all K € 7;,. From (6) and (18), 4, is the solution of the boundary value problem
(21) Lopis = —aib; on Z and  p; =0 at the nodes.

It is convenient to present such problem in terms of the unknown A\; € Uy, ¢ € I, be defined
by

(22) A= +¢; =T —oMg)p; foralljel.
Hence, from the definition (22) the function \;, i € I, satisfies

(23) LA =0 in K,
(24) Ai =p; oneach Z € 0K,

where p;, © € I, satisfies the ordinary differential problem
(25) Ligpi=0o0n Z and p; = 1; at the nodes.

Thus the discrete version of the weak formulation (16) reads

(26) D a(viuy =Y lalhg, ) — £(Vaby, Vi) L forallie Iy.

g
j€ly jel
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Remark 1. Numerical experiments indicate that the modified scheme type

(27) > alh vuy = (N, @Z)i)% for all i € I,

j€lp jerI

also yields accurate numerical approximations. Nevertheless, we do not believe that we can

derive (27) using the procedure described above. Thus, we do not advocate this approach.

Let K be an element of the triangulation 75, and Z an edge of its boundary K. The

dependence of coefficients &; in terms of the shape of elements K is given by setting

(28) T = 4|—K_|20,
2121247

where Z; denotes the corresponding edge of K opposed to the node i. Moreover, we define

, o \? o\ 2 AL '
(29) 7%-((%1<) +<5§ \K) :i|K||2 ~ h? foralliel.

Thanks to the definitions (28), (29) the analytical solution of (23), (24) is given by

Sinh( /ﬁd}z(x,y))
sinh( 7}?‘(5)

By taking a particular node k € I, and look at all elements connected to this node, then the

(30) Ai(z,y) = for all i € 1.

equation (30) illustrate the nodal shape functions \;. Fixing o = 1, we obtain fore = 1, 1072,
10—, the shape functions \;, depicted in Figures 1 and 2. Note that as ¢ approaches zero,
the usual pyramid is squeezed in its domain of influence in the neighborhood around node
k. Note that the support of A\ coincide with the support of the piecewise linear function .
Since the elements in the patch are all identical, the shape functions )\, depicted in Figures

1, 2 are continuous. As we pointed out before this is not true in general.
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FIGURE 1. The function \; for ¢ = 1 (left) and € = 1072 (right).

FIGURE 2. The function \; for ¢ = 1074

3. ERROR ANALYSIS

We are now concerned with the error analysis of the multiscale method (16) in both ¢ and
h asymptotic limits. For simplicity we perform the error analysis of the method by setting ~%
independent of 7 € I. With such assumption we assume an equilateral triangulation of the
domain. The general case is similar, but involves a quite cumbersome symbolic computation
(see Lemma 1 below). We start by recalling that the multiscale method (16) reads: find
uy € V2 such that

(31) ae(uy,v1) = fe(vy), forall vy € Vho,

where the modified bilinear and linear forms are

(32) ae(u,v) = a(u,v) — ap(MgLu,v), and fe(v):= (f,v) —ap(Mgf,v).
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We first observe that the method (31) is consistent since Mg (Lu — f) = 0, see definition
(7). We shall show that the problem (31), and consequently (16), is well-posed. Before

presenting the main coercivity result, we need the following estimates.

Lemma 1. Let the linear operator Mg be defined by (8). Then, there exist C3, C%, C},
C’ﬁ, Cy, C¢, C,, and C; positive constants depending only on the inner angles of K, and such
that

i) CiAminllvl3 i < (T — oMo, v)k < O3NS llvillo s Vo1 € Vi,
i) —C)phinhk 2Hv1||OK —(oVMgwvr),Vor)g <0, Vv, €V,
iii) 0 < (V((Z = oMg)n), Vor)g < Copl hilllollg e, Yor € Vi,
i) ||MKU1||0K < Cobfson0 2””1”(2),1(7 Vur € Vp,
V) [VIMgo)[§ i < Cebpan(ohi) 2luilld 5, Vo1 € Vi,
vi) (T = oMr)villo s < Cormacllval er Vor € Vi,

)

vit) [V((Z = oMr)o)llox < CcGmarhi’lalli e Vor € Vi,
A

nontrivial way on ¢, o, hg, and are given in the Appendix. Here hx = Where Ck = 6—.

and K

mae depend in a

where the quantities constants A% w PP 0K R K

min’

