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ABSTRACT

It wasrecentlyshown [1] thatthesub-bandsignalsresultingfrom
theanalysisof anARMA processby a decimatingfilter bankcan
be modeledby individual lower-rateARMA processes,by using
the power spectraldensityconcept.This paperdiscussesthe va-
lidity of this modeling and the mappingof zerosand poles of
thecorrespondinggeneratorfilters alongthesub-bands.Basedon
theseresults,aftersomeconsiderationsrelatedto theemployment
of sub-bandsystemsin audio restoration,a sub-bandversionof
a model-basedtechniquefor suppressionof impulsive noisefrom
audiorecordingsis proposed.Simulationresultsarepresentedand
validatedby subjective aswell asobjective means.

1. INTRODUCTION

Multi-rate digital processing[2] hasbeenextensively appliedin
severalareas,includingspeechandaudioprocessing.Theclassof
ARMA (autoregressive moving average)randomprocesses[3] is
commonlyemployedasa modelfor speechandaudiosignals.

Enhancementor restorationof audiorecordings[4] dealswith
problemsbroadlyclassifiedaslocalizedandglobal disturbances,
of which the mostcommonareclicks (impulsive noise)andhiss
(broadbandnoise),respectively. Click suppressionmethodsoften
usesAR (autoregressive) models[5, 4] successfully, whereashiss
reductionmethodsarefrequentlybased,directly or indirectly, on
somemulti-rateapproach[5, 6].

It wasrecentlyderivedanequivalentlower-rateARMA model
for eachsub-bandsignalresultingfrom theanalysisof anARMA
processby a decimatingfilter bank [1], which resultedin a po-
tential tool for audio restorationthroughmodel-basedmulti-rate
processing.The presentwork briefly reviews this form of mod-
eling anddiscussesits validity. Possiblemodel-orderreductionis
investigatedby mappingthegenerator-filter zerosandpolesalong
thesub-bands.

Justifiedby theexistenceof equivalentsub-bandARMA mod-
els,weimplementamulti-ratesystemfor suppressionof impulsive
noisefrom audiorecordingsin whicheachsub-bandsignalis pro-
cessedby an improved version[7] of the model-basedtechnique
first proposedin [5]. Throughsimulatedexamples,themethodis
evaluatedin termsof complexity andattainedfinal quality, thelat-
ter assessedby subjective aswell asobjective meansbasedon the
perceptualmeasuredescribedin [8].

Thepaperisorganizedasfollows. Section2 reviewsthemodel
for an ARMA processin sub-bandsanddiscussesrelatedissues.
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Figure 1: ARMA Processanalyzedby an � -banddecimatingfil-
ter bank.

After considerationsontheapplicationof sub-bandsystemsto au-
dio restoration,Section3 proposesandevaluatesa sub-bandalgo-
rithm for click suppression.Conclusionsaredrawn in Section4.

2. ARMA PROCESS IN SUB-BANDS

2.1. Model: Lower-Rate ARMA Processes

Considerthe � -bandmulti-rate systemshown in Fig. 1, which
analyzestheARMA processdefinedby�����	��
�� � ����� ����������������������  �"!�# �%$&�('&�����)$&�+*
where ',���-� is white noisewith variance.0/1 .

For a givensub-band2 , we cangrouptheprocessgenerating
filter with theanalysisfilter (Fig. 2a)andobtainthecorresponding
polyphaserepresentation(Fig. 2b). In [1], it wasshown that,since'43-��5�� , 6 
87,*:9;9%9;* � �=< , aremutually uncorrelatedwhite-noise
processeswith the samevarianceas '&���-� , �:>?��5�� canbe modeled
by anequivalentARMA process@� > ��5�� in termsof its power spec-
tral density. This processis obtainedapplyinga white-noisepro-
cess':A+B���5�� with variance.0/1 asinput to theminimum-phasefilterCD A+B ��E&� (Fig. 2c) thatresultsfrom spectralfactorizationofF0G B G B ��E���
IHKJML �3 �"! CD > 3 ��E&� CD > 3 ��E L � � .0/1ON
N
 CD A B���E&� CD A B0��E L � � .�/1 9 (1)

Now, the equivalent model for the multi-rate systemwould
consistof � similarsubsystemsin parallel.Completingthemodel,
the cross-power spectraldensitybetweentwo distinct sub-bands
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Figure 2: Generationof � > ��5P� : from themulti-raterepresentation
to a low-ratemodel.
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Figure 3: The Q -th stageof anoctave filter bank.

