HIERARCHICAL MODELING OF PIEZOELECTRIC PLATES
ALEXANDRE L. MADUREIRA

ABSTRACT. We use variational techniques to derive a class of two-dimensional models for
three-dimensional linearly elastic piezoelectric plates. The models result from a mixed for-
mulation for the original problem within spaces of functions with polynomial dependence in
the transverse direction. We show that the resulting system of equations is well-posed, and

then discuss the asymptotic consistency of the simplest of such models.

1. INTRODUCTION

Dimension reduction is a powerful tool to model physical phenomena that occur in slender
domains, and as more complex problems are considered, it is useful to have a mathematically
sound technique to do so. Variational arguments yield just that, and our goal in this paper
is to derive a simple model for piezoelectric plates. Our work was particularly motivated by
the investigation developed by Séne [21], and Raoult and Séne [19].

In this paper we use variational principles to develop two-dimensional models for static
piezoelectric plates. For the importance and applications of such problem, the reader can

check [13, 22].
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The first assumption is that a piezoelectric material is occupying a plate domain given
by P = Q x (—¢,¢), where 2 C R? is a bounded domain with Lipschitz boundary 9.
The union of the plate’s top and bottom surfaces are given by 0Py = Q x {—¢,¢}, and
0P, = 09) x (—¢,¢) denotes the lateral surface of the plate. We denote a typical point in P
by x = (z,z3), where z € Q and 23 € (—¢,¢).

The problem is to find the displacement u°, the electrical potential ¢, the stress tensor o€,
and the electrical displacement D¢ of the plate subject to prescribed internal force density
[ P — R3 surface force density g : 9Py — R3, and electric potential ¢y, : Py — R. The

constitutive relations are

(1) o =Ce(u)-V¢Q D=

1D
o
=
+
[FsW
1<]
<

or componentwise,

Z Cijmer (u Z&dﬁ Qkij D; = Z Qirier (u®) + Zduﬁk@b

k=1 k=1

for i, = 1,2,3. The equilibrium equations are
—dive* = f, divD* =0 in P,

with the boundary conditions

nQ

e(u’) =2pe(u) + Adivu® 9,  e(u) =

Il
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where ji, A are the Lamé coefficients, and d the identity matrix. For simplicity, we follow [16]

and assume that the dielectric tensor is of the form

d 0 0
d=10d 0 |
0 0 ds

where d and d33 are positive constants. We also assume that the piezoelectric tensor is such

that the only nonzero constants are [16]

@333, Quz = Qa23, and Q311 = 322,

and that the symmetry relations

Qijk = Qikj for i) k?J - ]-7 27 37

hold.

As stated above, our goal is to develop, in a consistent mathematical framework, two-
dimensional models for the problem just described. There is an extensive literature dealing
with the simpler problem of linearly elastic plates. Regarding the modeling of piezoelectric
plates, there are derivations based on geometric and mechanical a priori assumptions, see
for instance [4], or [22] and references therein.

On the mathematical side, some authors generalized the asymptotic arguments that Ciarlet
and collaborators used for the linearly elastic plate problem [12]. In particular, Séne [21]
showed that as the plate thickness goes to zero, the solution converges in a proper sense

to the solution to a biharmonic (17) and a membrane equation (16). See also Maugin and
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Attou [16], Weller and Licht [23], and Canon and Lenczner [11] for further developments
using such approach.

The way we proceed is different since it is not “asymptotic” in principle, and we find our
models using mixed variational formulations. The approach is based on firm mathematical
grounds, and the equations form a sequence of hierarchical models that become more accurate
as the order of the model grow. See [1], and also [3, 6, 7, 14] and references therein, for linearly
elastic plates. See [9, 22| for a review of the engineering literature that resorts to variational

arguments.

Before proceeding, we need to introduce some notation. The 3 x 3 symmetric tensors are
denoted in Greek letters with double underbars, as in o, 7. The symbol ¢ denote the identity
tensor. For 2 x 2 symmetric tensors, we use Greek letters with double under-tildes. Similarly,
we write vectors in italic letters. If they belong to R®, they have an under bar and if they
belong to R?, they have an under-tilde. We can then decompose each tensor and vector as

in

o o u

354 ~ ~
g= y U=

X 033 us

We use four under bars (four under tildes) for fourth order tensors acting on 3 x 3 (2 x
2) symmetric tensors. Similar notation holds for third order tensors, and the operators
divergence and gradient obey similar notation rules.