Proof. Let K be a triangle element of partition 7, with characteristic length hg. Then,
K =T(K),

where T : (£,1) — (z,y) is an affine transformation and K is the unit triangle reference
element. Let vy be an element of V},, and v |x = Z?:l v;1;. The basis functions defined on

the reference element K are

bi=bioT(Em), Ni=XoT(&m), & =doT(En),

and we have from definition (22) that

((I—O’MK)U1,U1)K ZZUZU]( z;% K — 2‘K|ZZU1UJ Z’¢J

=1 j=1 =1 j=1

3
Z 00 (Vi, V) g ~ Z Z UiVj v§n¢2> V£W¢J)

=1 j=1 =1 j=1

Mw

—(OV(MK'U;[), V’Ul)K =

3 3 3 3

(V((Z = oMi)vr), Vo) = DD v (VAL Vi) = 3 Y 0w (Veghs, Verthy)

i=1 j=1 i=1 j=1



10 L. P. FRANCA, A. L. MADUREIRA, L. TOBISKA, AND F. VALENTIN

3 3 3 3
HMKUTMH&K = Z Zvivj(¢ia ¢j)x = 2|K]| Z Zvivj(dsz’, éj)fo

i=1 j=1 i=1 j=1
3 3 3 3
||VMKUUI||0K = ZZUZU] ng,,ngﬁj ZZUWJ V§n¢z7vﬁn¢1) )
i=1 j=1 =1 j=1

[(Z — o Mk) UIHOK—ZZUzUJ Ais A K—QIK!ZZUZ'UJ iy M) g

i=1 j=1 =1 j=1
and
3 3 X
IV((Z — oM )vn ||0K ZZU%UJ Vi, V) K ZZUWJ V&n i» Ven\j) i
=1 j=1 i=1 j=1

where V¢, represents the gradient in terms of local coordinates £ and 7. In addition, it is

well known that
3
% va ~ [log|f§ 5 for all K € T,
i=1

Since the matrices (Al71/;j)1<l]<37 (Vgnéu V§n¢3)1<z,]<3’ (Vénj\ivvfn@ﬁj)l<i,j<3> ((Zgi><gj)1<i,j<3,
(V@,(Jb,, V5n</§])1<”<3, (/\z, \; i)1<ij<s, and (vin)‘w Vén)‘ )1<ij<s are symmetric, thus diagonal-

izable, we have that

3 3
C)l\)\rlginuleg,K < szivj()\iawj) < C)\ maxHUlHO K>

i=1 j=1

3 3
_O;pimhl_gHUl”g,K S Z Z UZU] VQS’H VI/J])

=1 j=1
3 3
< ZZ vy (VA V)i < C2p i o2
=1 :
3 3

Z Zvivj(¢i7 ¢J) < Cee’rlriaszng,K’

i=1 j=1
3 3

ZZUZUJ(V¢17 V¢]) < Cﬁgmax 2||U1||S,I(7

i=1 j=1
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3 3
Z Z ViV (>\17 )‘]>K < C’Y’ynl"{baxuvl H(Z),K’
i=1 j=1
3 3
ZZ%%’(V&, VAj>K < CCCmaac 2||Ul||8,1<:
i=1 j=1

K

. are the minimum and maximum eigenvalue of ma-

where the positive constants A%, and A

trix ( i wj)lgjgg. The positive constants p&X 0K —and ¢£_  are the maximum eigenvalues

mazx
of the matrices (vfﬂ)\i’ V§n¢j)1§i7j§3, (gbz, ¢j>1§i,j§37 and <v§n¢i, v§n¢j)1§i’jgg, respectively.
The negative constant —pX, denote the minimum eigenvalue of matrix (Ve,¢;, V) 1<ij<s,

max

and the positive constants vX,  and are the maximum eigenvalues of the matrices

max
()\,, A i)1<ij<3, and (vfn)‘zv Vﬁn)‘ )1<i j<3, respectively. Their expressions are presented in the

Appendix. U

We are ready to prove the existence and uniqueness of solution for the problem (31).