2 � and 2 / , from which their cross-correlationcanbeobtained,is
given[1] byF G BSR G BUTV��E��W
YX JML �� 3 �?! CD > R 3	��E�� CD > T 3	��E L � �[Z . /1 9
2.2. Discussion

A specialcaserelatedto audioprocessingis anAR processbeing
split in octavesby a binary tree-structuredfilter bank formedby
successive stagessimilar to that shown in Fig. 3. The previous
resultscanbeeasilyadaptedto thisenvironment,sinceAR models
area particularcaseof ARMA modelsand the octave sub-band
modelscanbe computedrecursively usingequation(1) for each
decimatingstage[1]. In this Section,for the sake of simplicity,
we referonly to this caseandassume

D]\ ��E&� and
D�^ ��E&� areFIR

filters. Thegeneratingfiltersassociatedto theequivalentprocesses@�:_a`����&_b� and @�:_acd���&_e� will becalledrespectively
CD A4f ` ��E&� andCD A+f c ��E�� .

2.2.1. The Model Validity

Assumingthat ARMA modelscanadequatelyrepresentthe sub-
bandsignals,do themodelfilterscomputedby equation(1) match
thefrequency responsesof thefiltersobtainedby directestimation
of ARMA parametersfrom thosesignals? Simulationsdemon-
stratethatthetwo frequency responsesarevirtually indistinguish-
able,exceptfor limitations of the parameterestimatoritself, e.g.
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Figure 4: Magnitudeandphaseresponsesof
CD A T ` ��E&� : theoretical

ARMA modelandestimatedARMA andAR models.
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Figure 5: Inversemodel-filteringof � / cb��� / � : autocorrelation.

whenperformingestimationfrom insufficient numberof samples.
Also, replacementof ARMA modelsby AR modelswith thesame
denominatororderhasnegligible effect, in general.

Simulationsalso confirm the sub-bandARMA modelsade-
quacy, sinceeachsub-bandsignal, when appliedas input to its
inversemodelfilter, is essentiallywhitened.

As anexample,we analyzedby anoctave Haarfilter bankan
AR processwith polesobtainedby combinationof magnitudes7g9 h
and 7g9 iSi with phases7 , jlk�[m , j)k n , j)k / , jbo�k n and <qp k�[m . Fig. 4
comparesthemagnitudeandphaseresponsesof

CD A T ` ��E&� associ-
atedto the ARMA modelcomputedrecursively by equation(1),
andtheARMA andAR modelswith thesamedenominatororder
obtainedby directestimationfrom sub-bandsignalsfrom a simu-
lation. Thesignalobtainedby inversefiltering � / `���� / � throughits
model-predictedgeneratorfilter exhibits the normalizedautocor-
relationshown in Fig. 5.

2.2.2. Mapping of Zeros/Poles along the Sub-bands

Supposethat
D \ ��E&� and

D ^ ��E&� areidealhalf-bandlow- andhigh-
passfilters, respectively. A cosinewave with frequency r applied
asinput to the octave filter bankwould appearin � _ `W��� _ � with
its frequency doubledaftereachstageQ , until beingseparatedin
thesignal �:_ts c ���&_u� , afterstageQwv 
yx�z;{S| /~}o:rd� �l<U*
at this point with frequency o } � o _ts r . Now, a generalAR pro-
cess �����	� with poles E 3:� analyzedby a single-stageoctave filter



bankwould result in two ARMA processes,eachonewith polesE /3 � (implying thatphasesaredoubledandmagnitudesaresquared)
andthenecessaryzerosto perfectlyseparatehalf power spectrum,
with the zerosalso squared. The sameeffect occursalong fur-
ther stages.Therefore,the effect of eachoriginal pole cannotbe
confinedto anonly sub-band,exceptfor thelimit caseof unit mag-
nitude(correspondingto thecosinewave).

For realizablefilter banksthepolesquaringproperty—dueto
decimation-by-2—ispreserved. Zero mappingis hardto predict
without calculations;however, somespeculationscanbemade.

First, it is possibleto deducethat thenumeratoranddenomi-
natorordersof

CD A f ` ��E&� or
CD A f c ��E&� are���

num
� Q �]
��U� num� _ L ���P� �/ � * m �lo�

num
�(<q��
���� � �/ �

and
�

den
� Q �~
�� , respectively, except for possiblecanceling

terms,where � is theorderof theAR processunderanalysisand�
is theorderof theFIR filters

D \ ��E�� and
D ^ ��E&� .