Accordingly, if O C R?, d = 1,2, 3, is an open set, then L?(0) is the set of 3 x 3 symmetric
matrices which components are square integrable functions in O, and L*(O) and L*(O) are

the set of vector and scalar square integrable functions defined in O. Similar definitions hold
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for H°(O), H*(O) and H*(O), the Sobolev space of order s, for a real number s. We denote

the norms of those spaces by || - || z2(0) and || - |

ms(0), and the semi-norms by |- |y o).
The symbol 0; denotes the derivative with respect to the variable x;, where i = 1,2,3. We
denote by c an arbitrary positive constant that might depend on €2, f, g, ¢y, and on the
material parameters, but does not depend on €, u, ¢, etc.
We now briefly describe the contents of the present paper. In Section 2 we rewrite the
piezoelectric problem in a variational form, and define a two-dimensional model. After that,
in Section 3, we discuss the asymptotic consistency issue. In 4 we discuss some aspects of

the present investigation, and finally, in the Appendix, we perform the computations that

led to our model.

2. VARIATIONAL FORMULATIONS AND HIERARCHICAL MODELING

Our first step is to rewrite the piezoelectric problem in a variational form. Let

V(P)={ve H(P): v=0o0n 0P}, Wy, (P)={y € H(P): ¢ = ¢p. on P},

and we endow these spaces with the H'(P) norms. We search for (uf, ¢) € V(P) x Wy, (P)

such that

a((u, ¢), (v,9)) = l(v,4) forall (v,4) € V(P) x Wo(P),

where
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Existence and uniqueness of solution follows immediately from Lax—Milgram Theorem since

(w6, (u.6) = [ (Celu) =V 5Q) s elw)da+ [ (Qelw)+dVe) - Vo'da

= /PC@(“G) se(u’) dr + /Pdngﬁ -V otdr > C(HQeH?{l(P) + HQSEH%P(P))‘

Above, we used that

—
)
N—
—
()
)
S—
XS]
Il
~~
1]
()
N—

for all 7 € R23, v € R?.

sym
We now develop a mixed formulation for the same problem. Note that ¢¢ € L*(P),

Dr € L(P), ut € V(P), " € U, (P) satisty

(3.4) /AUE Tdrc—/e(us) wa—/WfQ Ardz =0 forall T € L*(P),
pP= B P N P - = - -
(3. D Hdo— [ Qetw) Hds+ [ 4V Hdz =0 forall H e LXP),
P P P
(3.1ii) /0‘ e(v)dxz/f-vdx+/ g-vdr forallveV(P),
P P P+
(3.1v) /D€~V¢d:1::O for all ¥ € ¥y(P),
P

=
=
@D
o
s
I
e
\
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If we set

we have that
(4)

for all (7, H) € L*(P) x L*(P) and (v,v) € V(P) x Wy(P).

To show existence and uniqueness of solution of the above mixed formulation, it is enough
to follow [17, 8, 10], and show that b(-,-) is coercive (it is!), and that for all (v, ) € V(P) x
\IIO(P>7

(. H), (v, 9))

sup c
7, H) || 2pyx22(pP)

(r. L2 (P)x12(P) |

b
( > C||(ya¢)||\f(P)X\I/0(P) fora =1,2.

The above inf-sup condition is trivial for @ = 2 since e(V(P)) C L*(P) and V(¥y(P)) C

L*(P). For a = 1, it is sufficient to notice that

where we again apply (2).
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Solving the mixed problem (4) within subspaces of functions that are polynomials in the

transverse direction we derive piezoelectric plate models. For instance, let

V(P,p) ={v e V(P): degsv < p, deggvs < p+ 1},

Vo, (Pp) = { € W, (P) : degz ) <p+ 1},

L*(P,p) = {1 € L*(P) : degyT <p, degy7 < p+1, degs 33 < p},

L*(P,p) = {H € L*(P) : degy H < p—+1, deg; Hs < p}.