Consider the local h-dependent norm

(33)

=/ Crarc [Vl + B3|Vl for all v € HY(T,),

where o is the positive constant given by

oh? k.
34 _ K)\K _ FPmin
( ) K = C g min 6 )

and we define @ = mingeg, ax. The positiveness of ax follows from the definition of the

eigenvalues pX. and AE. ~and is illustrated in Figure 12. As usual the associate global norm

man’

is given by

(35) vlle = [> Ilvl%, forallve HY(T,),
KeT,

and we have the following coercivity result.
Lemma 2. Let ||.|| g x be the norm defined by (33). Then, the bilinear form a. : V;, xV}, — R

is coercive and

(v1,0) > C Z ||vl||EK for all v; € V.
KETh
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Proof. From the definition of bilinear form (32), from (34), applying the items (i) and (i7)
1

of Lemma 1, and since Cx = 6% we obtain that
A

ac(vrvn) 2 ) O [nllf x + el Vollf x — & (V(Miowr), Vor)
KeTy,

> Y 0Ol kel Voills = Cpoe

KeT,

-3

KETh

O'h Clpgin
CK ( Kcl)\'rlgzn - pcw—K H 1H0K + h val”OK

= Z CACKOéKHUlHOKJrh Vo6 ]
KETh

and the result follows redefining the constants. O

Remark 2. Existence and uniqueness of solutions for problem (31) follows from Lax-Milgram
Theorem. Let u, € Ej be uniquely defined by u, = Mg(f — ouy) in K, where u; is the
unique solution of (31). Then, u, + u; belongs to U, and satisfies (16).

Remark 3. The following limits will be useful in the sequel

3 C KE 1
1i =2 1i —
(36) limay = 7 and h;IEO ey —ag 5
The behavior of coefficients and eigenvalues mentioned here are illustrated by the Figure 12

in the Appendix.

3.1. Case ¢ — 0. We study the behavior of the convergence error in the case that ¢ < 1.
In this case we shall use the asymptotic properties of the exact solution u. As e goes to zero
the exact solution converges, at least away from the boundary, to fo—!. We shall estimate

1

the related error in the norm (35), and also bound v — fo~' in the same norm. The final

result, i.e., the estimate for u — uy, follows from the triangle inequality. We start by noting

that [2]
/ f C o i
<L Vi iu-=L < = ( / ) )
o u= )| <= (S oo + 151
Thus by the norm definition (33), and since ax < 1, we obtain the following estimate

1],

C
< = (1 lloon + =2 11511 )

0 0

(37) (e + %) |l + (h+72) 111

E

The estimate (37) indicates that we have to refine the entire domain in order to control the
error when ¢ tends to zero. Such estimate seems pessimist, and indeed, we can improve it.
Let us define f € V}? such that f = f in Q°. We have the following result.
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Lemma 3. Let u be the solution of (1). Then, there exit C}, Cs, and Cj such that
2

. C f
) =L)< G (e 2o 915,
H ( _g) < S [0+ D17 e+ 1 971E]
2
i) 5 0|V (w2 = 2 e ) 11 |G
KeT, g 0,K U

Proof. Let w be the solution of the problem

(38) Lui=f inQ, w=0 ondQ,

then e = u — u satisfies

(39) Le=f—f inQ, e=0 onodQ,

and it follows from (39) that

@) Vel 4ol < S =TI =S T < Sl e

and from (38) that

2 — 2
Hv (u—f> <C [||Ve||(2)+HV (a—i>
g 0 g

the items (¢) and (i¢) follows from (40), (41), and (42).
From (39) we obtain that
_ =112
(43) N nk|Vells e <C Y ke o | =Tl =C DL hkeToTM | F = Fllox
KGTh KETh Kteaye’r

< Ohie™ o™t | fll 00

= (2 -2
_f _ T
L | <= ]
(41) . V(u D +om-2| <z
Moreover,
(42)
=7\
I < Smisns |7 (L) < Smlv (=PI < S 11
0
hence, by using
2 — 12 — 2
u—i <C ||e\|§+‘ﬂ—i + f—1 ],
9llo 1o 9 o
f

()

13
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()

Hence, the item (iii) follows by the triangular inequality

and from (41) we have that

(44) > hi 'v (a - g)

KeTy

2 2

< Ch?

0,K

C —2
< S |vrl.

0

2

AYk 7 =AYl
> hi V(u——) <C Y [||Ve||§K+Hv(u——) +Hv( ) ]
KeT, 7/ llo,x KeT, ’ 9/ o,k o 0,K
and using (42), (43), and (44). O

Corollary 4. Let u be the solution of (1). Then, there exits constant C' such that

f ¢ - - -
=2l <= (e 202 4 1) | fllgon + (h+ 7207 2) [IVF o]
E
Proof. The result follows by the norm definition (33), since ax < 1 for all K € 7}, and from
Lemma 3. U

We have the following estimate.