Disregardingdecimationfor themomentandconsideringideal
filter banks,thebandwidthof theoriginal AR process�����	� is in-
creasinglynarrowed along the analysisstages.At a given stage,
theindividual effect of any poleof thegeneratorfilter of �����-� dis-
tributesitself betweenpassbandandstop-bandof thecorrespond-
ing equivalentfilters; if it is almostentirely containedin a stop-
band, its strongrejectioncan be achieved by its cancelingby a
zeroalmostin thesameposition. Recallingdecimationandnon-
ideal filter banks,we add that after the Q -th stageeachpole is
representedby its Q -timessquaredversionandthatsomealiasing
occurs,but the idearemainsthe same.As a consequence,along
successive stages,oneexpectsthat the equivalentmodelgenera-
tor filters have an increasingnumberof polescanceledby zeros.
Note that, althoughthe filter banksarefixed, the calculationsof
the numeratorsof

CD A+f ` ��E&� (or
CD A+f c ��E�� ) combinethe polesof�����-� with thesub-filters

D \ ��E&� (or
D ^ ��E&� ), in sucha way thatthe

zeroscan‘chase’thepoles.
Thisfact,associatedto thesuccessivereductionof polemagni-

tudes,suggeststhepossibilityof a gradualreductionof themodel
ordersalongthestageswithout impairingtheoverall accuracy [9].

As anillustrative example,theoctave analysisof a � 7 th order
AR processwasperformedby aHaarfilter bank.Fig. 6 depictsthe
calculatedzero-polediagramof

CD A�� c ��E&� , showing several poles
canceledby zeros.After computingthecompletemodels,any in-
dividual zero,pole or zero-polepair whoseassociatedfrequency
responsedeviated less than <:7�� from unit magnitudeand less
than k�[! from linear phasewasdiscarded,sincethey would have
little effecton theoverall transferfunction.Table1 shows thecor-
respondingcompleteandsimplified modelorders,with the latter
greatlyreduced.Onecould further think of replacingtheselow-
order ARMA modelsby sufficient-orderAR models,which are
simplerto estimate.

3. APPLICATION TO AUDIO RESTORATION

3.1. Advantages of sub-band audio enhancement

Thesameway modernaudiocodingandcompressionapplypsy-
choacousticsprinciples[8] to know ‘How worsecantheaudiobe
made,beforethis can be perceived?’, audio enhancementcould
usethemto know ‘How bettercantheaudiobemade,beforethis
cannotbeperceived?’ in orderto reducecomputationandlossof
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Figure 6: AR processoctave analysis: zero-polediagram ofCD A�� c ��E&� .
Table 1: A � 7 th orderAR processanalyzedin octaves:numberof
zerosandpolesof themodelgeneratorfilters.

complete reduced
filter # zeros # poles # zeros # polesCD A R c ��E&� 20 40 6 26CD A R ` ��E&� 20 40 3 27CD A T c ��E&� 30 40 2 12CD A T ` ��E&� 30 40 1 12CD A+� c ��E&� 35 40 3 6CD A+� ` ��E&� 35 40 1 12CD A�� c ��E&� 38 40 2 4CD A�� ` ��E&� 38 40 1 4

qualityby over-processing.A mainissueis Masking,theproperty
asoundhasto inhibit perceptionof anotherone,nearto theformer
in timeand/orfrequency. It is known thatonly anarrow frequency
bandarounda tone(calledCritical Band)contributesto its mask-
ing. A fixed arrangementof critical bandsis usuallyadoptedto
model soundperception,and leadsto a correspondingsub-band
configuration.

Simultaneoussub-bandhissreductionandmodel-basedclick
suppressioncanbeattemptedby anadequatemulti-ratesystem.

As disturbancesmay sometimesbe found in preferentialfre-
quency bands,onecanexpectthecomputationalburdento be re-
ducedandover-processingto beavoidedby sub-bandprocessing,
sincemore‘attention’will begivento themostcorruptedbands.

Otherprocessingsavingsarepossiblein theeventof a favor-
ableequivalencebetweencomplex operationsin full bandandsim-
pler onesin sub-bands.