For v € L*(P) we write degy v < p meaning that the components of v are polynomials of
degree at most p with coefficients in 2. The interpretation for p < 0 is that v = 0. Similar
interpretation holds for the other tensors. The representation below indicates the degrees of

v, ¥, 7, H in the spaces (6):

p
degv = , degv) = (p+ 1),
p+1
p p+1 p+1
degt = , deg H =
p+1 p p

We now search for o € L*(P,p), D € L*(P,p), u € V(P,p), ¢ € Vg, (P,p) such that

for all (7, H) € L*(P,p) x L*(P,p) and (v,) € V(P,p) x Wo(P, p).
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The degrees in (6) are one possibility, the simplest we could find. Other combinations of
polynomial degrees yield different models, but not all combinations yield well-posed prob-

lems. Moreover, even if the final equations are well-posed, the model might not be “asymp-

totically consistent”, in a sense that we make clear further ahead

As in the original formulation (4), it follows for the spaces in (6) that e(V (P, p)) C L*(P, p)
and Y(‘IIO(P)up

) C L?(P,p). Also, (5) holds for (v,v) € V(P,p)x ¥o(P,p). Thus, the inf-sup
conditions hold and the model problem (7) is well-posed for all p

Also note that since

ey

e(V(P,p)) = V¥, (P,p)Q C L*(P,p),

Qe(V(P,p) +dV

\If¢bc(P,p) - QQ(Pap%
the constitutive equations (1) are enforced exactly.

Before presenting the simplest of such models we define

%[g(w) +o@ -9, ¢

g =§[g<g,e>—g<g, ~<)),
fo(x):/sf(ﬂf)dzy f /f )3 ds, fs /f3 )Lo(3) dxs,

where Ly(z) = (32° — £%)/2. Similar definitions hold for ¢}, and ¢,

. Let gl be the two-
dimensional version of the compliance tensor with the inverse

“1_
(8) é T=2u g+2u+)\tr(g)g.

Here, tr(-) indicates the trace operator

As in the linearly elastic plate modeling, the solution decouples in bending and stretching

components, so we consider each part separately. We show next the resulting equations for
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p = 1, but postpone the details to the Appendix. Assume the approximate displacement u,

and electrical potential ¢ are given by

(2) f(w)s
)= | U |+ ~ L (@) = B (x) te mable (@) - (€ — La)nl(z),
p(z)xs w(z) + w2 (z)Lo(ws)

where 7, p, 0, w, wa, P2 are unknown. Also, the approximate stress tensor o, and electrical

displacement D are as

o’(z) g'(z)zs o' (z)zs 0°(z) + g”(z)La(zs)
o(z) = + :
ol(z)'zs  og(z) [0°(z) + o*(z) La(23)]" 033(2) 23
(10)
DY (x D%x) + D*(x) Ly(z5
Dla) = D' (z) . D°(z) + D*(z)La(x3) |
Dj(z) Dj(z)zs

where ¢, 0!, 0%, o', 0%, 02, oy, D', DY, D° D? D3 need to be determined.
S ~ A ~ ~ ~ ~ ~

For the stretching part, we find that  and p satisfy the equations

2
_divél_lg(g)—2M)\+)\Ydivg—)\Yp:L in €,
2
(11) —6—uAp+AdiVQ+(2u+A)p:l3 in Q,

3

n=0, p=0 ondQ,

where

1 1 _ €
l=¢! (5[0 +¢"+QsuV ¢§c> : I3 = éfy} + g5 — € ' Q3330 + §Q113 A ¢y,
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After finding 1 and p, the stress tensor and the electrical displacement are computable from

2

(12.i) g’ = érl e(n) + 2 div d + Apd + 7' Qs

(12.if) o' =puVp+ Quse "V b

(12.iii) 095 = Adivy + (2 + A)p + £ ' Q33304

(12.iv) 121 =QusVp— 5_1dY QZ%C, DS = (311 div n+ Q3330 — 5_1d33¢11)c-

For the bending part, 0, w, ws, ¢3 solve

S div 0 + 3w2) +3(Quiz + Q311) Vo = F,

(13.ii) 2epdiv(—0 4+ Vw) 4 26°Quis A ¢y = Fy,

(13.ii)

2e° 5
——puAwy +272u+ N[ —

. 2e°
- div ¢ + 3w2> + ?Qus A ¢y — 6°Q33300 = Fy,

21+ A

(13.iv)

, , g2 6e>
Quzdiv(—f + Vw) — Qs div e — an:& Awy + 3Q333w2 — ?dA $2 + 3dz3p2 = Fs,

where

3
F= 5_25(10,1 +2¢") =362 Quis V by, Fy = —efy — 295 — 2eQuz A ¢y,

Fy :5f§+252g§, Fy :quﬁgc.
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with the boundary conditions

2 0
0=0, w=w=0, Qllgagn[w—g—wg ngz% :d%

5 ]_5 on on on oK1

Given 0, w, wy and ¢, the stress tensor and the electrical displacement are easily calculated

as below:

