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The Domain

r = (z,73)

Middle surface: Q C R2?,
3D Domain: P¢ = x (—¢,¢),
Lateral Boundary: OP; = 0€) X (—¢,¢),

Top and bottom boundaries: dP] = Q) x {—¢,¢}.




Bending of Linearly Elastic

Find v® : P — R’ and 0° : P*— R3*3 such that

sym

Also, e(u®) =

where p and A are the Lamé coefl., and 0 is the 3 x 3 ident.

Assume g5(z,€) = g3(z, —<).




Dimension Reduction

The goal of dimension reduction is to pose a system of equations in
the middle surface €2 that is “easy” to solve and which solution

approximates the original 3D solution.

The most popular models are
e variants of Reissner—Mindlin
e Kirchhoff-Love (also known as biharmonic model)

e formal higher order models




Notation:




Hellinger—Reissner Principle
Let 54(P°) ={7 € H(div,P?) : Tn =g on OP% }.

Hellinger-Reissner Principle: (0¢,uf) is critical point of

_11 : ngJr/ divz-vdw

u® - divrdr =0 forall 7€ Sq¢(P°),

divo® - vdz =0 for all v € L?(P°).




We now derive a model of Reissner—-Mindlin type by looking for

critical points of L within subspaces of S, (P) x L*(P*).

Consider subspaces composed of functions which are polynomial in

the transverse direction, with the following degrees:

1
2

Then our solution will be of the form

—0(x)ws o(x)q(ws)

Ny NY

Ur = ) OR — )
- w(z) + wa(z)r(zs) - gsr3/e + o33s(z3)

where r(z) = 3(2%/e? — 1/5)/2, q 1 —2%/e%)/2, and

s(z) =5(z/e — 23 /&) /4.




g

Consider the eqtn / divo - vdx = 0, where v is a test function.

)x3,0), with ¢ € L*(Q) arbitrary, to obtain

' J-wd:c+25/a-¢da::() for all 1 € L*(£).
~Y Y ~Y QN Y Y Y Y

Choosing v = (0,0, w(z)), with w € L*(Q) arbitrary, it follows that

5/divgwd:£:/g3wd£, for all w € L*(Q)
Q Q

Finally, with v = (0,0, wa(z)r(23)), and wy € L*(2) arbitrary,

2
/ Oo33Wo dr = —/ gsws dx, for all wy € L?(Q)
Q ~ 9 Jg ~




divz-zﬁd§+25/g-%d§20 for allg\DJEIP(Q)

Q Q

E/divgwdngggwdg, for all w € L*(Q)
Q Q

2
/ O33We dx = —/ gzws dx, for all wy € L2(Q)
Q ~ 9 Jo ~




Similarly for the stresses, choosing arbitrary test functions with

polynomial profile, we gather that

/Aa T —2e0 -divrdzs = —/(033+293)tr(7)dx
Q Q ~

~N Y AN

for all 7 € H'(Q),

1
/(2 §0+9>.T+wdi\77daj:0 for all 7 € H*(Q),
5~ ~ ~or -

1 5 v
der = — — — — =t d
/Qw2733 x E/Q<393-|-21033 6 T(~))733 x

for all 733 € H* ().

Integrating by parts, we can write the above equations in terms of

the displacement unknowns only.




Reissner—Mindlin Model: Find Q and w such that

5! 4
(0) +45u6(9 —Vw) = —525§Y93 in €2,
5!

45#6 div(d — Vw) = 2g3 in €1,

Y

0 =0, w=0on/{

After that we can perform the following computations.
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gsé; 033 = 5937

= —2¢A"te (0
~ N £<N)+52,u+)\
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2M6<_Q + Yw)7

_|_5 I/t()
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Convergence of Reissner—Mindlin

Theorem 1 Assume g3 = £“g3, where g3 is e-independent and

smooth, and o s a nonnegative number. Then

|u® —urlgpey  ll0° — orllL2(pe) < Cel/2

|us || 5 pe) |o¢||n2(pe)

The constant C' depends on €2, and g3 only.




The proof of this theorem relies on the two-energies principle. This

principle says that if, given a stress that is statically admissible,

and a displacement that is kinematically admissible, then the sum
of the squared energy and complementary energy norms is equal to

the complementary energy norm of the constitutive residual.

The complementary energy norm is simply

lolles = [/6((;_1 ) :ga@] 1/2




Theorem 2 (The two energies principle.) Suppose that

o € H(div, P?), is statically admissible, i.e.
dive =0 in P°, on=g" on OPL,
and suppose u € H'(P®) is kinematically admissible, i.e.

u=0 on OF;.

lu® — ul|Ee + |lo° — ol = |lo — Ce(u)||g-.