Lemma 5. Let u; be the solution of (31). There exists C' such that

C —
Lol < (272012 1) (1407 ) | fllin + W VT o + ha™ 2911,

E

Proof. Applying Lemma 2 we have that

CZ “1||2E,K§ae <§—U17§—U1> = Q¢ <§_U,§—U1)+ae (u—ul,g—ul)

KeT,,

(45) =a<£—u,§—u1) — ap (MKL' (i—u) g—u1>+ae (u—ul,g—ul).

Hence, we have to estimate such terms. Since f is piecewise linear, the second term on
the right hand side vanishes. Moreover, from the definition (3) and applying the Cauchy—

Schwartz and the inverse inequalities, we have that the first term on the right hand side is

()

f

bounded as

a<§_“’§_u1> = Z S (Vf,V(g—m))KS Z SHVfHo,K

KeTy, KeTy,

0,K

2
0,K

<0y —HVfHOK

KET}L

——Ul — U

eCra
<Cy ( IVl + =g
K

KeT,
2
)
EK

C()E
<
(46) <C Z < 020 o ||vf”0K+4h2

KeTp,

S
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where Cy < 1. It remains to estimate the third term on right hand side of (45). Clearly, as
long as f vanishes on 052, by the consistency of (31), the third term also vanishes and the
result follows. Now, suppose that f is nonzero on 0€2. Therefore, again by the consistency
of (31), we have that

(47) Qe (u—u1,§>:ae (u—ul,f;7>.

By using (47), (3), (15), the consistency of (31), and the Cauchy—Schwartz inequality we
obtain that

a (u—ul,g) - S(v (T — MiL) (u—w),V (f = F)) e + (T = MiL) (u—wy), f = F) .
S §[<V<I—MK£)(U f),V(f—f))KJr(V(I—MKL)(g—uﬁ,V(f—f))J

t(@-seeyu=D01-7) +(@-Men) —us-7) |

/
o
o £ (6Ol )]s
KeQayer g 9/ llo,x g 0,K o
f _
(-l -

N AYE M f 2 oh2 )
=¢ = Vg VIS~ + =2 |v(r-7
< KZ[ (=D 2 G-+ Zervi-Die
i N
0,K g 0K 12 ’
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where v, and -, are positive constants. It turns out from items (vi) and (vii) of Lemma 1
that

2 2 2

i—uh = H(I—JMK) (i—ul) <CAE M= =y
o 0,K o 0,K o 0,K
2
(48) <Gl
2 ohy 0.5
2 2 2
C
o 0.K o ok Nk o 0,K
Ce || f 2

4 ¢ L
(49) = Ay ||o “ O,K’

where we have used that

< —
P)/max —_ 2 h2 ) maxr — 47

for all K € 7;,. The behavior of such eigenvalues is illustrated by the Figures 12 and 13 in
the Appendix. Hence, based on (48) and (49), we set v, and v, as

(50) . CKCOOCKO' . C’oaKa
M= —204 v 2= —407 ,
and using (48) and (49) we have that

2

o0 w(eomg)<e 2|5l (-)
¢ 9/ llo,x

WHE - ulHQE,K
K

Kteaye'r L
20< 2 CKaKJ f? e f ) 4C hﬁ(
a0’ IV(f =) II%, ic, == ik 87”5 || i + If = flI%,
2 2
<C Z [axs (u—g) + ago u—i ?H;—MH%,K
KEQZ 07K O,K
h2 1
b (S P+ 1)
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Now, choosing Cy properly, adding (46) and (51), and reordering the terms, and since
ag <1 for all K € 7;, we obtain from (45) that
\Y% (u — i)
o

f h3
Z ||; — |y <C Z ﬁ IVl +C Z aghi

KeT, KeTy, Keﬂlaye'r 0,K
2 4
axohi f Wi <5 T 112 7112
Y S (f - +1f = Tl )
e GV 0 =D s 17 = Tl
h? 2 hio ?
<C | IIVfllo+hi v<u—i) UL S
oo g Oanayer € g 07Qlaye'r
hi (e
() ]
(S ) 1
the result follows using Lemma 3, and redefining the constants. U

We are ready to present the main convergence result.