)\2
(14.1) g =47 () — gy v O3+ 3hwnd — 3Qmnd,
(14.i) 0" = (=0 + Vw) + Qus(V ¢ + >V o),
(14.iii) 0? =pVw — QusV by,
(14.iv) 033 = —Adiv 0 — 3Q33302 + 3(2p + Nwy,
(14.v) D’ = Qui3(—0 + Vw) — dV (¢, + 7¢2),
(14.vi) D? = QusVw, +dV ¢y,
(14.vii) Dy = —Qs311 div 0 + 3Q333w2 + 3d3302.

3. ASYMPTOTIC CONSISTENCY

Considering the sequence of plate problem parameterized by the thickness ¢, it is possible
to show that the three-dimensional solution converges in a proper sense to a solution of
two-dimensional problems. This was done by Sene [21] for the piezoelectric problem, as we

point out in the Introduction. We present here the limit equations.
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The asymptotic limits of u° and ¢ are ug and ¢xr, where

(15)
e((z) =3V G()
ur(z) = :
C3(Z€)
)\ 2 .2
¢xr(z) = ¢2c + (an T 2MQ333> 2 p33=’703 Az + 871553%@ P33z = &ngz;L + dss3.

The function g solves

oA A :
(16) —8div,é1 te(Q)=1-¢ 1)\_}_2#@333?%6 in O, ¢=0 on0Q,
and (3 solves the biharmonic equation
3 2, _ gl 0 o1 0 06
(17) e’BA" (G =cdivf + fy +edivg +g3 inQ, gg_%_o on 052,
where
Su(A+p) 2 ( A )2
18 B = + — )
(18) 30N+ 210) | 3pm (311 N+ 2MQ333

An important issue in dimensional reduction modeling is the asymptotic consistency, i.e.,
the relative modeling error, say in the L?(P) norm, should go to zero with €. That means that
the solution of the model should have the same asymptotic behavior as the original three-
dimensional solution. Not all assumptions on the subspaces of V' (P) etc, lead to consistent
models. For an instance of this phenomenom see [18].

To investigate the consistency, we make the following scaling assumptions on the loads:

f@) = (ef(x, e as), 2 fa(x, e ws)),  gla) = (2g(x, e "ws), €% ga(, e ")),

(19)

Pre(x) = 52§5bc(£7 e lz3),
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where f Ox (-1,1) > R g: Qx{-1,1} - R3 and Gpe : 2 x {—1,1} — R are all

e-independent functions.

Theorem 1. Assume that the plate is under a nontrivial pure stretching regime, that is,

urr = €(¢,0) # 0. Then, under the scaling assumptions (19), the relative error estimate

lukr — usllz2p)

20 < ce,
20 furclae)

holds, where ug = (1, x3p).

Proof. From (19) we gather that

(21) 12ll-1(0) + 5]l 22(0) < ce,

and that |¢|#1(q) is bounded above and below by a constant.
Next, multiplying the first equation in (11) by (24 + A)7, the second by (21 + A)p, inte-

grating by parts and adding the resulting equations, we gather that

52

(2M+A)/g‘1g(n):g(g) d§+§u(2u+A)/ |Yp|2d£+/[AdiVQ+(2u+A)p]2d2;
Q Q Q

I3[Adivn+(2u+X)p] dg—/ Is\divn dz.

= (2u+A)/£-Q+l3pdg = /(2u+A)£-Qd§+/
Q Q Q

Q

Then the stability estimate

I/l @) + ellpll @) + INdivy + (2u + N)pll2@) < cllllllz-1@) + 3llz2 )

holds. Thus, from the triangle inequality,

120+ Npllzaey < IINdiv g + (20 + Npllzzay + A div gllziay < Ll + sl 2)-
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It follows from (21) that

(22) Inllar@) < ce lpllae < e ol < ce.