Our derivation of the Reissner—Mindlin system yields an statically

admissible stress field. Also, we add a boundary layer to make the

displacement field kinematically admissible.




We shall need the following a prior: estimates:

Lemma 3 Let v = u( — Vw). Then there exists a constant C

only dependent on €2 such that

100122 + [[wllen + e llle < Cllgsllre.
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Consider the beam (2D elasticity) problem of finding

Uy 01,1 01,2
and o° =
~Y
u2 01,2

Y

such that

—dive® =0, o =Ce(u),

A

n(—1,1) x {—¢,¢e},

where g¢ = (0, g2) is the traction , and e(u®)

Y



Hellinger-Reissner Principle: ( ¢) is critical point of

on S, (PF) x L2(P?).

Full discretization by choosing

o iz ) Pi(-1,1)®@z2  Fy(—1,1) ® q(x2)

012 099 X Pgl(—1,1)®8($2)

(8 c Pi1<—1, 1) ®I2
U9 Pgl(—171)®{1,r($2>}

PF(—1,1): continuous piecewise polynomials of degree k in (—1,1)

P*. (—1,1): discontinuous polynomials of degree k in (—1,1)




Our (Timoshenko Beam Model) solution will be of the form

011(5171)$2 012($1)C](£U2)

X g3r3/e + o225(x2)

o —(9(331)5132
U@L = ) 4 wa(ar(es) |

where 017 € P¢(—1,1), 012 € Py (—1,1), 090 € PY;(—1,1),

(9 - Pil(_l, 1), w & Pgl(—]., 1)




e2 [t doyy ! 1
— Wvdx, + 2¢ o1 dx; =0 Vi) € P—1(_171)v
3 -1 dﬂjl —1

1 1
d
6/ 012wdx1 = / gow dxy vw e P (—1,1),
1 dxl 1

1 1
2
OooWso A1 = 5/ goWws dxq Ywy € Pgl(—l, 1),

1

d’7'11

1
Q011711 — B022T11 — 2€9d— dry = 25/ goT11 dx7,
le -1

1
16 d
/ (——0124-9)7'124-(4}%611‘1:0,

1 2,& 5

1 1
/ WoT929 dacl = / 8(
—1 —1

for all 71 € P¢(—1,1), 112 € Py (—1,1), 722 € PY;(—1,1).
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392 21022 722 6011722 1,




Assume ¢, constant by parts. It is possible to solve for the stresses

using the equations above:

h 6 6 h P h

where P(z) = [*, g2(§) d¢, Pa(z) = [, P(§) d¢, and we compute cg

and ¢y from

1

1 ! 5 !
= —— Pdwl—ﬂ P2£131d5131—5,u/ g2x1 dxy.

3
25 1 25 1 1

1

20&(31 6 gg dilfl - P2 diEl.
—1




Hence, we have to solve for § € P*,(—1,1) and w € P°,(—1,1),

where

1 1
d
_/ zge—dﬁl dry = / (5022 — ooy + 2592)7'11 dxy,

-1 X1 —1

1 1
d7'12 16
— 2 iz = — — 0 )72 d
/_1wd:c1 1 /_1(2“50124- )712 L1,

for all 711 € Pg(—1,1), 712 € Py(—1,1).




e For the plate problem, things are not that easy. Indeed, the

planar stress is no longer a scalar, but a 2 X 2 symmetric

matrix with rows in H (div, P¢). It then becomes nontrivial to

find stable elements for stresses and displacements.

e An option is to solve for the planar stress in terms of the
displacement and shear stress. This is the same as start with
Reissner—Mindlin, and include shear stress, and it’s

traditionally considered to develop stable elements.
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Conclusions

e The derivation of the Reissner—Mindlin Model using
Hellinger—Reissner Principle is “mathematically” consistent.
The model obtained is actually the first in a hierarchical

sequence.

It also makes the derivation of the modeling error through the
two energies principle easier, since it yields statically admissible

stress field.

Reissner—Mindlin is better than the biharmonic: if there is

shear, the biharmonic fails to deliver a meaningful result.




Example: General load

e Domain: (0,1) x (—¢,¢), with e = 1/40

e Traction: g = (1,1073) on the top and ¢ = (—1,1072) on the

bottom

e Clamped lateral boundary conditions




Planar elasticity, Reissner—Mindlin and Kirchhoff-Love solutions:




e Reissner—Mindlin is the same as the biharmonic: for purely
transverse load, both models converge at the same rate. I now
of no proof indicating that one is better than the other in this

case.

e Both suffer from a quite low convergence rate: O(¢'/2) in

relative energy norm. Is there a way to improve this rate?




Thank You!