Theorem 6. Let u be the solution of (2) and uy be the solution of (31). There ezists C' such
that

C
Ju—wly < & {2 [02 (722012 41) (1) +1] [ Fllosn

Tha 2 [V flly 4 (h+ 2072 ||VT )

Proof. The result follows using triangle inequality, Corollary 4, Lemma 5, and redefining the

constants. O

Remark 4. The convergence result presented in Theorem 6 points out that the error depends

on the form of f, and we can identify the following behavior:

i) supposing that f vanishes on 0f), then
. h
(52) lg%“u_ul”E < C;HVfHOa

since &« — 3/4 when ¢ — 0. Moreover, if f is supposed to be constant or linear in {2

and h; ~ e with p € (0,1/2], thus we have convergence, i.e.,
(53) lir% |lu — ||z = 0.
i1) if f is nonzero on 0N and h; >~ P with p € (1/3,1/2], then
. h —
(54) tim lu — L < 2 (17 +[|97],) .

since « is bounded. As long as f is constant or linear in {2 we recover the convergence
(53).
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The convergence results presented above are also valid for the L? norm. We stress that the
assumption C1e¥/? < h; < Che'/? used to obtain uniform convergence is not too strong.
Indeed, the mesh refinement is concentrated along the boundary. Moreover, we note that
if we consider ¢ of order 107% for example, what corresponds a strong boundary layer, we
just need to chose a first range of element with characteristic length h; € [C] 1073, Cy 1072].
This numerical aspect is shown in Section 4. Similar numerical results are obtained using
the formulation (27), and that indicates we have equivalent convergence estimates. Such
analysis is out of the scope of this work.

Numerical validations point out that uniform convergence is recovered in the interior
domain Y without any boundary refinement as long as f is constant. Such aspect was not

analyzed in this work.

3.2. Case h — 0. In this subsection we perform a convergence analysis with respect to h. In
what follows, we consider that the positive constant C' is independent of h but might depend
on € and o. First, recall that we denote by u, the solution of the Galerkin formulation (5).

Hence, it is well known (see [9] for instance) that there exists constant C' such that
2 2 2
(55) o [lu = uglly + & [V (u = ug)lly < CA* [lull;.

Our goal consists on estimating the Galerkin error in the norm (35). This is done in the

following lemma.

Lemma 7. Let u be the solution of (2) and u, be the solution of (5). There exists a constant
C' such that

9
(56) > g =gl o < CR? Jlull;.

KeT, K

Proof. From the norm definition (33) we obtain that

€ 2 eCk 2 2
> -l = Y (SFane lu-ull o+ 190~ )l )

2
oh
KeTy, K KeTy K

< C (o flu—uglly + e V(1 —ug)ll5)
since eCagothy? is bounded for all K € 7j,, and the result follows using (55). O

Lemma 8. Let u, be the solution of (5) and u; be the solution of (31). There exist a
constant C' such that

9
(57) S2 ol =l e < OB Jull.

KeTy, K
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Proof. From Lemma 2 and the consistency of (31) we have that

C’Z ||ug ulﬂEK<ae( — UL, Uy — Up) = Qe (Ug — U, Uy — U)
KeTh
=a(ug —u,ug —uy) — ap (MgL (ug —u),ug — uy)
< lan (MgL (ug —u) ,ug — ) |
since the Galerkin method is also consistent. Hence, it follows from the Cauchy—Schwartz

inequality that

Z ||ug urf e < > (EIVIMEL (g — ) okl V (ug = w) [lox

KETh KGIT},

+o|[MxL (ug — U) llo.xclltrg — uallo.x)
2e 2h3 Ce
< 3 (B9 (Ml (g = ) s+ i ML (i = 0) i+ 5y = il )

Then using Lemma 1, items (iv), (v), we obtain that

h2 enlgaf
> sl = il < 0 (ol + T ) 120, - ) I

KeTy, KeTy,

h2 e\ . 0K, , ,
<0 Tl gz Gt 22 ) (o =0l x + lledull x)

KeTy,

h2 g
<O (o (g —w) I} + ledullf ) < OB (024 ull,

KETh

max

is illustrated by Figures 12 and 14 in the Appendix. The result follows by redefining the
constants. O

where we have used that 0%, o' and (e071h?)%¢K,  are bounded, and (55). Such behavior

Theorem 9. Let u be the solution of (2) and uy be the solution of (31). There exist C' such
that

1/2

9

(58) (Z 7 Hu—ulllé,K> < Chljullz.
KeTy, K

Proof. Using triangle inequality, and from Lemmas 7 and 8 we have that

9 2 2
Zh—gHu ulHEK—Z Hu ugHEK+2 Hug |l e < Ch* [lully.

KeT, K KeTh KeTh
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Remark 5. The convergence result (58) is equivalent to the standard Galerkin error in the

energy norm (55). The asymptotic behavior of the norm’s coefficient is presented in (36).