Let £/ =1 —e(¢. Thus, it follows from (11), (16) that

where r = &*(u/3) A p+ I3+ e ' Qa3 IV ={v € H*(Q) N H(Q) : |lv]|o = 1}, then

23) Bl = sup [ B-div Ac()de =sup [ Aeln): o(E) da
Q Q

nev TR nev

—A
= sup/rdivndw < ce? sup/Apdivndw—{—c“lg+5_1Q333¢,§CHL2(Q).
204 A pev Jao - nev Jo -

Now, for p € V,
. . dp ..
Apdivydr =— [ Vp-Vdivydz + (==, divy) < c[pllm@-
Q - o~ T T on -
where (-,-) indicates the duality between H~/2(9Q) and H'/?(992). Applying the above
inequality in (23), and also using (19) and (22) we gather that

(24) 1Bl < ce

The final result follows then from (22), (24), and from the fact that ¢ is e-independent under

the scaling assumptions (19). O

Remark. The estimate (20) does not measure the modeling error with respect to the exact
three-dimensional solution, only to its asymptotic limit ux,. What (20) guarantees is that

the solution to the model proposed here is consistent, i.e., converges to the correct limit.
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We next present formal arguments that lead to the strong conjecture that the bending

model (13) is also asymptotically consistent. The idea is to assume
6 ~6°+HOT, w~ w’+HOT, wy ~ wy +HOT, ¢y ~ ¢ +HOT,

where the “HOT” (Higher Order Terms) are, as the name suggests, terms which L? norms

behave at least as O(e). Based on the scalings (19), we gather that
F=0(1), F;=0(E", F=0(E"), F=0(.

From (13.i), we gather that §° = Vw°. From (13.iii), (13.iv), we obtain

A
D dive? 4 O g

27 300+ ) 2%+ A

— Q311 div 0° + 3Q333w3 + 3dz305 = 0,

and then

1 A
0_ _— — div §°
¢2 3pas (an Q3332M+)\> wo,

where ps3 is defined in (15).

Next, from (13.i), (13.ii),

diV div é_l g(g) —|— 3Q113 A qbg — )\A (— leQ —|— 30)2) + 3(@113 + Q311) A gbg

A
2+ A
3
=divF — —¢ *F}.
~2
Thus,

2 2
3 div div é_l 2(90) +2(—Qus +c1) A Y = 3 div F' — e3Fy,
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where
 AQss3
1 S + Qi3 + Q311
Finally,
divdivA—le(vWO)Jri(—Q +¢1)(Qa11 — Q A )A2w0:divF—§5‘3F

v 2 eV - 113 1 €1)(311 385 A £ 3 35

and using the identities
e - dp(p+ A A
div divgl ! £<Y W) = % A%, —Qu3z+c = —QMQfg)\ + Qs11,

we gather that

A
2+ A

dp(p+2) 1
9 T A) _
(25) 2+ + s Q311 — Q333

? 3
> ] A?w=divF — 55*31?3.

Thus (18), (25) indicate that our bending model derived through hierarchical modeling is
indeed consistent.

The model (13) is not as simple as one would hope for, due to that many unknowns
involved. It is desirable to obtain a further reduced model, i.e., a system of equations only
in terms of w and 0, as in Reissner—Mindlin models, and only afterwards compute the other
quantities of interest.

It is somewhat straightforward [2] to show that

divél’l e(f) + 3e?u(—f+Vw)+cVdive = F,
(26)

2epdiv(—0 + Vw) = F,

where

1 A\ ?
Co = ]E(an - Q3332M+ )\> )
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yields a consistent model. Based on the formal considerations of the previous sections, one

could compute

1
EICITESY)

(333 A )
A — div @
) [ + . Q311 Q3332M+)\ o,

1 A
~N— — div 6.
¢2 3pss (Q311 Q333 2%+ )\) v

Of course such procedure is ad hoc, and thus not fully satisfactory. Nonetheless, it yields a

consistent model that is as simple as the usual Reissner-Mindlin models, what is good news.

4. DISCUSSION

The holy grail of dimensional reduction is to obtain the simplest possible model that is
“good enough” for most application, and computationally feasible. Our criteria for “good
enough” is asymptotic consistency, and here the references [21, 19] play a leading role. It is
thus wise to ask if it is possible to derive a simpler model that is asymptotically consistent
through variational arguments.

A positive answer to the above question would be good news. Indeed, Alessandrini et
al. [1] obtains a simpler linearly elastic plate model, denoted HR;(1). For sure, such work
considers no piezoelectricity, but the stretching equations involves only a two-dimensional
vector unknown, instead of the coupled system (11). And for the bending part, the HR; (1)
model of [1] requires solving for three scalar unknowns instead of the four unknowns required
in (13) (disregarding the electrical potential contribution). Unfortunaly, for the present
piezoelectric problem, such simpler assumptions on the load does lead to consistent models.