3.2. Example: Click Suppression in Sub-bands

A Least-Squares(LS)-basedtechniquefor suppressionof clicks
from audiorecordings,first proposedin [5] andreviewed in [4],
modelseachblock of � audiosamplesasa 6 -th orderAR pro-
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Figure 7: Proposedstructurefor click suppressionin sub-bands.
Synchronizingdelayswereomitted.

cessadditively corruptedby impulsive noise.A Detectionstepis
performedfirst, in which theAR modelis LS-estimated,thenoisy
signalis inversefilteredanda threshold� , proportionalto anes-
timateof theexcitationstandard-deviation by a factor � , is com-
puted;all signalsampleswhosecorrespondingexcitation magni-
tudesexceed� areconsideredascorrupted.In a Correctionstep,
theseonesarereplacedby LS-interpolatedvalues.In orderto im-
provedetectionperformance,somemodificationshavebeenadded
to thistechnique,suchasusinganauxiliary thresholdandmerging
contiguousclicks [7].

Drivenby someideasaddressedin Section3.1 andtaking in
considerationthepossibilityof modelingindividual sub-bandsig-
nalsby ARMA/AR processes,weproposehereamulti-ratesystem
for click suppressionwhichusestheimprovedDe-clickingmethod
describedabove in eachsub-band,asdepictedin Fig. 7. In fact,
the proposeddetection/suppressiondoesnot explore mutualcor-
relationsbetweendistinct sub-bands;however, it is expectedthat
they arepreserved,if oneconsidersthesmallpercentage( � <:7S� )
of samplesto becorrectedin a typicalDe-clickingprocedure.

In this context, several factorscaninfluenceglobalcomputa-
tional complexity of thesystem:sub-bandblock sizes,limited by
themaximumstationarityperiodswhichcanbeassumed;possibil-
ity of ARMA modelorderreductionor adoptionof AR modelin
eachsub-band;andoptionof employing simplifiedprocessing(or
none,atall) in noncritical sub-bands.

Two practicalexamplesareexaminedin detail. In eachone,
a high-qualityuncorruptedaudiorecording(to beusedasa refer-
encesignal in the objective quality measurement)wasadditively
corruptedwith real impulsive noise; restorationwas performed
throughthe full-band algorithm with � 
�<:7 o�� , 6 
 � 7 and� 
�h , as well as using our multi-rate systemwith 4 octave
stagesof <qh th order QMF filter banks,i.e. 5 sub-bands,each
onewith a � 7 th orderAR model, � 
�h,< o and � 
�h . Only� � cd��� � � , � / cd��� / � and � n c ��� n � (whereclicksaremoreevidenced)
wereprocessed.Case1: signalS1with 7,9 hS� of its samplescor-
rupted;bothenhancedversionsresultedexcellent. Case2: signal
S2 with hS� of its samplescorrupted;both enhancedversionsre-
sultedmuchsuperiorto thecorruptedsignal,but thefull-bandsys-
temperformedbetter. Sub-bandprocessingwasbetween2 and5
timesfasterthanfull-band. An additionalobjective evaluationis
providedby thePAQM (PerceptualAudio Quality Measure)pro-
posedin [8], which comparesa processedandtheoriginal version
of anaudiosignal.Equalsignalsgive PAQM=0; in ourcase,com-
paringenhancementresultswith theuncorruptedsignal,smallval-
uesindicatesuccessfulrestoration.Table2 shows measurements
for corrupted,full-bandandmulti-bandrestoredversionsof S1and
S2,which confirmhumanjudgement.

Table 2: PAQM for testsignalsS1andS2.

S1 S2
corrupted 0.243 1.191

full-bandrestored 0.027 0.060
sub-band-restored 0.023 0.200

4. CONCLUSIONS

A model for ARMA processessplit in sub-bands,consistingof
individual lower-rateARMA processes,wasshown to be a valid
alternative for practicalapplications.Zero-polemappingof sub-
band model generatorfilters indicatedthe possibility of model
order reduction. As an applicationof this sub-bandmodeling,
a multi-rate De-clicking systemwas proposed. Practicalsimu-
lations indicatedthat the multi-rate solution can achieve perfor-
mancecomparableto that of the full-band algorithm,at reduced
computationalcost. As a naturalsequenceof this work, a refined
versionof thesub-bandde-clickingalgorithmis beingdeveloped
which takes in considerationthe cross-dependencebetweensub-
bandsat thesamerate.
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