4. NUMERICAL RESULTS

4.1. Source problem. Let us first consider the unit source problem (f = 1/2) defined on
the unit square, and subject to the boundary conditions described in Figure 3. We use the

unstructured mesh shown in Figure 4.

For a fixed ¢ = 1 and small ¢, boundary layers appear close to the domain boundary.
Figures 5, 6 show the solutions of the Galerkin and the multiscale methods, for e = 1076,
As predicted, the present method perform better than the Galerkin method. For € = 1, all

methods have comparable performance, see Figure 7.

Next, we take f piecewise linear, f(z,y) = x for 0 <z < 0.5 and f(z,y) = 1 —x otherwise.
Again, the multiscale method perform better than the Galerkin method. We remark that the
solution obtained from the enriched formulation (26) is more diffusive than the one obtained

from the modified enriched formulation (27) as shown in Figure 10 and Figure 11.

y
u=1
1.0
u=1 u=0
0.0
L=0 1.0 X

FIGURE 3. Problem statement.
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MESH%anticlipinit

FIGURE 4. The unstructured mesh.
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FIGURE 5. Comparison between Galerkin and the multiscale methods for ¢ = 107°.
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~ GALERKIN METHOD

1 | MULTISCALE METHOD

0.75 -

05

025 —

O % 0.25 0.5 0.75 1

FIGURE 6. Profile of solutions at x = 0.5 (¢ = 107°).

GALERKIN METHOD MULTISCALE METHOD%antICIIpInIt

FIGURE 7. Isovalues of solutions obtained with Galerkin and the multiscale
methods (e = 1).
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FIGURE 9. Profile of solutions at x = 0.5 (e
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~ MODIFIED MULTISCALE METHOD
MULTISCALE METHOD
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FIGURE 10. Profile of solutions at y = 0.5 (¢ = 107°).
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F1GURE 11. Zoom of profile of solutions with Galerkin, modified multiscale

and multiscale methods at y = 0.5 (¢ = 1079).
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5. APPENDIX
We present in this section the expression of the eigenvalues introduced in Lemma 1,

and we show graphically the behavior of some coefficients and eigenvalues. To simplify the

formulas, we introduce (x defined by

oh?
Bk = Cre
The expression of eigenvalues are given by
\E :i 14 3 B 3 cosh Ok [61%
men ﬁIQ{ ﬂK sinh 6}( ﬁK sinh BK 2 sinh BK ’
1 Bk
M = —1—
2 2 cosh Bk
—pK. =-3/2(1 —
Prmin / " Bk sinh B Bk sinh Bk )’
K _ 3 cosh B 1
Pmaz = 3"\ Sinh B sinh fx )’
1 .
angax = 46%{ sinh(ﬁK)2 (COSh(ﬁK)Q - 8COSh(6K) - ﬁ?{ + 4ﬁ Slnh(ﬁK) + 7) ;
1
(hy = ——— (2cosh (Bx)* — 2 cosh (Bx) sinh (B ) — 1)

mez = g sinh (Bx)
(6 cosh (Br)* + 6 cosh (Bx)® sinh (B ) — 9 cosh (Bx)* — 6 cosh (B ) sinh (Bx) + 3

+6 5K2 cosh (ﬁK)2 + 6ﬁK2 sinh (ﬁ}() cosh (ﬁK> — 35}(2
- ((Cosh (ﬁK)A‘ — 2cosh (ﬁK)2 + 346x? cosh (ﬁK)Z +1—348%+ BK4)

(1 + 8 cosh (Br)* — 8 cosh (B ) + 8 cosh (B )* sinh (Bx) — 4 cosh (Bx) sinh (ﬁK)))1/2> :

oK 3 (1 N —21 (cosh Bx)* — 24 cosh B — 5 B> + 45 + 2 B> (cosh ﬁK)2>

Y

max BK Sinhﬁ[{ 36 sinhﬁKﬁK

o = 5T S;h 3 (0P (30) + Gk + B 3).

where the functions F';, G and H are given by an intricate nonlinear combination of sinh 3

and cosh fi. Instead of presenting such expressions here, we simply plot Sias with respect

B
to 6](-
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FIGURE 12. Behavior of parameters ay and —;( in terms of Bx. We note
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that vX 3% and the quotient %% are bounded.
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FIGURE 13. The eigenvalue (X, is bounded.
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FIGURE 14. The quantity gjz is bounded.
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