Using the notation of [1], our model is closer to the more complicated HR3(1), which is the

simplest consistent minimum energy model. In the case of bending of linearly elastic plates,
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this is the (1, 1,2) model of Babuska and Li [7, 20]. See also [15] for a complete description
of such models.

To be fair with the present derivation, it led to the intriguing system (26), which we recall,

is consistent. Is there a variational way to derive such system without ad hoc considerations?

How good is this model, i.e., what is the convergence rate of its solutions to the exact, three-
dimensional solutions?

An alternative to derive models is to use variants of Hellinger—Reisner principle, as in [1, 5],

but it is not so clear how to do so for piezoelectric materials.

Finally, we understand that our choices for rigidity, dielectric and piezoelectric tensors are

not as general as would be desirable to model “real life” materials. But we hope that even in

this simpler setting, our modeling efforts shed some light and help in the quest of developing
provably good plate models.

5. APPENDIX

In this Appendix we provide the main steps to derive (11), (12), (13), and (14) from (7),
for p = 1.

From (8) we gather that

A 1
Ar = 1 T_L tr(7) 8 Ar — ‘ég = Ty 780 2L
Ry 2u [~ 2u43XN v~ == L "
20~

by
p(2ut3n) 133 T 2u(2utaN) tr(g)
5.1. A stretching model. Assume that (9), (10) holds, and let

IS
|
S
1=
|
2~
23
8
w
5
w

U3T3
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where v € V(P,1), 7 € L*(P,1) and H € L*(P,1). Using the first constitutive equation (3.i)

=

we integrate with respect to x3 and find

A A
o~ 0 . | 1 A -1 op s
42~ Spmn g an @ T LW — e Qmanfd e Qb 350 =0
2¢31 |, 28 20113 2o 1
2t v, —0
3 MQ 3 Y P 3/,L € Y ¢bc )
A H+ 2AQ311 B+ A
— tr(o? 2e—0t = 5. —2 B ) LA
T+ 3n) T B T T T g, ) e T 2 gy

Thus, (12.1), (12.ii), (12.iii) follows. Similarly, (3.ii) yields (12.iv).
Analogously to the constitutive equation, integrating the equilibrium equation in 3, we

find the equilibrium condition

2 3
/ 25g0 e(v) + %gl -V vs + 2605303 dz = /([0 +2¢%) - v+ (efy + 2e935)vy dz,
Q Q

for all v € Hy(€2) and all v3 € Hy(€).
Hence, from (12.1), (12.ii), (12.iii), we obtain (11).

5.2. A Bending Model. We assume again (9), (10), and that

T30 T3 70 + 72 Ly(x3)

IS
|
1=
|

09 + v2Lo(z3) (70 + 72 Lo (25)]" T33T3

I:.J,O + IN{2L2([E3)
H = . = (8 = L)y,
Hszxs

where v € V(P,1), T € L*(P,1), H € L*(P,1), and ¢ € Uy(P, 1).

1=
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Integrating (3.1) in the transverse direction we gather

2¢3 g3\ 2¢3 £ AQ333
— Aot — ————oL5+ = e(h) +2¢° A — ———————— 20 =0
3 %g 3”(2M+3)\)O—33N+ 3 g( >+ € QSll(bQ%N /,L(2N+3)\)¢2N 9
2 2
20 e+ V) — B (g0 2y —0,
e ~ K - ~
2 2 25
— 0’ = Vw +—Qu3 V=0,
Y] ) YY)
3\ 2¢e3 A 23\ 2¢e3 A
_ € tr(o) e(p+A) ol — 263, — e°AQ311 b e (p+ )Q333g252 _o
3u(2p +3X) 3p(20 + 3X) n(2p + 3X) (210 + 3X0)

and then (14.i-14.iv) holds. In the same fashion, (14.v—14.vii) follow from (3.ii).

To find now the equilibrium conditions we integrate (3.iii) and then

3 5
2e”

2e
g e 220w Vo) + gt Y ed 22 dy

= / ef' v +efl +efivi +2eg" v+ 29508 + 2% ¢80 da.
Q
Equations (13.i-13.iii) follow then from (14.i-14.iv).
Finally from (3.iv),
3190 2 28° 2 3 2
27D - Y4 = -D* - Yy — 27 Dy dg = 0,
Q
ie.,
0L 2 . 0 € e
—div D +€dwl~) —D3s=0 1in ©Q, (D" — —D*)-n=0 on 9.

and then (13.i) results from (14.v—14.vii).
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